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Abstract

We presentthe H3 layout techniquefor drawing large directed
graphsasnode-linkdiagramsin 3D hyperbolicspace.We canlay
out much larger structuresthan can be handledusing traditional
techniquesfor drawinggeneralgraphsbecauseweassumeahierar-
chicalnatureof thedata.Weimposeahierarchyonthegraphby us-
ingdomain-speci®cknowledgeto®ndanappropriatespanningtree.
Links which arenot part of the spanningtreedo not in¯uence the
layoutbutcanbeselectivelydrawnby userrequest.

Thevolumeof hyperbolic3-spaceincreasesexponentially,asop-
posedto thefamiliar geometricincreaseof euclidean3-space.We
exploitthisexponentialamountof roombycomputingthelayoutac-
cordingto thehyperbolicmetric. We optimizetheconetreelayout
algorithmfor 3D hyperbolicspaceby placingchildrenon a hemi-
spherearoundtheconemouthinsteadof on its perimeter. Hyper-
bolic navigationaffordsaFocus+Contextview of thestructurewith
minimalvisualclutter. Wehavesuccessfullylaid outhierarchiesof
over20,000nodes.Our implementationaccommodatesnavigation
throughgraphstoolargetoberenderedinteractivelybyallowingthe
userto explicitly pruneor expandsubtrees.

1 Introduction

Directedgraphsareanappealingtargetfor visualizationbecauseof
theirpervasivepresencein informationsystems.Manyof thestruc-
tureswhichpermeatecomputersciencecanberepresentedasnode-
link graphs. The examplesshownin this paperinclude function
call graphs,thedirectorystructureof Unix ®lesystems,andthelink
structureof theWorld WideWeb.

Computinga layout for a generalgraphis a dif®cultproblem,
while tree layout is much more tractable. Many directedgraphs
which appearto be unstructuredmesheswhen consideredas ab-
stractgraphsdoin facthaveahierarchicalstructurewhenweexploit
domain-speci®cknowledge.We will call suchgraphshierarchical
graphsin this paper. We usedomainknowledgewhenavailableto
constructanappropriatespanningtreefor ahierarchicalgraph.Our
placementdecisionsarebasedonlyonthespanningtree,butwesup-
port selectivedrawingof nontreelinks to showthe generalgraph
structure.We canhandlenonhierarchicalgraphsby constructinga
spanningtreebasedonlyongraphtheoreticcriteriasuchasdistance
from theroot node,but theresultingvisualizationmaynot provide
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muchinsightinto thegraphstructure.Our layoutdoesworksvery
well with trees,whichweincludeasasubsetof hierarchicalgraphs.

The Web is an interestingproblemdomainbecausewhile it is
highly interconnected,thedesignerof aWebsiteusuallyhasaclear
notionof hierarchywithin thesite.VisualizingtheWebhasbecome
arecurringthemein theinformationvisualizationliterature.Many
researchershavestriventoamelioratetheªlost in hyperspaceºprob-
lem which plaguessurferswho usetraditionalbrowserswith one-
dimensionalhistorylists. Providingavisualcontextfor thedisplay
of searchresultshasbeenanothermotivation.Webmastersandcon-
tentcreatorsareinterestedin seeingboththestaticstructureof their
siteanddynamictraf®cpatternsthroughthesitestructure.Webvi-
sualizationwill beadriving examplethroughoutthispaper.

The classicproblemwith treelayout in euclideanspaceis that
thenumberof nodesgrowsexponentially, but thecircumferenceof
a circle or theareaof a spheregrowsonly polynomially. To avoid
collisionswe mustallocatelessroomto nodeswhich occurdeeper
in thetree.Whenwezoombacktoseeanoverviewof theentiretree,
theonly nodeswhichwecanseein detailarethosesurroundingthe
root node.If wewantto examinenodesdeeperin thetreewemust
zoomin sofar thatwe loseall senseof surroundingcontext.

In hyperbolicspace,circumferenceandareaincreaseexponen-
tially insteadof geometrically. Thereis enoughroomto allocatethe
sameamountof spacetoeverynode,nomatterhowdeepin thetree.
Althoughhyperbolicspaceis in®nite,we canprojectit into a®nite
volumeof euclideanspacefor aFocus+Contextview. Whenwelay
outandmovetreesusinghyperbolicdistances,wecanseedetailsin
aneighborhoodaroundanodeof currentinterestwhile retainingan
overviewof thelargerstructure.Althoughdistantfeaturesarequite
distorted,we seefar moresurroundingcontextthanwe evercould
in aeuclideanrepresentation.This featureis particularlyimportant
whenwewantto showthedestinationsof nontreelinks,whichmay
bequitefar awayfrom theoriginatingnode.Weseeanexampleof
ahierarchicalgraphdrawnin 3D hyperbolicspacein Figure1.

Thestructureof therestof thepaperisasfollows: in Section2we
coverrelatedwork. We discussour layoutalgorithmin Section3,
andrelevanttopicsin hyperbolicgeometryin Section4. Wesumma-
rizeimplementationissuesin Section5 andthenanalyzeourresults
in Section6. Futurework is coveredin Section7, andweconclude
in Section8. AppendixA containsa derivationof thehyperbolic
layoutparameters.

