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Abstract

Recentwork in the object recognitioncommunity hasyielded a classof interestpoint-basedeaturesthat are stableunder
signi cant changesin scale,viewpoint, and illumination, making them ideally suitedto landmark-basedhavigation. Although
mary suchfeaturesmay be visible in a given view of the robot's environment,only a few suchfeaturesare necessaryo estimate
therobot's positionandorientation.In this paper we addresshe problemof automaticallyselectingfrom the entiresetof features
visible in the robot's ervironment,the minimum (optimal) setby which the robot can navigate its ervironment.Speci cally, we
decomposehe world into a small numberof maximally sizedregions suchthat at eachpositionin a given region, the samesmall
setof featureds visible. We introducea novel graphtheoreticformulationof the problemand prove thatit is NP-completeNext,
we introducea numberof approximationalgorithmsand evaluatethem on both syntheticand real data.

Index Terms
Mobile robots,mapping,localization,machinevision, featureselection.
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I. INTRODUCTION

N the domainof exemplarbased(as opposedto generic)

object recognition, the computer vision community has
recentlyadopteda classof interestpoint-basedeaturese.g.,
[1]-[4]. Suchfeaturestypically encodea descriptionof image
appearancén the neighborhoodf an interestpoint, suchas
a detectedcorner or scale-spacanaximum. The appeal of
thesefeaturevertheir appearance-bas@dedecessoiis their
invarianceto changesn illumination, scale,imagetranslation
and rotation, and minor changesin viewpoint (rotation in
depth).Thesepropertiesghereforemake themideally suitedto
the problem of landmark-basechavigation. If we cande ne
a set of invariant featuresthat uniquely de nes a particular
locationin the ervironment,thesefeaturescan,in turn, de ne
a visual landmark.

To usethesefeatureswe could, for example,adopta local-
izationapproachproposedy BasriandRivlin [5], andWilkes
et al. [6], basedon the LC (linear combinationof views)
technique.During a training phase,the robot is manually
“shown” two views of eachlandmarkin the ervironmentby
which the robot is to later navigate. Theseviews, along with
the positionsat which they wereacquired form a databasef
landmarkviews. At runtime, the robot takes an image of the
ervironmentand attemptsto matchthe visible featuresto the
various landmarkviews it has storedin its databaseGiven
a matchto somelandmarkview, the robot can computeits
position and orientationin the world.

There are two major challengeswith this approach First,
from ary given viewpoint, there may be hundredsor even
thousand®f suchfeaturesThe union of all pairsof landmark
views may thereforeyield an intractable number of distin-
guishablefeaturesthat mustbe indexed in orderto determine
which landmarkthe robot may be viewing. Fortunately only
a small numberof featuresarerequired(in eachmodelview)
to computethe robot's pose. Therefore,of the hundredsof
featuresvisible in a model view, which small subsetshould
we keep?

The secondchallengeis to automatethis processand let
the robot automaticallydecide on an optimal set of visual
landmarksfor navigation. What constitutesa good landmark?
A landmarkshould be both distinguishablefrom other land-
marks (a single oor tile, for example, would constitutea
bad landmarksinceit's repeatedelsavhere on the oor) and
widely visible (a landmarkvisible only from a singlelocation

will rarely be encounteredind,if so, will not be persistent).

Therefore, our goal can be formulated as partitioning the

IWorst-caséndexing compleity would occurduring the kidnappedocal-
ization task, in which the robot hasno prior knowledge of whereit is in the
world. Undernormalcircumstancesgiven the currentlyviewed landmarkand
the currentheading,the spaceof landmarkviews that mustbe searchectan
be constrainedStill, even for a small set of model views (landmarks),this
may yield a large searchspaceof features.

world into a minimum numberof maximally sizedcontiguous
regions, such that the sameset of featuresis visible at all
pointswithin a given region.

