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Abstract

We presentthe H3 layout techniquefor drawing large directed
graphsasnode-linkdiagramsn 3D hyperbolicspace.We canlay
out much larger structuresthan can be handledusing traditional
techniquegor drawinggenerabraphsbecauseve assume hierar
chicalnatureof thedata.We imposeahierarchyonthegraphby us-
ing domain-speci®mnowledgeo ®ndanappropriatespanningree.
Links which arenot part of the spanningreedo notin uence the
layoutbut canbe selectivelydrawnby userrequest.

Thevolumeof hyperbolic3-spacéncreasesxponentiallyasop-
posedto thefamiliar geometricncreaseof euclidear3-space We
exploitthisexponentiahmoun®ofroomby computinghelayoutac-
cordingto the hyperbolicmetric. We optimizethe conetreelayout
algorithmfor 3D hyperbolicspaceby placingchildrenon a hemi-
spherearoundthe conemouthinsteadof on its perimeter Hyper
bolic navigatioraffordsa Focus+Contextiew of thestructurewith
minimalvisualclutter We havesuccessfullyaid outhierarchieof
over20,000nodes.Ourimplementatioraccommodatesavigation
throughgraphgoolargeto berenderednteractivelyby allowingthe
userto explicitly pruneor expandsubtrees.

1 Introduction

Directedgraphsareanappealingargetfor visualizatiorbecausef
theirpervasivepresencé informationsystemsMany of thestruc-
tureswhichpermeateomputeisciencecanberepresentedsnode-
link graphs. The examplesshownin this paperinclude function
call graphsthedirectorystructureof Unix ®lesystemsandthelink
structureof the World Wide Web.

Computinga layoutfor a generalgraphis a dif®cult problem,
while tree layoutis much more tractable. Many directedgraphs
which appearto be unstructuredneshesvhen consideredas ab-
stractgraphgoin facthaveahierarchicabtructuravhenweexploit
domain-speci®knowledge.We will call suchgraphshierarchical
graphsin this paper We usedomainknowledgenhenavailableto
constructinappropriatespanningreefor ahierarchicagraph.Our
placementlecisionsarebasednly onthespannindree,butwesup-
port selectivedrawing of nontreelinks to showthe generalgraph
structure.We canhandlenonhierarchicagraphsby constructinga
spanningreebasednly ongraphtheoreticcriteriasuchasdistance
from theroot node, butthe resultingvisualizationmay not provide
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muchinsightinto the graphstructure.Our layoutdoesworksvery
well with treeswhichweincludeasa subsebf hierarchicabraphs.

The Web is an interestingproblemdomainbecausevhile it is
highly interconnectedhedesigneof aWebsiteusuallyhasaclear
notionof hierarchywithin thesite. VisualizingtheWebhasbecome
arecurringthemein theinformationvisualizationliterature. Many
researchensavestrivento amelioratehe®lostin hyperspaceprob-
lem which plaguessurferswho usetraditionalbrowserswith one-
dimensionabhistorylists. Providinga visualcontextfor thedisplay
of searclresultshasbeenanothemotivation. Webmasterandcon-
tentcreatorsareinterestedn seeingooththestaticstructureof their
siteanddynamictraf®cpatternghroughthe site structure Webvi-
sualizatiorwill bea driving examplethroughouthis paper

The classicproblemwith treelayoutin euclideanspaceis that
thenumberof nodesgrowsexponentiallybut the circumferencef
acircle or the areaof a spheregrowsonly polynomially. To avoid
collisionswe mustallocatelessroomto nodeswhich occurdeeper
in thetree.Whenwezoombackto seeanoverviewof theentiretree,
theonly nodeswhichwe canseein detailarethosesurroundinghe
rootnode.If we wantto examinenodesdeepein the treewe must
zoomin sofar thatwe loseall senseof surroundingcontext.

In hyperbolicspace circumferenceandareaincreaseexponen-
tially insteadbf geometrically Thereis enouglroomto allocatethe
sameamounbf spaceo everynode nomatterhowdeepin thetree.
Althoughhyperbolicspaces in®nite we canprojectit into a®nite
volumeof euclidearspacdor aFocus+Contextiew. Whenwelay
outandmovetreesusinghyperbolicdistancesye canseedetailsin
aneighborhoodroundanodeof currentinterestwhile retainingan
overviewof thelargerstructure Althoughdistantfeaturesarequite
distorted,we seefar moresurroundingcontextthanwe evercould
in aeuclidearrepresentationThis featureis particularlyimportant
whenwe wantto showthedestination®f nontredinks, whichmay
bequitefar awayfrom theoriginatingnode.We seean exampleof
a hierarchicabraphdrawnin 3D hyperbolicspacen Figurel.

Thestructureof therestof thepapeiis asfollows: in Sectior2 we
coverrelatedwork. We discussour layoutalgorithmin Section3,
andrelevantopicsin hyperboliogeometryn Sectiord. We summa-
rizeimplementatiorissuesn Section5 andthenanalyzeourresults
in Section6. Futurework is coveredn Section7, andwe conclude
in Section8. AppendixA containsa derivationof the hyperbolic
layoutparameters.