2 Related Work

A goodoverviewof the3D informationvisualizationliteraturecan
befoundin PeterYoung'ssurveypaper[You96]. Themostrelevant
areasrelatedto theH3 layouttechniquearegraphdrawingandFo-
cus+Contexttechniques.

2.1 2D Graph and Tree Drawing

The®eldof graphdrawinghasdevelopedsomeeffectivesolutions
for handlingrelativelysmallgraphs.Traditionalgraphlayouttech-
niqueswhich work on generalgraphsareextremelyeffective for
dozensof nodes,can sometimeshandlehundreds,and generally
breakdowncompletelyfor thousandsof nodes.Onerelativelyre-
centpaper[FLM94] characterizedgraphsastiny, small, medium,



Figure1: We showpart of the StanfordgraphicsgroupWeb site
drawnasa graphin 3D hyperbolicspace.Theentiresitehasover
20,000nodes,of whichabout4000in theneighborhoodof thepa-
persarchivearedrawnhere.In additionto themainspanningtree,
wedrawthenontreeoutgoinglinks from anindexof everypaperby
title. Thetreeis orientedsothatancestorsof a nodeappearon the
left andits descendantsgrowto theright.

large, andhugerespectivelyashavingnodecountsof 16, 32, 64,
128, and more than 128. Thesenumbersmay seemsurprisingly
smalltomembersof thevisualizationcommunity, andserveto illus-
tratethedif®cultyof ®ndinganaestheticlayoutof ageneralgraph.
The extensiveannotatedbibliographyof Battistaet al [BETT94]
providesagoodoverviewof thestateof the®eldin 1994.

Severalsystemsdevotedto Webvisualizationdrawon thetech-
niquesof graphdrawinganduseabstractnode-linkdiagramsin two
dimensions.TheearlyWebmapsystemconstructsaspanningtreeof
thedocumentsvisitedin abrowsingsession,drawingboththespan-
ning treeandnon-treelinks in two dimensions[Doe94]. TheWeb-
Viz systemfor Weblog analysisfrom Georgia Techusestheexpe-
dientbut crudeapproachof laying out thenodesrandomly[PB94]
1. TheMosaicGsystem,alsofrom GeorgiaTech,incorporatesa2D
historybrowserinto Mosaicitself [AS95]. Its featuresincludetwo
levelslevelsof detail(drawingnodesasdocumentthumbnailsor as
simpleboxes),subtreecollapsingandexpansion,andamoresophis-
ticatedªtidy treeºlayoutmechanism.

2.2 3D Graph Drawing

The 2
�

� dimensionallandscapeof the SGI fsn ®lesystemviewer
[TS] employeda very concretemetaphorwhere documentsare
representedasbuilding-like structureswhich rise abovea ground
plane. The HarmonyInformationLandscape[APW96] extended
thismetaphorto morefully exploit3D spaceby showinghyperlink
relationshipsbetweenWeb or Hyper-G documentssuperimposed
aboveandbelowthedecoratedplane.

Iterativeforce-directedplacementsystemsmodelnodesandlinks
asa mass-springsystem,wherenodesrepulseeachotherbut links
exertan attractiveforce. The Gem3Dsystemfor generalgraphs
[BF95] and the Hyper/Narcissussystemfor Web visualization

1Webviz,a ratherpopularname,wasalsothenameof our previoussys-
temfor 3D hyperbolicvisualizationof Webstructures[MB95].

[HDWB95] both useforce-directedlayout. While theseiterative
systemsdo well with relatively small graphsthey havedif®culty
convergingwhenthenumberof nodesscalesfromhundredsto thou-
sands.TheNarcissusconstructsagraphbasedonthesemanticcon-
tentof documents.In contrast,we focuson theproblemof graph
layoutandnavigationfor a giveninput graphratherthantheprob-
lem of constructingthat input graph. We do makeuseof domain-
speci®csemantics,butonly to to determineaspanningtreethrough
an existinggraphratherthanto constructthat graphfrom a setof
nodes.

2.3 3D Tree Drawing

Although the H3 layout techniquehandlesgraphs,our methodol-
ogy has more in commonwith tree drawing methodsthan with
drawinggeneralgraphs.Theconetreesystemfrom Xerox PARC
[RMC91] introducedoneof themost in¯uential techniquesin 3D
treedrawing. CarriÁereandKazman[CK95] proposeda moreso-
phisticatedbottom-uplayouttechniquetominimizethechancesthat
conewould haveoverlappingterritories. The webvizsystemex-
tendedconetreesfrom euclideanto hyperbolicspace[MB95].

2.4 Focus+Conte xt Techniques

Methodsof introducingdeliberatedistortionin ordertoshowalarge
amountof contextualinformationin agivenamountof screenarea
arecollectivelyknownasFocus+Contextviews. Somepapers,in-
cludingtheoriginal conetreepaper[RMC91], advocateusing3D
euclideanperspectiveto achievethis goal. A moreaggressiveap-
proachis to view a graphthrougha ®sheyelens[SB94,KRB94],
or drawnon a stretchablerubbersheet[SSTR93, SCCF95]. Tax-
onomiesby Noik [Noi94] andLeungandApperley[LA94] present
a usefulanalysisof Focus+Contexttechniques,which we will not
duplicatehere. Noik in particulardiscussesFocus+Contexttech-
niquesastheyrelatetographdrawing.TheH3methodismoresimi-
lar to single-focus®sheyetechniquesthanto themultiple-focusrub-
bersheetmethods.In Section4 wediscussin depththeadvantages
of hyperboliclayoutover®sheyelenstechniques.