Thereis an importantconnectionbetweenthesetwo chal-
lenges.Speci cally, given a region, inside of which all points
see the sameset of features(our secondchallenge),what
happenswhen we reducethe set of featuresthat must be
visible at eachpoint (rst challenge)?Sincethis representa
wealer constrainton theregion, the sizeof theregion canonly
increaseyielding a smallernumberof larger regionscovering
the ervironment.As mentionedearlier thereis a lower bound
on the numberof featuresthat can de ne a region, basedon
the poseestimationalgorithmandthe degreeto which we want
to overconstrainits solution.

Combining thesetwo challenges,we arrive at the main
problemaddressedby this work: from a setof views acquired
at a setof sampledpositionsin a given ervironment,partition
the world into a minimum set of maximally sized regions,
such that at all positions within a given region, the same
setof k featuresis visible, wherek is de ned by the pose
estimationprocedure(or someoverconstrainedrersionof it).
We begin by introducinga novel, graphtheoreticformulation
of the problem,and proceedto prove its intractability. In the
absencef optimal, polynomial-timealgorithms,we introduce
six differentheuristicalgorithmsfor solving the problem.We
have constructeda simulator that can generatethousandsof
worlds with varying conditions, allowing us to perform ex-
haustve empirical evaluationof the six algorithms.Following
a comparisorof the algorithmson syntheticervironmentswe
adoptthe mosteffective algorithm,andtestit on imageryof a
real environment.We concludewith a discussionof the main
contributionsmadeand possibledirectionsfor future work.

Il. RELATED WORK

In previous work on robot navigation using point-based
features,little or no attentionhas beengiven to the size of
the landmark databaseor the number of landmarklookups
requiredfor localization. This is especially problematicfor
map representationghat rely on large numbersof generic
features,suchas cornersor line sggments[7]-[9]. Recently
a numberof image-basedeaturedetectorssuchasthe scale-
invariantfeaturetransform(SIFT), and other scale-,rotation-
andaf ne-invariantfeatureshave beendevelopedthat provide
stronger discriminatve power [1], [3], [4]. Despite these
enhancementanaps constructedusing visual featuresoften
entail mappingvery large numbersof pointsin space.

Thereare several existing feature-base@pproachego en-
vironmentrepresentationSe, Lowe, and Little [10] useSIFT
featuresas landmarks. The robot automatically updatesa
3D landmark map with the reliable landmarks seen from
the current position using Kalman Itering techniques.The



position of the robot is estimatedusing the odometryof the
robot as an initial guess,and is improved using the map.
Trinocular vision is usedto estimatethe 3D locations of
landmarksand their regions of con dence, with all reliable
landmarksstoredin a densedatabase.

Navigation by landmarkrecognitionis alsopossiblewithout
knowledgeof the locationsof the landmarksin a map of the
ervironment. Localization can be accomplishedin a view-
basedfashion, in which the robot knows only the image
location of the landmarksin a collection of model views of
the ervironmentacquiredat known positionsandorientations.
One such approachis the linear combinationof views (LC)
techniquewhich was rst introducedby Ullman andBastrifor
objectrecognition andlaterappliedto vision-basedavigation
by BasriandRivlin [5]. The authorsprovedthatif a sceneis
representedsa setof 2D views, eachnovel view of the scene
canbe computedasa linear combinationof the modelviews.
From the valuesof the linear coefcients, it is possibleto
estimatethe positionfrom which the novel view wasacquired,
relative to that of the modelviews. Wilkeset al. [6] described
apracticalrobotnavigationsystemhatusedthe LC technique.
Their methodconsistsof decomposinghe ervironmentinto
regionswithin which a setof modelviews of a particulararea
of the environmentmay be usedto determinethe position of
the robot. In theseoriginal applicationsof the LC method,
the featurescomprisingthe modelviews weretypically linear
featuresextractedfrom the image.

The view-basedapproachof Sim and Dudek[11] consists
of an off-line collection of monocularimagessampledover
a spaceof poses.The landmarksconsist of encodingsof
the neighborhoodsf salientpointsin the images,obtained
using an attentionoperator Landmarksare tracked between
contiguousposesandaddedto a databaséf they areobsenred
to be stablethrougharegion of reasonablsizeandsuf ciently
useful for pose estimationaccordingto an a priori utility
measure.Each stored landmark is encodedby learning a
parameterizatiorof a set of computedlandmark attributes.
The localizationis performedby nding matchesbetweenthe
candidatelandmarksvisible in the currentimage and those
in the databaseA position estimateis obtainedby meiging
theindividual estimateyieldedby eachcomputedattribute of
eachmatchedcandidatdandmark.