2 Related Work

A goodoverviewof the3D informationvisualizationliteraturecan
befoundin Peteryoung'ssurveypapefYou9q. Themostrelevant
areagelatedto the H3 layouttechniquearegraphdrawingandFo-

cus+Contextechniques.

2.1 2D Graph and Tree Drawing

The®eldof graphdrawinghasdevelopedomeeffective solutions
for handlingrelativelysmallgraphs.Traditionalgraphlayouttech-
niqueswhich work on generalgraphsare extremelyeffective for
dozensof nodes,can sometimeshandlehundredsand generally
breakdown completelyfor thousand®f nodes.Onerelativelyre-
centpaper[FLM94] characterizedraphsastiny, small medium
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Figurel: We show partof the Stanfordgraphicsgroup Web site
drawnasa graphin 3D hyperbolicspace.The entiresite hasover
20,000n0des of which about4000in the neighborhooaf the pa-
persarchivearedrawnhere.n additionto the mainspanningree,
wedrawthenontreeoutgoinglinks from anindexof everypaperby
title. Thetreeis orientedsothatancestor®f a nodeappeamwon the
left andits descendantgrowto theright.

large, andhugerespectivelyas havingnodecountsof 16, 32, 64,
128, and morethan 128. Thesenumbersmay seemsurprisingly
smallto member®f thevisualizationcommunity andserveoillus-
tratethe dif®cultyof ®ndinganaesthetidayoutof ageneralgraph.
The extensiveannotatedibliographyof Battistaet al [BETT94]
providesa goodoverviewof the stateof the®eldin 1994.

Severakystemsievotedo Web visualizationdrawon the tech-
niguesof graphdrawinganduseabstrachode-linkdiagramsn two
dimensionsTheearlyWebmapsystentonstructaspanningreeof
thedocumentgisitedin abrowsingsessiongdrawingboththespan-
ning treeandnon-tredinks in two dimensiongDoe94. TheWeb-
Viz systemfor Weblog analysisfrom Geogia Techusesthe expe-
dientbut crudeapproacthof laying outthe nodesrandomly[PB94]
!, TheMosaicGsystemalsofrom Geogia Tech,incorporates 2D
history browserinto Mosaicitself [AS95]. Its featuresncludetwo
levelslevelsof detail (drawingnodesasdocumenthumbnailsor as
simpleboxes) subtreeollapsingandexpansionandamoresophis-
ticated?tidy tree®layoutmechanism.

2.2 3D Graph Drawing

The 2- dimensionallandscapeof the SGI fsn ®lesystenviewer
[TS] employeda very concretemetaphorwhere documentsare
representeas building-like structureswvhich rise abovea ground
plane. The HarmonyInformation LandscapgdAPW96] extended
this metaphoto morefully exploit 3D spaceby showinghyperlink
relationshipshetweenWeb or HyperG documentssuperimposed
aboveandbelowthe decorateglane.
Iterativeforce-directegblacemensystemsnodelnodesandlinks
asamass-springystemwherenodesrepulseeachotherbut links
exertan attractiveforce. The Gem3Dsystemfor generalgraphs
[BF95 and the Hyper/Narcissussystemfor Web visualization

lWebviz,aratherpopularname wasalsothe nameof our previoussys-
temfor 3D hyperbolicvisualizationof Web structure§MB95].

[HDWB95] both useforce-directedayout. While theseiterative
systemsdo well with relatively small graphsthey havedif®culty
convegingwhenthenumberof nodescalesrom hundredso thou-
sands.TheNarcissusonstructa graphbasednthesemanticon-
tentof documents.In contrastwe focuson the problemof graph
layoutandnavigationfor a giveninput graphratherthanthe prob-
lem of constructinghatinput graph. We do makeuseof domain-
speci®semanticshbutonly to to determinea spanningreethrough
an existinggraphratherthanto constructhat graphfrom a setof
nodes.

2.3 3D Tree Drawing

Although the H3 layout techniquehandlesgraphs,our methodol-
ogy hasmorein commonwith tree drawing methodsthan with

drawinggeneralgraphs. The conetree systemfrom Xerox PARC

[RMC91] introducedone of the mostin uential techniquesn 3D

treedrawing. Carridre and Kazman[CK95] proposeda more so-
phisticatedottom-ugayouttechniqueo minimizethechanceshat
conewould haveoverlappingterritories. The webvizsystemex-
tendedconetreesfrom euclidearto hyperbolicspacdMB95].

2.4 Focus+Conte xt Techniques

Methodsof introducingdeliberatedistortionin orderto showalarge
amountof contextuainformationin agivenamountof screerarea
arecollectivelyknownasFocus+Contextiews. Somepapersjn-
cludingthe original conetree paperfRMC91], advocateusing3D
euclidearperspectiveo achievethis goal. A moreaggressivep-
proachis to view a graphthrougha ®sheydens[SB94, KRB94],
or drawnon a stretchablaubbershee{SSTR93 SCCF9%. Tax-
onomiesby Noik [Noi94] andLeungandApperley[LA94] present
a usefulanalysisof Focus+Contextechniqueswhich we will not
duplicatehere. Noik in particulardiscusse$ocus+Contextech-
niguesastheyrelateto graphdrawing. TheH3 methods moresimi-
larto single-focu®sheyé¢echniqueshanto themultiple-focusrub-
bersheemethods.in Sectiord we discussn depththeadvantages
of hyperboliclayoutover®sheydenstechniques.