Thefractaltreework of Koike andYoshimara[KY93] is similar
in spirit to hyperbolicapproaches.Both tametheexponentialex-
plosionof treenodesby drawingtreesin amathematicalspacewith
nonstandardproperties±dimensionordistance,respectively. While
thefractaltreework wasanintriguingbeginningandincludeda3D
view, theirsystemdidnottacklethe3D layoutproblemsof ensuring
thatsubtreesdo notoverlapin space.

The®rsthyperbolicvisualizationsystemdescribedin the infor-
mationvisualizationliteraturewasthe2D hyperbolictreebrowser
from Xerox PARC [LR94]. The webvizhyperbolicbrowserfrom
the GeometryCenter[MB95] handledgeneralgraphsin 3D. The
webvizlayoutalgorithmdid not exploit 3D hyperbolicspaceto its
full potential:theamountof displayedinformationcomparedto the
amountof whitespacewasquitesparse.Moreover, thewebvizsys-
tem drew all links in the graphat all times,so highly connected
graphswerequitecluttered.

3 Layout

TheH3 layoutschemeconsistsof two parts:we must®rst®ndan
appropriatespanningtreefrom aninput graph.We thendetermine
apositionin spacefor eachelementof thattreein space.Non-tree
links do not affect the layoutdecision,andareonly drawnon re-
quest.Thespanningtreelinksarealwaysdrawn.Welayouttheen-
tire structureandthenchangethe focusby hyperbolicnavigation.
This sectioncontainsa discussionof our layoutapproachandAp-
pendixA containsadetailedderivationof thehyperboliclayoutpa-
rameters.



3.1 Trees from Graphs

Thechoiceof spanningtreeis fundamentalin shapingthevisualiza-
tionof thegraph.Whilewecanconstructaspanningtreebasedonly
on thelink structureof thegraph,domain-speci®cknowledgewill
usuallyhelpimposeatreestructurethatmatchestheuser'sexpecta-
tions.Ourcurrentsystemusesdomainknowledgeto disambiguate,
not override,thelink structureof thegraph. We discussexamples
in threedomains:

� Directory structur eof a Unix ®lesystem
Leaf nodesrepresent®lesand interior nodesrepresentdirecto-

ries. File systemstendto benearlytrees:nontreeedgesrepresent
symboliclinks, which arerelativelyrare. The full pathnameof a
®lemirrorsthelink structureof theinput graph,sodomainknowl-
edgeis not importantin this case.

� Hyperlink structur eof the Web
NodesrepresentWeb documentsandthe links representhyper-

links betweenthosedocuments.Thelink structureis usuallyquite
differentfrom thedirectorystructurein which thosedocumentsare
kepton the®lesystem.Whenwe simply usethe link traversalof
thegraphto determineparentage,theresultingtreeis generallynot
verycloseto theauthorialintentof theWebdesigner. For instance,
thetop-leveldocumentatasitemaycontaina link to atableof con-
tentspage,which in turn containsalink to everyotherdocumentat
thatsite. Accordingto thelink structureof thegraph,thattableof
contentsdocumentwouldbethemainparentof mostof thosenodes.
TheURL encodestheplaceof a Webdocumentin theUnix direc-
tory structure.Weusethisdirectoryinformationto makeadecision
to decidewhichof thehyperlinksto adocumentshouldbeusedas
its mainparentin thetree. Notethatthis useof directoryinforma-
tion to resolveparentagewithin thecontextof thelink structureis
not the sameassimply laying out a graphof the ®lesystem.We
alsousetheWeb domainknowledgethat®lenamesendingin i.e.
index.htm l shouldbetheparentof other®leswhichshareadi-
rectory.

Oneadvantageof thisheuristicis thatit makesacommonbreak-
downvery visible to theuser. Orphandocumentsarethosewhose
directory-structureparentsarenot listed aspossibleparentsin the
link traversalof thegraph.Orphansareoftentheresultof inadver-
tently brokenlinks. Our heuristicplacesthesenodesnearthe top
of thetreeratherthanamongtheirdirectory-structurepeers,sothey
standout.

� Function call graphs
Nodesrepresentfunctionsandthelinks representacall fromone

function to another. Our exampleis a call graphfor a FORTRAN
scienti®ccomputingbenchmark.Althoughwecannotsimplyglean
hierarchicalinformationfrom functionnames,wecanuseacombi-
nationof compileranalysisanddynamicpro®leinformationto de-
terminea reasonablespanningtree.Thecallingprocedurewhichis
responsiblefor themajorityof thechild's executiontime is chosen
asthemainparent.

3.2 Tree Layout

In traditionalconetreesnodesarelaid out on a circle: thecircum-
ferenceof thediscatthebottomof thecone.In theH3algorithmwe
lay themoutonahemisphere:asphericalcapwhichcoversthecone
mouth.Figure2acomparesthetwo layoutsfor thesamedataset,a
singlegenerationof children. We usehemispheresinsteadof full
spheressinceweonlyhaveanexponentialamountof roomwhenin
thedirectionradiallyoutwardfrom theorigin.