In an attemptto addressthe localization of a robot in a
previously mappedenvironment, Fair eld and Maxwell [12]
used visual and spatial information associatedwith simple
but arti cial landmarks.Their method projectsthe acquired
coordinatesof the visual landmarkin the image plane into
an estimationof the distancebetweenlandmark and robot.
Ideally, this estimatecan be cross-alidatedwith pre-stored
landmarkcoordinatesto localizethe robot. Their solutionfor
dealingwith robotodometryandlandmarkdistanceestimation
errorswas to use a simple Kalman lter modelin orderto
correctfor accumulatecdbdometryand sensorerrors.

DeSouzaand Kak [13] presenteda comprehensie suney
of computer vision methodsfor both indoor and outdoor
navigation. For indoor navigation they consideredhreepopu-
lar modelsof map-basedmap-huilding-basedand map-less
navigations. In each case,they discussedthe contrikutions

of existing vision methodsto visual information acquisition,
landmarkdetection,crossvalidation of visual hypothesesnd
pre-storednodels,and position estimationfor localization.In
the context of outdoorrobotics,they suneyed the navigation
in both structuredand unstructuredervironments.In each
case therelevant contribution of vision to a variety of critical
componentf navigation systemswas consideredjncluding
obstacledetectionand avoidance,robust road detection,con-
struction of hypotheticalscenemodels,far-point (landmark)
triangulation,and global position estimation.In other work,
landmarksare used to de ne topological locations in the
world. For example,Mata, et al. demonstratedh systemfor
topologicallocalizationusing distinctive imageregions[14].

While the focus of our work is on visual navigation, our
approacho featureselections alsoapplicableto otherfeature-
basedrepresentationssuch as points extracted from range
data. Thereis a rich body of work on mappingand naviga-
tion using range-basedeatures.Leonardand Durrant-Whyte
developeda map representatiorusing “geometric beacons”,
correspondingo cornersextractedfrom a sonarsignaturg15].
Otherwork hasexaminedsimilar featuresin outdoorsettings,
andundervater[16], [17].

Since there is always a certain amountof uncertaintyin
estimating the robot's, some authors have consideredthe
problemof landmarkselectionfor the purposeof minimizing
uncertaintyin the computedpose estimate.Sutherlandand
Thompson[18] demonstratethat the precision of a pose
estimatederivedfrom pointfeaturesn 2D is dependenbn the
con guration of the obsened features.They alsoprovided an
algorithmfor selectingan appropriatesetof obsenedfeatures
for poseestimation.Olson [19] presentech methodfor esti-
matingthe localizationuncertaintyof individual landmarksor
the purposeof gazeplanning.Burschkaet al. [20] considered
the effect of spatiallandmarkcon gurationon arobot's ability
to navigate. Similarly, Yamashitaet al. [21] demonstrated
motion planning stratgies that take into accountlandmark
con guration for accurateocalization.

Methods have also been developedto combine multiple
unreliable obsenations into a more reliable estimate.Mea-
surementdrom varioussensorsdataacquiredover time, and
previous estimatesare integratedin orderto computea more
accurateestimateof the currentrobot's pose.In every sensor
update previous datais weightedaccordingto how accurately
it predicts the current obsenations. This technique,called
sensorfusion has generally beenimplementedthrough the
useof Kalman Iter and ExtendedKalman Filters (EKF). It
hasbeenappliedto the problem of localization by Leonard
and Durrant-Whyte[22] from sonardataobtainedover time.
A disadantageof Kalman Iters and EKF is that sincethey
realizea local linear approximationto the exact relationship
betweerthe positionandobsenations,they dependon a good
a priori estimate,and thereforecan suffer from robustness
problems.