Thefractaltreework of Koike andYoshimardKY93] is similar
in spirit to hyperbolicapproachesBoth tamethe exponentiakex-
plosionof treenodeshy drawingtreesn amathematicaspacewith
nonstandargroperties dimensioror distancerespectivelyWhile
thefractaltreework wasanintriguing beginningandincludeda 3D
view, theirsystendid nottacklethe3D layoutproblemsf ensuring
thatsubtreeslo notoverlapin space.

The ®rsthyperbolicvisualizationsystemdescribedn the infor-
mationvisualizationliteraturewasthe 2D hyperbolictree browser
from Xerox PARC [LR94]. The webvizhyperbolicbrowserfrom
the GeometryCenter[MB95] handledgeneralgraphsin 3D. The
webvizlayoutalgorithmdid not exploit 3D hyperbolicspaceo its
full potential:theamountof displayednformationcomparedo the
amountof white spacevasquitesparse Moreover thewebvizsys-
temdrewall links in the graphat all times, so highly connected
graphswerequitecluttered.

3 Layout

The H3 layoutschemeconsistsof two parts: we must®rst®ndan

appropriatespanningreefrom aninput graph. We thendetermine
apositionin spacefor eachelementof thattreein space.Non-tree
links do not affect the layout decision,andare only drawnon re-

quest.Thespanningdreelinks arealwaysdrawn.We lay outtheen-

tire structureandthenchangethe focusby hyperbolichavigation.
This sectioncontainsa discussiorof our layoutapproachand Ap-

pendixA containsadetailedderivationof thehyperboliclayoutpa-

rameters.



3.1 Trees from Graphs

Thechoiceof spanningreeis fundamentain shapinghevisualiza-
tion of thegraph.While we canconstructspanningreebasecdnly
onthelink structureof the graph,domain-speci®knowledgewill
usuallyhelpimposeatreestructurghatmatchesheusets expecta-
tions. Our currentsystemusesdomainknowledgeto disambiguate,
not override,thelink structureof the graph. We discussexamples
in threedomains:
Directory structur e of a Unix ®lesystem
Leaf nodesrepresen®lesand interior nodesrepresentirecto-
ries. File systemgendto be nearlytrees: nontreeedgesrepresent
symboliclinks, which arerelativelyrare. The full pathnameof a
®lemirrorsthelink structureof theinput graph,sodomainknowl-
edgeis notimportantin this case.
Hyperlink structur e of the Web
NodesrepreseniVeb documentsandthe links represenhyper
links betweerthosedocumentsThelink structurels usuallyquite
differentfrom thedirectorystructuren whichthosedocumentsare
kepton the ®lesystem.Whenwe simply usethe link traversalof
thegraphto determineparentagetheresultingtreeis generallynot
very closeto theauthorialintentof the Webdesigner Forinstance,
thetop-leveldocumenatasitemaycontainalink to atableof con-
tentspage whichin turn containsalink to everyotherdocumentt
thatsite. Accordingto thelink structureof the graph,thattableof
contentslocumentvouldbethemainpareniof mostof thosenodes.
The URL encodeghe placeof a Web documenin the Unix direc-
tory structure We usethisdirectoryinformationto makeadecision
to decidewhich of the hyperlinksto a documenshouldbe usedas
its mainparentin the tree. Note thatthis useof directoryinforma-
tion to resolveparentagevithin the contextof thelink structureis
not the sameas simply laying out a graphof the ®lesystem. We
alsousethe Web domainknowledgethat®le namesendingin i.e.
index.htm | shouldbethe parentof other®leswhich sharea di-
rectory
Oneadvantagef this heuristicis thatit makesacommonbreak-
downvery visible to the user Orphandocumentsrethosewhose
directory-structurg@arentsarenot listed as possibleparentsn the
link traversabf thegraph.Orphansareoftentheresultof inadver
tently brokenlinks. Our heuristicplacesthesenodesnearthe top
of thetreeratherthanamongtheir directory-structur@eerssothey
standout.
Function call graphs
Nodesepresentunctionsandthelinks represenacall fromone
functionto another Our exampleis a call graphfor a FORTRAN
scienti®computingbenchmarkAlthoughwe cannotsimply glean
hierarchicainformationfrom functionnameswe canusea combi-
nationof compileranalysisanddynamicpro®Ileinformationto de-
termineareasonablspanningree. Thecalling proceduravhichis
responsibldor the majority of the child's executiortime is chosen
asthemain parent.

3.2 Tree Layout

In traditionalconetreesnodesarelaid out on a circle: the circum-
ferenceof thediscatthebottomof thecone.In theH3 algorithmwe
lay themoutonahemisphereasphericatapwhichcoverghecone
mouth. Figure2acompareshetwo layoutsfor the samedataset,a
singlegeneratiorof children. We usehemispheresteadof full
spheresincewe only haveanexponentiahmountof roomwhenin
thedirectionradially outwardfrom theorigin.