The algorithmrequirestwo passes:a bottom-uppassto deter-
minetheradiusof thehemispheres,anda top-downpassto lay out
thechildnodesonthesurfaceof theirparentalhemisphere.Wecan-
not combinethesestepsbecausewe mustknow the radiusof the
parenthemispherebeforewecancomputethe®nalpositionof each
child hemisphere.

Figure2: Wecomparethetraditionalconetreelayoutalongthecir-
cumferenceof acirclewith theH3layoutonthesurfaceof thespher-
icalcap.Bothpicturesshow54childnodesin hyperbolicspace,rep-
resentedbypyramidsof thesamesize.Left: Thetraditionalperime-
ter layoutrequiresa largeconeradiusandis quitesparse.Right: A
quitesmallconeradiussuf®cesfor theH3 sphericalcap,sothelay-
out is reasonablydense.

� Bottom-up pass:
We know theradiusof eachof thechild hemispheresandmust

determinehowlargeof ahemispheretoallocatefor theparenthemi-
sphere. Ideally we would considerthe areaof the sphericalcaps
coveredby child hemispheres,andsumthemto get the necessary
areafor the parenthemisphere.However, the computationof the
areaof sphericalcap requiresknowledgeaboutthe radiusof the
parentalhemisphere,which is just whatwe aretrying to ®nd. We
insteadusetheareaof thediscatthebottomof thechildhemisphere
asanacceptableapproximation.This approximationis quiteclose
whenthechild hemispheresubtendsa smallangle;thatis, whena
parenthasmanychildnodes.Theapproximationbreaksdownwhen
thenumberof childrenisverysmall,butthissituationiseasytohan-
dlewith specialcases.Leafnodesaredrawnastetrahedraof a®xed
hyperbolicsizein thisimplementation,soweknowthevalueof the
radiusin thebasecase.

� Top-downpass:
We know at everylevel theradiusof theparenthemispherebut

mustdecidehow to lay out thechildrenon its surface.This deci-
sion is an instanceof thesphere-packingproblem,which hasbeen
extensivelyexploredby mathematicians.Our particularinstanceis
thatof packing1-spheres(i.e. circles)on thesurfaceof a2-sphere
(i.e. anordinarysphere)[CS88]. A relatedproblemis thatof dis-
tributingpointsevenlyon asphere[SK97].

3.2.1 Sphere Packing

Theparticularrequirementsof oursituationaresomewhatdifferent
thantheusualcasesaddressedin the literature. Our circlesareof
variablesize,andwe areinterestedin a hemisphereasopposedto
a sphere.More importantly, our solutionmustbe fast andrepeat-
able. Our solutioncannotinvolve randomness:giventhesamein-
put,wemustgeneratethesamecanonicaloutput.Wecarefar more
aboutspeedthanprecision.An approximatelayout is ®nefor our
purposes,while aperfectbutslow iterativesolutionwouldbeinap-
propriate.

Our solutionis to lay out thediscsin concentricbandscentered
alongthepolenormaltothesphereatin®nity. Wesortthechilddiscs
by thesizeof theirhemispheres.Thisnumber, whichis recursively
calculatedin the®rstbottom-uppass,dependsonthetotalnumberof
theirdescendants,not just their ®rst-generationchildren.Theones
which requirethemostarea(i.e. theoneswith themostprogeny)



pole

Figure3: Disksat thebottomof child hemispheresarelaid out in
bandsontheparentin sortedorderaccordingto thenumberof their
descendants,with themostproli®cat thepole.

areclosestto this pole. Figure3 showsa view of a parenthemi-
spherefrom theside,drawingonly thefootprintsof thechild hemi-
spheres.Theequatorial(bottom-most)bandisusuallyonlypartially
complete.

Oneadvantageousresult of our choiceto order by numberof
progenyis thatthecomplexpartof structuresis alwayseasyto lo-
cate. An investigationof the tradeoffs of other orderingcriteria
wouldbeworthundertaking.

Evenif our circle packingwereoptimal, the areaof the hemi-
sphererequiredto accommodatethecircleswould be greaterthan
thesumof thesphericalcapssubtendedbythosecircles,sincewedo
nottakeintoaccounttheuncoveredgapsbetweenthecircles.More-
over, our bandingscheme,while relatively easyto implement,is
de®nitelyasuboptimalcirclepacking.Wewastetheleftoverspace
in theequatorialband,which in theworstcasecontainsonly asin-
gle disc. If we did not sort thechild discsby sizethediscrepancy
would beevenworse.Finally, theabove-mentioneddifferencebe-
tweentheareaof adiscandtheareaof thesphericalcapcontributes
to thetotaldiscrepancy

We choseto dealwith this discrepancyby increasingtheradius
of theparentalhemisphereby afactorproportionalto theoriginally
computedradius. A possiblealternativewould beto usethecom-
putedradiusasthebasefor an iterativesolution. While this itera-
tion wouldprobablyconvergequickly, ourempiricallyderivedfac-
tor workswell in practice.

Figure4 is a sequenceshowingmotionthroughseveralgenera-
tionsof a treerepresentingaUnix ®lesystemof 2000nodes.