Fox introduced Markov localization in [23], a Bayesian
approachto localizationutilizing Markov chain methodsand
maintaining a probability distribution over pose space.As
evidenceis collectedfrom the sensorsijt is usedto update
the currentstateof belief of the robot's pose.This approach



generalizesbeyond the Kalman Filter in that multi-modal
probability distributions can be representedin [24], Thrun
presentsan approachbasedon Markov localizationin which
neural networks are trained to discover landmarksthat will
minimize the localization error. The proposedalgorithm has
the adwantageof being widely applicable, since the robot
customizests localizationalgorithmto the sensorscharacter
istics andthe particularervironmentin which it is navigating.
The localizationerror achieved by the automaticallyselected
landmarksis showvn to outperformthe error achieved with
landmarkscarefully selectecby humanexperts.On the other
hand,this approachhasthe dravbackthat the training of the
neural networks can take several hours, though this process
generallyneedgo be performedonly oncein anoff-line stage.
Another setof probabilisticmappingapproachess that of
Simultaneoud_ocalization and Mapping (SLAM), in which,
after eachnew measurementboth the robot's pose and the
positionsof landmarksn theworld arere-estimatedDavison's
work in this direction basically computesa solution to the
structure-from-motionproblem on-line [25] using the Shi
and Tomasi feature detectorto constructmapsin real time
from a monocularsequencenf images.Cornventional SLAM
approacheshasedon the Kalman Filter suffer in that the
time compleity of each sensorupdate step increaseswith
the squareof the numberof landmarksin the databaseTo
deal with this scalability problem, some authors suggested
dividing the global map into sub-maps,within which the

complity can be bounded[26], [27]. Other researchers

[28]-[31] have proposedhierarchicalapproacheso SLAM,
in which a topological map is maintained,organizing the
landmarksinto smallerregions wherefeature-baseanapping
stratgyies can be applied.

Our work is also closelyrelatedto the generalproblemof
computinga minimum descriptionlength (MDL) encodingof
a set of obsenations[32]. However, our problemis further
de ned by the domain-dependertonstraintthat the encoding
must facilitate localization everywherein the world. Some
authorshave also examinedthe problem of featureselection
— which image-denved featuresare optimal for representing
cameralocation [33], [34]. Theseapproacheslso generally
seekto computeoptimal encodingsof the obsenations, but
tend to dependon global image properties, making them
susceptibleto failure in the presenceof minor changesin
the scene.For this work, we assumea feature extraction
approachthat recovers multiple local featuresfrom single
images.In principle,onecould apply our work to severalsuch
feature detectorsto determinewhich operatorsproducethe
most compactdescriptionsof the world.

While all of the approachesliscussedabose demonstrate
how robot localizationcan be performedfrom a set of land-
mark obsenations, none considerthe issue of eliminating
redundang from the landmark-basethap,which at timescan
grow to containtens of thousandsof landmarkmodels. In
this paper we study the problem of automaticallyselecting
a minimum size subsetof landmarkssuchthat reliable navi-
gationis still possible.While maximizing precisionis clearly
an importantissue,in this work we are concernedorimarily
with selectinglandmarksthat are widely visible. However,
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Fig. 1. (a) A simplepolygonalworld with a polygonalobstaclen its center
and9 features(b)-(g) Visibility areasof somefeatures(h) A covering of the
world using 4 features(3, 4, 5 and 7). (i) A covering of the world using 2
features(2 and 8).

the algorithmspresentedn this work can be easily extended
to select sets of featuresthat fulll ary given additional
constraints.

I1l. LANDMARK SELECTION PROBLEM DEFINITION

In an off-line training phase,imagesare rst collected
at known discretepoints in pose space,e.g., the accessible
vertices(points) of a virtual grid overlaid on the oor of the
ervironment.During collection, the known poseof the robot
is recordedfor eachimage,and a setof interestpoint-based
featuresare extractedand storedin a databaseFor each of
the grid points, we thereforeknow exactly which featuresin
the databaseare visible. Corversely for eachfeaturein the
databasewe know from which grid pointsit is visible.