The algorithmrequirestwo passes:a bottom-uppassto deter
minethe radiusof thehemispheresandatop-downpassto lay out
thechild nodesonthesurfaceof theirparentahemisphereWe can-
not combinethesestepsbecausave mustknow the radiusof the
parenthemispherdeforewe cancomputethe®nalpositionof each
child hemisphere.

Figure2: We comparehetraditionalconetreelayoutalongthecir-

cumferencefacirclewiththeH3layoutonthesurfaceof thespher

icalcap.Bothpicturesshow54child nodesn hyperbolicspacerep-
resentedby pyramidsof thesamesize. Left: Thetraditionalperime-
ter layoutrequiresalarge coneradiusandis quite sparseRight: A

quitesmallconeradiussuf®cedor theH3 sphericatap,sothelay-
outis reasonablylense.

Bottom-up pass:

We know the radiusof eachof the child hemisphereandmust
determinéhowlargeof ahemispheréo allocatefor theparenthemi-
sphere. Ideally we would considerthe areaof the sphericalcaps
coveredby child hemispheresandsumthemto getthe necessary
areafor the parenthemisphere However the computationof the
areaof sphericalcap requiresknowledgeaboutthe radiusof the
parentahemispherewhich s just whatwe aretrying to ®nd. We
insteadusetheareaof thediscatthebottomof thechild hemisphere
asanacceptablepproximation.This approximatioris quite close
whenthe child hemispheresubtends small angle;thatis, whena
parenthasmanychild nodes.Theapproximatiorbreaksdownwhen
thenumberof childrenis verysmall,butthissituationis easyto han-
dlewith speciaktaseslLeafnodesaredrawnastetrahedraf a®xed
hyperbolicsizein thisimplementationsowe knowthevalueof the
radiusin thebasecase.

Top-downpass:

We know at everylevel theradiusof the parenthemispheréut
mustdecidehow to lay out the childrenon its surface. This deci-
sionis aninstanceof the sphere-packingroblem,which hasbeen
extensivelyexploredby mathematiciansOur particularinstances
thatof packingl-spheregi.e. circles)on the surfaceof a2-sphere
(i.e. anordinarysphereJCS88]. A relatedproblemis thatof dis-
tributing pointsevenlyon a spherg SK97].

3.2.1 Sphere Packing

Theparticularequirementsf our situationaresomewhatlifferent
thanthe usualcasesaddresseéh the literature. Our circlesare of

variablesize,andwe areinterestedn a hemispherasopposedo

a sphere.More importantly our solutionmustbe fastandrepeat-
able. Our solutioncannotinvolve randomnessgiventhe samein-

put, we mustgeneratéhe samecanonicabutput. We carefar more
aboutspeedthanprecision. An approximatdayoutis ®nefor our

purposeswhile aperfectbutslow iterativesolutionwould beinap-
propriate.

Our solutionis to lay out the discsin concentrichandscentered
alongthepolenormaltothesphereatin®nity Wesortthechilddiscs
by the sizeof theirhemispheresThis numberwhichis recursively
calculatedn the®rstottom-uppassdependsnthetotalnumberof
theirdescendantsot just their ®rst-generatioohildren. The ones
which requirethe mostarea(i.e. the oneswith the mostprogeny)



Figure3: Disksat the bottomof child hemispherearelaid outin
bandsonthe parentin sortedorderaccordingo the numberof their
descendantsyith themostproli®cat the pole.

are closestto this pole. Figure3 showsa view of a parenthemi-
spherdrom theside,drawingonly thefootprintsof the child hemi-
spheresTheequatoria{bottom-mostpandis usuallyonly partially
complete.

One advantageousesultof our choiceto order by numberof
progenyis thatthe complexpartof structuress alwayseasyto lo-
cate. An investigationof the tradeofs of other orderingcriteria
would beworth undertaking.

Evenif our circle packingwere optimal, the areaof the hemi-
sphererequiredto accommodat¢he circleswould be greaterthan
thesumofthesphericatapssubtendedy thosecircles,sincewedo
nottakeinto accountheuncoveredjapsbetweerthecircles. More-
over, our bandingschemewhile relatively easyto implement,is
de®nitelya suboptimakircle packing.We wastethe leftoverspace
in theequatoriaband,whichin theworstcasecontainsonly a sin-
gledisc. If we did not sortthe child discsby sizethe discrepancy
would beevenworse.Finally, the above-mentionedifferencebe-
tweentheareaof adiscandtheareaof thesphericatapcontributes
to thetotal discrepancy

We choseto dealwith this discrepancypy increasingheradius
of theparentahemispherdy afactorproportionako theoriginally
computedradius. A possiblealternativewould be to usethe com-
putedradiusasthe basefor aniterative solution. While this itera-
tion would probablyconvegequickly, ourempiricallyderivedfac-
tor workswell in practice.