4 Hyperbolic Space

Ourlayoutis computedusinghyperbolicdistancesinsteadof thefa-
miliar euclideandistancemeasure.Weusethehyperbolicmetricin
orderto takeadvantageof the surprisingpropertythat hyperbolic
spacehasmoreroomthanour familiar euclideanspace.Two par-
allel lines arealwaysthe samedistanceapartin euclideanspace.
However, in hyperbolicspace,parallellinesarenotequidistant.We
canconstructtwo hyperbolicstraightlines which do not intersect
yetareseparatedby increasingdistanceaswemoveawayfrom the
origin. Figure5 containsa sketchof bothsetsof linesFurtherex-
planationof therami®cationsof thehyperbolicmetriccanbefound
in oneof themanymathematicaltextbookswhichcoverhyperbolic
geometry[Mar75] [Wol45].

Whenwedealwith asinglestill image,aprojectionfrom hyper-
bolic spacelookssimilar to a euclideansceneprojectedthrougha
®sheyelens.However, motionof anobjectconstructedwith hyper-
bolic geometryis verydifferentfrom themotionof aeuclideanob-
ject. Althoughwecouldsimplyplaceeuclideanobjectsinto hyper-
bolic3-spaceandmovethemaroundaccordingto therulesof hyper-
bolic geometry, wewouldnotbeexploitingtheexponentialamount

Figure4: Hyperbolicmotion throughgenerationsof a 2000-node
Unix ®lesystem.Thesequencebeginsat thetopof the®rstcolumn
andcontinuesat thetopof thesecond.Motion in the®rst6 images
is mostlytranslation,while thelasttwo show3D rotation.The®le
systemhasastrikingly largebranchingfactorwhencomparedwith
theWeb sitesin Figure1 or thecall graphsin Plate2. The/dev
directorythatpassesthroughthefocuscontainsover200®les.



Euclidean Hyperbolic

Figure5: Left: Parallellinesin euclideanspacearealwaysthesame
distanceapart. Middle: In hyperbolicspacethedistancebetween
two lines thatnevermeetdoesindeedchange.Herewe showtwo
geodesicswhichnevermeetbutarenotequidistant:thefurtherthey
extendawayfrom theorigin, themoreroomthereis betweenthem.

image plane

eye point

Figure 6: An illustration of the projective model for one-
dimensionalhyperbolic space. The image plane is at the pole
of onesheetof thehyperbolaandtheeyepoint is wheretheasymp-
totesmeet.While theprojectionnearthepoleis almostundistorted,
the apparentshrinkageincreasesas the rays reachfurther up the
hyperbola.

of roomavailablein hyperbolicspace.

4.1 Projection

Although hyperbolicspaceis an in®nitespacemore voluminous
thaneuclideanspace,we canprojectit into a ®nitevolumeof eu-
clideanspace.Therearetwo standardprojectionswhich mapall
of hyperbolicspaceinto a ball in euclideanspace.The projective
modelpreservesstraightlinesanddistortsangles,while theconfor-
malball modelpreservesanglesandwarpslines.The2Dhyperbolic
browserdevelopedat Xerox PARC usestheconformalball model
[LRP95]. We usetheprojectivemodelin our implementationand
in thelayoutderivationin theAppendix.Transformationsin the3D
projectivemodelcanbeexpressedas
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matrices,soweusethat
modelto gainmaximumperformance.The mappingfrom projec-
tive to conformalcoordinatesisstraightforward,soour layoutalgo-
rithm couldbeadaptedfor aconformalbrowser. A gooddiscussion
of hyperbolictransformationsfor usein computergraphicscanbe
foundin [PG92],sowedonotdiscussnavigationdetailsin thispa-
per.

We showa diagramof a one-dimensionalversionof theprojec-
tive modelin Figure5. Weprojectfrom thehyperbolato a line seg-
menttangentto thepoleof thehyperbolathatstretchesbetweenthe
asymptotes.Everyrayprojectedfrom thehyperbolato aneyepoint
atthecrossingof theasymptoteswill fall onthislinesegment,which
is theimageplane.In theonedimensionalcase,objectsarelineseg-
mentsonthehyperbola.Objectsnearthepoleof thehyperbolawill
benearlyundistorted.Projectedraysfor objectsfurtherawayfrom
thepolefall closerandclosertogetherontheline segment.Wethus
seethatrigid translationsonthehyperbolaresultin shrinkageof the
projectedobjects,whichcanneverfall outsidetheline segment.

In thethreedimensionalcaseweprojectfrom avolumeto avol-
ume2. Theanalogof thelinesegmentin 1Dandthediscin 2D is the

2Popularliteratureoftenusesthetermªhyperspaceºfor fourdimensional
euclideanspace,which is completelydifferentfrom the threedimensional
hyperbolicspacediscussedin thispaper.

unit ball in threedimensionalspace.Our hyperbolicvolumeis a3-
hyperboloid,whoseassociatedobjectsarethekind of threedimen-
sionalshapesthatweusuallyseein 3D graphics.Thesameproper-
tiesthatwesawin theonedimensionalcasestill hold. Objectsatthe
centerof theball areundistorted.Whenwe translateobjectsaway
from thepoleof the3-hyperboloidtheir projectionsgrow smaller.
Theseprojectionscanapproach,but neverreach,thesurfaceof the
ball.