Figure4 is a sequencshowingmotionthroughseveralgenera-
tionsof atreerepresenting Unix ®lesystemof 2000nodes.

4 Hyperbolic Space

Ourlayoutis computedisinghyperbolicdistancesnsteadf thefa-
miliar euclideardistancemeasureWe usethehyperbolicmetricin
orderto take advantagef the surprisingpropertythat hyperbolic
spacehasmoreroomthanour familiar euclidearspace.Two par
allel lines are alwaysthe samedistanceapartin euclideanspace.
Howeverin hyperbolicspaceparallellinesarenotequidistant\We
canconstructtwo hyperbolicstraightlines which do not intersect
yetareseparatety increasinglistanceaswe moveawayfrom the
origin. Figure5 containsa sketchof both setsof lines Furtherex-
planationof therami®cationsf thehyperbolicmetriccanbefound
in oneof themanymathematicalextbookswvhich coverhyperbolic
geometnfMar75] [Wol45].

Whenwe dealwith a singlestill image,a projectionfrom hyper
bolic spaceooks similar to a euclidearsceneprojectedthrougha
®sheyédens. However motionof anobjectconstructedvith hyper
bolic geometnyis very differentfrom the motion of a euclidearob-
ject. Althoughwe couldsimply placeeuclidearobjectsinto hyper
bolic 3-spaceandmovethemaroundaccordingo therulesof hyper
bolic geometrywe would notbeexploitingtheexponentiahmount
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Figure4: Hyperbolicmotionthroughgeneration®f a 2000-node
Unix ®lesystem.Thesequencéeginsatthetop of the®rstcolumn
andcontinuesatthetop of the second Motion in the ®rst6 images
is mostlytranslationwhile thelasttwo show3D rotation. The®le
systemhasa strikingly large branchingactorwhencomparedvith
the Web sitesin Figurel or the call graphsin Plate2. The/dev
directorythatpasseshroughthefocuscontainsover200®les.



Euclidean Hyperbolic

Figure5: Left: Parallelinesin euclidearspacerealwaysthesame
distanceapart. Middle: In hyperbolicspacethe distancebetween
two linesthatnevermeetdoesindeedchange.Herewe showtwo

geodesicsvhichnevermeetbutarenotequidistantthefurtherthey
extendawayfrom theorigin, themoreroomthereis betweerthem.

image plane

eye point

Figure 6: An illustration of the projective model for one-
dimensionalhyperbolic space. The image planeis at the pole
of onesheeif the hyperbolaandthe eyepointis wheretheasymp-
totesmeet.While theprojectionnearthepoleis almostundistorted,
the apparenshrinkageincreasesas the raysreachfurther up the
hyperbola.

of roomavailablein hyperbolicspace.

4.1 Projection

Although hyperbolicspaceis an in®nite spacemore voluminous
thaneuclidearspace we canprojectit into a ®nitevolume of eu-
clideanspace. Therearetwo standardprojectionswhich mapall
of hyperbolicspaceinto a ball in euclideanspace.The projective
modelpreservestraightlinesanddistortsangleswhile theconfor
malball modelpreserveanglesandwarpsdines. The2D hyperbolic
browserdevelopedat Xerox PARC usesthe conformalball model
[LRP9Y. We usethe projectivemodelin ourimplementatiorand
in thelayoutderivationin the Appendix. Transformationg the3D
projectivemodelcanbeexpresseds matricessowe usethat
modelto gain maximumperformance.The mappingfrom projec-
tive to conformalcoordinatess straightforwardsoourlayoutalgo-
rithm couldbe adaptedor aconformalbrowser A gooddiscussion
of hyperbolictransformationgor usein computergraphicscanbe
foundin [PG92],sowe do notdiscussavigationdetailsin this pa-
per

We showa diagramof a one-dimensionalersionof the projec-
tive modelin Figure5. We projectfrom thehyperbolao aline seg-
menttangento thepoleof thehyperbolahatstretchebetweerthe
asymptotesEveryray projectedrom thehyperbolao aneyepoint
atthecrossingof theasymptotewiill fall onthisline segmentwhich
istheimageplane.In theonedimensionatasepbjectsareline seg-
mentsonthehyperbola Objectsnearthe pole of thehyperbolawill
be nearlyundistorted Projectedaysfor objectsfurtherawayfrom
thepolefall closerandclosertogetheontheline segmentWe thus
seethatrigid translation®nthehyperbolaesultin shrinkageof the
projectedobjects which canneverfall outsidetheline segment.

In thethreedimensionatasewe projectfrom avolumeto avol-
umé. Theanalogoftheline segmenin 1D andthediscin 2Dis the

2populafiteratureoftenusesheterm@hyperspacefor four dimensional
euclidearspacewhich is completelydifferentfrom the threedimensional
hyperbolicspacediscussedh this paper

unit ball in threedimensionakpace Our hyperbolicvolumeis a 3-
hyperboloid whoseassociatedbjectsarethekind of threedimen-
sionalshapeshatwe usuallyseein 3D graphics.Thesameproper
tiesthatwe sawin theonedimensionatasestill hold. Objectsatthe
centerof the ball areundistorted Whenwe translateobjectsaway
from the pole of the 3-hyperboloidtheir projectionsgrow smaller
Theseprojectionscanapproachbut neverreach the surfaceof the
ball.