4.2 Precision

Althoughthelayoutdescribedin theAppendixuseshyperbolicdis-
tances,we musteventuallyprojectto from hyperbolicto euclidean
coordinatesin orderto actuallydraw a picturewith standardlow-
level graphicslibraries. The time at which this conversiontakes
placehasamajorimpactonthesizeof thestaticstructurethatcanbe
displayedwithoutencounteringprecisionproblems.Distincthyper-
boliccoordinateswhicharetoofar from theoriginwill beprojected
socloseto thesurfaceof theunit ball thattherearenotenoughbits
to distinguishbetweentheireuclideancoordinates.

Objectsthatfar from theorigin donotneedto berendered,since
theywould projectto anareamuchsmallerthana pixel. Thelimit
only comesinto play if we storea staticstructurein euclideanco-
ordinatesthat is muchlarger thanthepart which is activelybeing
drawn.

In our implementationwe do storea staticstructure:weproject
immediatelyafterthelayoutphase,andthenchangethefocusfrom
onepartof thestructureto anotherby applyinga transformationto
thestaticstructure.Nodeswhich aretoo far from thecurrentroot
of thetreearemarkedastruncated,andcanonly beseenif thetree
is laid outfrom acloserroot. A moresophisticatedimplementation
coulddefertheprojectionuntil rendertimeanddynamicallydeter-
mine theappropriateeuclideancoordinatesfor only objectsin the
neighborhoodaroundthefocusthatarelargeenoughto see.

5 Implementation

We have implementedthe H3 layout techniqueas part of the
SiteMgrapplicationfor websitecreationandmanagementfromSil-
iconGraphics.Most of thepaperasawholefocuseson thelayout
algorithm,but thissectiondescribeskey featuresof theSiteMgrvi-
sualizationcomponent.

The SiteMgrsystemallows interactivenavigationof structures
whicharetoo largeto renderin theirentirety, by providingexplicit
gardeningcontrols to expandor contractsubtrees. The original
PARC conetreesystem[RMC91] alsousedexplicit gardening,but
thisapproachis inferior to theautomaticsubtreeexpansionandcol-
lapsefeaturedin systemssuchasthePARC 2D hyperbolicbrowser
[LRP95] or CarriÁere's conetreeextension[CK95]. Wedoautomat-
ically cull text labelswhennodesmovefar from theorigin.

The usercanalsotogglethedisplayof nontreelinks which en-
ter or leaveselectednodes.We distinguishincomingfrom outgo-
ingnontreelinks to allow®ne-grainedcontrolof thedisplay. Nodes
like logo imagestendto havemanyincominglinks, while tableof
contentsnodeswouldhavemanyoutgoinglinks. Nodesarecolored
accordingto MIME type.Theusercanchooseadifferentrootnode
for thespanningtree,which will showa verydifferentview of the
graph.

Whentheuserclicks on a node,it is selectedandundergoesan
animatedtransitionto thecenterof thesphere.In additionto this
translationalcomponent,thetransitionincludesarotationalcompo-
nentsothatwhenthenodereachestheorigin its ancestorsareonits
left while its descendantsappearon theright. This butter¯y repre-
sentationservesto orienttheuserandto minimizeocclusionof both
nodesandtheirtext labels.In theterminologyof theoriginalPARC



paper[RMC91], we havechosenthehorizontalcamtreesorienta-
tion insteadof thevertical conetreeorientation.If theuserclicks
onanedge,thatpoint is translatedto thecenterof thespherebutno
rotationor selectionoccurs.

TheSiteMgrsystemwasdesignedandtunedfor websitevisual-
ization.However, it is possibleto importgraphsinto thehyperbolic
viewerthatwerecreatedfrom otherkindsof data,whichis howthe
Unix ®lesystemandfunctioncall graph®guresin this paperwere
made.

6 Anal ysis

TheH3 layouttechniquecaneasilyhandlethousandsof nodesand
hasbeentestedongraphsof over20,000nodes.It isveryeffectiveat
presentinga largeneighborhoodof ahugegraphin asmallamount
of screenspace.Plate1 showsamediumsizedWebsitewhichcon-
tains5000total nodes.The leftmostimageshowsa selectednode
with outgoingnontreelinks drawn. Althoughdistantsubtreesare
quitedistorted,we canseeenoughcontextthat thedestinationsof
the non-treelinks canbe roughly distinguished.In the othertwo
imageswebringtheclusterof nodeswhichcontainsthedestination
of mostof thenontreelinks closerto thefocus.Noticethatwecan
still seetheoriginatingnode,althoughit is quitefarawayin thetree
structure.

Staticpicturessuchas®guresin thispapermaybemisinterpreted
asshowing2D objectsonthesurfaceof ahemisphereinsteadof as
3D objectsinsidethevolumeof aball. In theinteractivesystemthe
sceneis disambiguatedassoonasthe userseesthe objectsrotate
insidetheball. Theinteractiveuserexperienceis dif®cultto com-
municatethroughstill images,butcanbeapproximatedwith image
sequencesandtheaccompanyingvideo.

Hyperbolic methodsare very effective at providing global
overviewsanddisplayingmanynodesat once.We cancategorize
thedrawnnodesinto threeclasses:main/labelled,peripherial,and
fringe. Whatwecall peripheralnodesaresmallbutstill distinguish-
ableasindividual entitiesuponcloseinspection.Fringenodesare
not individually distinguishable,buttheiraggregatepresenceor ab-
senceshowssigni®cantstructureof far-away partsof the graph.
Eachclasscan®troughlyanorderof magnitudemorethanthelast.
TheH3 andPARC browserscanbothshowup to 50 main/labelled
nodes. The PARC layout doesn't haveperipheralnodesassuch,
sincenodesarenot drawnasdiscreteentities. The H3 layoutcan
showup to 500 peripheralnodes.The H3 fringe canshowinfor-
mationaboutthousandsof nodes,whereasthePARC fringe shows
informationabouthundredsof nodes.(Thewebvizbrowser[MB95]
didn't havelabellednodes,couldhandleup to 50 peripheralnodes
andshowinformationaboutupto 500fringenodes.)

Anotherbig advantageof movingfrom a 2D treeto a 3D graph
is the ability to seenon-treelinks in context. Oneof the greatest
strengthsof theH3 approachis theability to seerelationshipsbe-
tweena part andthe far-¯ung reachesof thewhole. Although the
detailsof thenontreelink destinationsareusuallydistorted,arough
senseof theirdirectionhelpstheuserconstructandmaintainamen-
tal modelof theoverallgraphstructure.Thedetailsbecomeclear
in asmoothtransitionwhenthatareaof thestructureis broughtto-
wardsthecenter. It mightbepossibletoextenda2Dbrowsertosup-
portgraphdisplay, butnontreelinks wouldhaveto bedrawnin the
sameplaneasthemainspanningtreelinks, necessarilyintersecting
them.In the3Dsystemthenontreelinkscanfollow pathswhichare
unlikely to intersectthesurroundingspanningtreelinks.

Informationdensityis not the only metric: whentakentoo far,
it becomesclutter. Goingto the third dimensionis not a panacea.
Drawingall thelinks in a highly connected3D graphyieldsa pic-
ture which cangive a high level overviewof the global structure
but is uselessfor examiningthedetails.Theability to interactively
selectwhich non-treelinks aredrawn is a major improvementof

theSiteMgrsystemoverthewebvizsystem.Plate2 showsa func-
tion call graphfor a scienti®ccomputingbenchmark.Suchgraphs
arenotoriouslydif®cultto understandwhenall thelinks aredrawn.
Softwareengineerswho mustmodify or optimizeunfamiliarcode
can browsethroughthe H3 layout of a call graphto understand
structureof acomplexprogram.

The H3 systemis very effective at showingaspectsof a large
graphsuchasoverviewsandpart/wholerelationshipsthatarepoorly
displayedusingother techniques.The converseis that H3 is not
well suitedfor taskswheretraditionalsystemsshine,like selecting
anitemfromalinearlist. WepromotetheH3 layoutasanadditional
moduleto augmentothervisualizationcomponents,not a general-
purposebrowserthatshouldreplaceall otherviews. The SiteMgr
systemalsoincludesa traditional2D directorybrowserto provide
andifferentview. Nodesselectedin onebrowserareautomatically
highlighted(brushed)in theother, andeachcantriggerscrollingor
ananimatedtransitionto theselecteddocumentin theother.

7 Future Work

The choiceof spanningtreehasa considerablebearingon thevi-
sualimpactof the drawngraph. We would like to consideraddi-
tional heuristicsfor ®ndingreasonablespanningtrees,particularly
for domainsotherthantheWeb.Wearealsointerestedin alternative
arrangementsof child nodeson parentalhemispheres.

Wearequiteinterestedin extendingtheunderlyingvisualization
systemto allow effortlessnavigationthroughhugegraphsby auto-
maticallyexpandingsubtreesastheyapproachthecenterof interest
andcontractingthosethatmoveout to theperiphery.

Extremelylarge graphswill not be understandableif presented
only at a singlelevel of detail,evenif we hadaninfrastructurefor
smoothautomaticnavigationthroughmillions of nodes.We need
to ®ndappropriateabstractionsfor bothgraphtheoreticstructures
suchassubtreesandfor domain-speci®cstructuressuchasa Web
site.

8 Conc lusion

Wehavepresentedanewlayouttechniquefor visualizingverylarge
directedgraphsin 3D hyperbolicspace.TheH3 techniquehandles
at leasttwo ordersof magnitudemoredatathangeneralgraphlay-
out tools. We computea variationof a conetreelayout basedon
a spanningtree,andonly drawnontreelinks for selectednodeson
demand.In ourhyperbolicvariationof theconetreealgorithm,we
drawa denseneighborhoodaroundthe focusof interestby laying
outnodeson asphericalcapcoveringthemouthof theconerather
thanits perimeter. We haveachievedpromisingresultsgraphsof
tensof thousandsof nodesin applicationdomainsasthelink struc-
tureof theWeb,Unix ®lesystems,andfunctioncall graphs.
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Appendix A: Layout Deriv ation

TheH3 layoutmethodoperatesin twopasses:in thebottom-uppass
we ®ndanapproximateradiusfor eachhemisphereandin thetop-
down passwe placechildrenon the surfaceof their parenthemi-
sphere.In thisAppendixwepresentadetailedderivationof thera-
dius 
 � of a parentalhemisphereandthetriple � 
 � 
 ��
 � � neededto
placeachild hemisphereonthesurfaceof thatparentalhemisphere.
Foreachstepof thederivation,weshow®rsttheeuclideanthenthe
hyperbolicresult.