4.2 Precision

Althoughthelayoutdescribedn the Appendixuseshyperbolicdis-
tanceswe musteventuallyprojectto from hyperbolicto euclidean
coordinatesn orderto actuallydraw a picturewith standardow-
level graphicslibraries. The time at which this conversiontakes
placehasamajorimpactonthesizeof thestaticstructure¢hatcanbe
displayedvithoutencounteringrecisionproblems Distincthyper
bolic coordinatesvhicharetoofar from theorigin will beprojected
socloseto the surfaceof theunit ball thattherearenot enoughbits
to distinguishbetweertheir euclidearcoordinates.

Objectsthatfar from theorigin do notneedto berenderedsince
theywould projectto anareamuchsmallerthana pixel. Thelimit
only comesinto play if we storea staticstructurein euclideanco-
ordinateghatis muchlarger thanthe partwhich is actively being
drawn.

In ourimplementatiorwe do storea staticstructure:we project
immediatelyafterthelayoutphaseandthenchangehefocusfrom
onepartof the structureto anotherby applyinga transformatiorto
the staticstructure.Nodeswhich aretoo far from the currentroot
of thetreearemarkedastruncatedandcanonly be seenf thetree
is laid outfrom acloserroot. A moresophisticateémplementation
coulddeferthe projectionuntil rendertime anddynamicallydeter
mine the appropriatesuclideancoordinategor only objectsin the
neighborhoodroundthefocusthatarelarge enoughto see.

5 Implementation

We have implementedthe H3 layout techniqueas part of the
SiteMgrapplicatiorfor websitecreatiorandmanagemeritom Sil-
icon Graphics.Most of the paperasawhole focuseson the layout
algorithm,butthis sectiondescribekey featureof the SiteMgrvi-
sualizationcomponent.

The SiteMgr systemallows interactivenavigationof structures
which aretoo largeto renderin their entirety by providingexplicit
gardeningcontrolsto expandor contractsubtrees. The original
PARC conetreesystem RMC91] alsousedexplicit gardeningbut
thisapproaclis inferior to theautomaticsubtreeexpansiorandcol-
lapsefeaturedn systemsuchasthe PARC 2D hyperbolicbrowser
[LRP95 or Carridre’s conetreeextensiorfCK95]. We do automat-
ically cull textlabelswhennodesmovefar from theorigin.

The usercanalsotogglethe displayof nontreelinks which en-
ter or leaveselectechodes. We distinguishincomingfrom outgo-
ing nontredinks to allow ®ne-grainedontrolof thedisplay Nodes
like logo imagestendto havemanyincominglinks, while tableof
contentsrodesvould havemanyoutgoinglinks. Nodesarecolored
accordingo MIME type. Theusercanchoosea differentrootnode
for the spanningree,which will showa very differentview of the
graph.

Whenthe userclicks on a node,it is selectecandundegoesan
animatedransitionto the centerof the sphere.In additionto this
translationatomponentthetransitionincludesarotationalcompo-
nentsothatwhenthenodereachesheoriginits ancestorareonits
left while its descendatsappearon theright. This butter 'y repre-
sentatiorservego orienttheuserandto minimizeocclusionof both
nodesandtheirtextlabels.In theterminologyof theoriginal PARC



paper[RMC91], we havechoserthe horizontalcamtreesorienta-
tion insteadof the vertical conetree orientation. If the userclicks
onanedge thatpointis translatedo the centerof the spherébutno
rotationor selectionoccurs.

TheSiteMgrsystemwasdesignedindtunedfor websitevisual-
ization. However it is possibleto importgraphdnto thehyperbolic
viewerthatwerecreatedrom otherkindsof data,whichis howthe
Unix ®lesystenandfunction call graph®guresn this paperwere
made.

6 Analysis

TheH3 layouttechniquecaneasilyhandlethousandef nodesand
hasbeentestengraphof over20,000nodes It isveryeffectiveat
presenting large neighborhoof a hugegraphin a smallamount
of screerspace Platel showsamediumsizedWebsitewhich con-
tains5000total nodes. The leftmostimageshowsa selectechode
with outgoingnontreelinks drawn. Although distantsubtreesare
quite distorted,we canseeenoughcontextthatthe destinationof
the non-treelinks canbe roughly distinguished.In the othertwo
imageswe bringtheclusterof nodeswvhich containghedestination
of mostof thenontredinks closerto thefocus. Noticethatwe can
still seetheoriginatingnode althoughit is quitefar awayin thetree
structure.

Staticpicturessuchas®guresn thispapemaybemisinterpreted
asshowing2D objectsonthe surfaceof a hemispherénsteadof as
3D objectsinsidethevolumeof aball. In theinteractivesystenthe
sceneis disambiguatedssoonasthe userseeshe objectsrotate
insidetheball. Theinteractiveuserexperienceés dif®cultto com-
municatethroughstill imagesput canbeapproximatedvith image
sequenceandtheaccompanyingideo.

Hyperbolic methods are very effective at providing global
overviewsanddisplayingmanynodesat once. We cancategorize
the drawnnodesinto threeclassesmain/labelledperipherialand
fringe. Whatwe call peripherahodesaresmallbutstill distinguish-
ableasindividual entitiesuponcloseinspection.Fringenodesare
notindividually distinguishablebuttheiraggregat@resencer ab-
senceshowssigni®cantstructureof far-away partsof the graph.
Eachclasscan®troughlyanorderof magnitudemorethanthelast.
TheH3 andPARC browsersanbothshowup to 50 main/labelled
nodes. The PARC layout doesnt haveperipheralnodesas such,
sincenodesare not drawnasdiscreteentities. The H3 layoutcan
showup to 500 peripheralnodes. The H3 fringe canshowinfor-
mationaboutthousand®f nodeswhereaghe PARC fringe shows
informationabouthundred®f nodes(Thewebvizrowse[MB95]
didn't havelabellednodes could handleup to 50 peripheraihodes
andshowinformationaboutupto 500fringe nodes.)

Anotherbig advantagef movingfrom a 2D treeto a 3D graph
is the ability to seenon-treelinks in context. One of the greatest
strengthf the H3 approachs the ability to seerelationshipe-
tweena partandthe far- ung reachef the whole. Althoughthe
detailsof thenontredink destinationgreusuallydistorted arough
sensef theirdirectionhelpstheuserconstrucandmaintainamen-
tal modelof the overallgraphstructure. The detailsbecomeclear
in asmoothtransitionwhenthatareaof the structureis broughtto-
wardsthecenter It mightbepossibleo extenda2D browsertto sup-
portgraphdisplay but nontredinks would haveto bedrawnin the
sameplaneasthemainspanningreelinks, necessarilyntersecting
them.In the3D systenthenontredinks canfollow pathswhichare
unlikely to intersecthe surroundingspanningreelinks.

Informationdensityis not the only metric: whentakentoo far,
it becomeglutter Goingto the third dimensionis not a panacea.
Drawingall thelinks in a highly connecte®D graphyieldsa pic-
ture which cangive a high level overviewof the global structure
butis uselesgor examiningthe details. The ability to interactively
selectwhich non-treelinks aredrawnis a majorimprovementof

the SiteMgr systemoverthe webvizsystem.Plate2 showsa func-
tion call graphfor a scienti®acomputingbenchmark Suchgraphs
arenotoriouslydif®cultto understandvhenall thelinks aredrawn.
Softwareengineersvho mustmodify or optimizeunfamiliarcode
can browsethroughthe H3 layout of a call graphto understand
structureof a complexprogram.

The H3 systemis very effective at showingaspectf a large
graphsuchasoverviewsandpart/wholerelationshipshatarepoorly
displayedusing othertechnigues.The converses that H3 is not
well suitedfor taskswheretraditionalsystemsshine like selecting
anitemfromalinearlist. We promotetheH3 layoutasanadditional
moduleto augmenbthervisualizationcomponentsnot a general-
purposebrowserthatshouldreplaceall otherviews. The SiteMgr
systemalsoincludesa traditional2D directorybrowserto provide
andifferentview. Nodesselectedn onebrowserareautomatically
highlighted(brushed)n the other andeachcantriggerscrollingor
ananimatedransitionto the selectedlocumenin theother

7 Future Work

The choiceof spanningtree hasa considerabléearingon the vi-
sualimpactof the drawngraph. We would like to consideraddi-
tional heuristicsfor ®ndingreasonablspanningrees,particularly
for domainotherthantheWeb. We arealsointerestedn alternative
arrangementsf child nodeson parentahemispheres.

We arequiteinterestedn extendinghe underlyingvisualization
systemto allow effortlessnavigationthroughhugegraphsby auto-
maticallyexpandingubtreesstheyapproactihecenterof interest
andcontractinghosethatmoveout to the periphery

Extremelylarge graphswill not be understandablé presented
only atasinglelevel of detail,evenif we hadaninfrastructurefor
smoothautomaticnavigationthroughmillions of nodes.We need
to ®ndappropriateabstractiongor both graphtheoreticstructures
suchassubtreesaandfor domain-speci®structuresuchasaWeb
site.

8 Conclusion

We havepresentednewlayouttechniqudor visualizingverylarge
directedgraphsin 3D hyperbolicspace.The H3 techniquehandles
atleasttwo ordersof magnitudemoredatathangeneralgraphlay-
out tools. We computea variationof a conetreelayoutbasedon
aspanningree,andonly drawnontredinks for selectechodeson
demandn our hyperbolicvariationof the conetreealgorithm,we
drawa denseneighborhoodaroundthe focusof interestby laying
outnodeson a sphericalkcapcoveringthe mouthof the conerather
thanits perimeter We haveachievedoromisingresultsgraphsof
tensof thousandsf nodedn applicationdomainsasthelink struc-
tureof theWeb, Unix ®lesystemsandfunctioncall graphs.
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Appendix A: Layout Derivation

TheH3 layoutmethodoperaten two passesin thebottom-uppass
we ®ndan approximateadiusfor eachhemisphereandin the top-
down passwe place childrenon the surfaceof their parenthemi-
sphereln this Appendixwe presentadetailedderivationof thera-
dius of aparentahemispherandthetriple neededo
placeachild hemispherenthesurfaceof thatparentahemisphere.
Foreachstepof thederivation,we show®rsttheeuclidearthenthe
hyperbolicresult.