Euclideanand Hyperbolic Formulas

Formula Euclidean Hyperbolic

right-angletriangle � � �������

� �
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# $
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' (
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' (
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circlearea ) 


� *

)+� , - % .�� 
 ��/10 �

hemispherearea
*
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)�% & � .

�

� 
 �

sphericalcaparea
*

) 
 � 02/3, - % �+�

*

)�% & � .�
 � 02/4, - % �+�

� Bottom-up pass: We computea target surfacearea 5�� of a
hemisphereat level 6 by summingtheareasof thedisksat thebot-
tomof thechild hemispheresat level 6�730 . Thistargetsurfacearea
is only an approximationfor threereasons.First, thesurfacearea
of a sphericalcapis greaterthanthedisk on which it lies. (We use
thediskapproximationsinceits areadoesnot dependon theasyet
unknownparentalradius 
 � , whichwe would needto computethe
areaof thesphericalcap.) Second,evenanoptimalcircle packing
of the disksof the sphereleavesuncoveredgapsbetweenthe cir-
cles. Third, our circle packingis knownto besuboptimal:circles
mayuselessverticalspacethantheirallotedbandallows,andthere
maybeunusedhorizontalspacein theoutermostband.Theseissues
arediscussedin moredetailin Section3.

All threereasonsleadto anestimatewhichis lessthantheneces-
saryarea.We useanempiricallyderivedareascalingfactorto en-
surethatcollisionsdonotoccur. Theotherparameterin our imple-
mentationis thesurfaceareaallotedfor hemispheresof leaf nodes.
Thelayoutwouldbetoodenseif theleafnodestouched,sowegen-
erallyspecifya largerareathanahemispherethatwouldexactly®t
aroundthegeometricrepresentationof anode.Thesetwo parame-
terscontrolthedensityof thelayout.

The euclideanderivationof the target hemispheresurfacearea
8:9

at level 6 is straightforward.
82;
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C

9

is theareaof thediskatthebottomof achildhemisphere
and D is thenumberof childrenat level 6E7F0 .

Whenwe usethehyperbolicareaformula
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the hyperbolic radius of the parental hemisphere is
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Theparent-childrelationshipbecomes
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Figure7: We®ndsphericalcoordinatesR � andR � for placingachild
hemisphereon thesurfaceof aparenthemispherewith radius
 � .

� Top-downpass:Weusetheradius
 � of theparenthemisphere
to computetheremainingtwo sphericalcoordinates� and � , which
specifythepositionof thechildhemisphereatlevel 6S7T0 . Wecom-
pute � and � cumulatively, startingfrom thepoleat the top of the
hemisphere.Thechildrenarelaidoutin concentricbandssurround-
ing thepoleat thetopof thehemisphere.Thetotal R � U V W X anglebe-
tweenchild D andchild DS7T0 onbandY is thesumof theanglesR �

>

and R �

>

	+� , whichdependontheradii 


>

and 


>

	+� of thechildren.
WeneedtoderivetheangleR � givensome
 asin Figure7. An angle

R � dependson 
 Z , theradiusof thesphericalcapat � . Whenweuse
theeuclideanradius
 Z��[
 ��% & ��� andtheeuclideanright-angletri-

angleformulawe®ndtheeuclideanangleR ���F� \ , � � �3]_^
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If weinsteadusethehyperbolicradius
 ZE�F% & � .
I
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andthehyperbolicright-angletriangleformulawe ®ndthehyper-
bolic angle
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We substitute
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If thecumulativeangle�
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7ER �

>

	+� isgreaterthan
*

) , wedrop
down to the nextband YE7c0 andreset �

>

	+� to 0. (The very ®rst
child is a singularcase,sincethebandis just asphericalcap.)The

R � anglebetweena child on onebandandthenextdependson the
radius 


� of the largestchild in bandY andthe radius 


�

	+� of the
largestchild in bandY27H0 . In ourcurrentcirclepackingapproach,
weknowthatthe®rstchild in eachbandwill havethelargestradius,
sincewe lay out thechildrenin descendingsortedorder.

We thusneedto derivetheangleR � givensome
 , asin thebot-
tomof Figure7. Theeuclideanangle� correspondingto 
 is simply

� \ , � � ��� 
 = 
 � � . Wesubstitutethehyperbolicformulafor right-angle
trianglesto ®nd
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Armed with the triple � 
 
 ��
 � � , we can centerthe child hemi-
spherein theappropriatespoton theparenthemisphere.



Plate1: Weshowthelink structureof aWebsitelaid outin 3Dhyperbolicspace.Thenodesrepresentdocuments,whicharecolored
accordingto MIME type: HTML is cyan,imagesarepurple,andsoon. Wedrawtheoutgoingnon-treelinks for theselectednode,
highlightedin yellow. Ontheleft thedestinationof thoselinksisquitedistorted,butwedoseethatmostof thelinksendataparticular
cluster. Theimageson themiddleandright showthatclusterin moredetailaswebring it towardsthefocus.

Plate2: We showthestaticfunctioncall graphstructurefor a mixedC/FORTRAN scienti®ccomputingbenchmark.On the left
thenodecoloring indicateswhethera particularglobalvariablewasuntouched(cyan),referenced(blue),or modi®ed(pink). On
theright we color by a differentvariable.Suchdisplayscanhelpsoftwareengineersseewhich partsof a large and/orunfamiliar
programmightbemodularizable.