Euclideanand Hyperbolic Formulas

Formula Euclidean Hyperbolic

right-angletriangle —
right-angletriangle —
circlearea

hemispherarea

sphericakaparea

Bottom-up pass: We computea taget surfacearea  of a
hemispheratlevel by summingtheareaf thedisksatthebot-
tomof thechild hemisphereatlevel . Thistamgetsurfacearea
is only an approximatiorfor threereasons.First, the surfacearea
of a sphericakapis greaterthanthedisk onwhichit lies. (We use
the disk approximatiorsinceits areadoesnot dependn the asyet
unknownparentakadius , whichwe would needto computethe
areaof the sphericalcap.) Secondevenan optimalcircle packing
of the disks of the spherdeavesuncoveredjapsbetweerthe cir-
cles. Third, our circle packingis knownto be suboptimal:circles
mayuselessverticalspacehantheirallotedbandallows,andthere
maybeunusedorizontalpacén theoutermosband.Thesdssues
arediscussedh moredetailin Section3.

All threereasonsgeadto anestimatevhichis lessthantheneces-
saryarea.We useanempirically derivedareascalingfactorto en-
surethatcollisionsdonotoccur The otherparametem ourimple-
mentationis the surfaceareaallotedfor hemispheresf leaf nodes.
Thelayoutwouldbetoo denséf theleafnodegouchedsowe gen-
erally specifyalargerareathana hemispher¢hatwould exactly®t
aroundthe geometriaepresentationf anode. Thesetwo parame-
terscontrolthe densityof thelayout.

The euclideanderivationof the target hemispheresurfacearea

atlevel is straightforward. , soeuclidearra-

dius wouldbe . Therelationshipbetweerthe parent
andchild hemisphereis

where  istheareaof thediskatthebottomof achild hemisphere
and isthenumberof childrenatlevel

Whenwe usethe hyperbolicareaformula ,
the hyperbolic radius of the parental hemisphere is

Theparent-childrelationshipbecomes

pole

Figure7: We®ndsphericatoordinates and for placingachild
hemispheren the surfaceof a parenthemispheravith radius

Top-downpass:Weusetheradius  of theparenthemisphere
to computetheremainingtwo sphericatoordinates and , which
specifythepositionof thechild hemispheratlevel . We com-
pute and cumulatively startingfrom the pole at the top of the
hemisphereThechildrenarelaid outin concentridbandssurround-
ing thepoleatthetop of thehemisphereThetotal anglebe-
tweenchild andchild onband isthesumoftheangles
and , whichdependntheradii and of thechildren.
Weneedoderivetheangle givensome asin Figure7. Anangle

dependsn |, theradiusof thesphericatapat . Whenweuse
theeuclideamadius andtheeuclidearright-angletri-

angleformulawe ®ndtheeuclidearangle

If weinsteadusethehyperbolicradius
andthe hyperbolicright-angletriangleformulawe ®ndthe hyper
bolic angle

We substitute and to obtainourtotal:

If thecumulativeangle isgreatethan , wedrop
downto the nextband andreset to 0. (The very ®rst
childis a singularcase sincethe bandis justasphericalcap.) The

anglebetweera child on onebandandthenextdepend®nthe
radius  of thelargestchild in band andtheradius of the
largestchild in band . In our currentcircle packingapproach,
weknowthatthe®rstchildin eachbandwill havethelargestradius,
sincewe lay outthechildrenin descendingortedorder

We thusneedto derivetheangle givensome , asin thebot-
tomof Figure7. Theeuclidearangle correspondingp issimply

. Wesubstitutehehyperbolicformulafor right-angle
trianglesto ®nd

to obtainour total:

We substitute and

Armed with the triple , we can centerthe child hemi-
spherdn theappropriatespoton the parenthemisphere.



Platel: We showthelink structureof aWebsitelaid outin 3D hyperbolicspace Thenodesepresentiocumentsywhicharecolored
accordingo MIME type: HTML is cyan,imagesarepurple,andsoon. We drawthe outgoingnon-tredinks for the selectedhode,
highlightedin yellow. Ontheleft thedestinatiorof thosdinksis quitedistorted butwe doseethatmostof thelinks endataparticular
cluster Theimageson themiddleandright showthatclusterin moredetailaswe bring it towardsthefocus.

Plate2: We showthe staticfunction call graphstructurefor a mixed C/FORIRAN scienti®computingbenchmark.On the left
the nodecoloringindicateswhethera particularglobal variablewasuntouchedcyan),referencedblue), or modi®edpink). On
theright we color by a differentvariable. Suchdisplayscanhelp softwareengineerseewhich partsof a large and/orunfamiliar

programmightbe modularizable.