Considerthe exampleshawn in Figurel. Figurel (a) shovs
a 2-D world with a polygonalperimeter a polygonalobstacle
in its center and nine featuresalong the world and obstacle
perimetersiIn Figuresl (b) - 1 (g), the areaof visibility of
someof the featureds shovn asa coloredregion. The feature
visibility areas,computedfrom a set of imagesacquiredat
a setof grid pointsin the world, constitutethe input to our
problem.



In a view-basedlocalization approach,the current pose
of the robot is estimatedusing, as input, the locations of
a small number of featuresin the currentimage matched
againsttheir locationsin the training images. This set of
simultaneouslyvisible featuresconstitutesa landmark. The
minimum numberof featuresnecessaryor this task depends
on the methodemployed for pose estimation.For example,
threefeaturesareenoughfor localizationin BasriandRivlin's
linear combinationof views techniqu€5], which usesa weak
perspectie projection imaging model. The essentialmatrix
method[35], that properly models perspectie projectionin
theimagingprocessrequiresat leasteightfeaturego estimate
pose.

To reducethe effect of noise,a larger numberof features
can be usedto overconstrainthe solution. This presentsa
trade-of betweenthe accurayg of the estimationandthe size
(in features)of the landmark.Requiring a larger number of
featuresfor localization will yield better pose estimation.
However, the more constraineda landmarkis, the smaller
its region of visibility becomesWe will usethe parameter
k asthe numberof featuresthat will be employed to achiere
poseestimationwith the desiredaccurag, i.e., the numberof
featuresconstitutinga landmark.

Robotlocalizationfrom a given positionis possibleif, from
the featuresextractedfrom an image taken at that position,
there exists a subsetof k featuresthat exist in the database
and that are simultaneouslyisible from at leasttwo known
locations.For a large ervironment,the databasenay be large,
andsucha searchmay be costly For eachimagefeature,we
would have to searchthe entiredatabaséor a matchingfeature
until not only k such matcheswere found, but that thosek
featuresweresimultaneouslyisible from at leasttwo separate
positions(grid points).

Recalling that k is typically far less than the number of
featuresin a given image, one approachto reducingsearch
complity would be to prune featuresfrom the database
subjectto the existenceof a minimum of k featuresvisible
at each point, with those samek featuresbeing visible at
one or more other positions.Unfortunately this is a complex
optimization problem whose solution still maintainsall the
featuresin a single databaseleadingto a potentially costly
search.A more promising approachis to partition the pose
spaceinto a numberof regions i.e., setsof contiguousgrid
points, suchthat for eachregion, thereare at leastk features
simultaneouslyisible from all the pointsin the region. Such
a partitioning of the world, in turn, partitionsthe databasef
featuresinto a set of smaller databaseseachcorresponding
to what the robot seesin a spatially coherentregion. In this
latter approachsincek is small, the total numberof features
(correspondingo the union of all the databasesjhat need
to be retainedfor localizationis much smaller than that of
the single databasen the previous approachTherefore,even
without prior knowledge of the region in which the robot is
located,the searchis far lesscostly.

Let's return to the world depictedin Figure 1. In this
example, we will assumefor sale of clarity, that a single
(k = 1) featureis sufcient for reliable navigation. However,
the reader must note that in practice,a k greaterthan 1

is generallyrequiredfor localization,its particular minimum
valuedependingon the methodemployed. Underthis assump-
tion, one possibledecompositionof the world into a set of
regions (such that eachposeof the world seesat leastone
feature)is achieved using features3, 4, 5, and 7, as showvn
in Figure 1 (h). (In the gure, the feature visibility areas
are showvn superimposedor features3, 7, 5 and 4, in that
particular order) It is clear that all four featuresin this set
are neededto cover the world, since removing ary one of
themwill yield someportion of the world from which none
of the remainingthree featuresare visible, meaningthat the
robot is blind in this area. However, this decompositionis
not optimal, since other decompositionsvith fewer regions
are possible.Our goal is to nd a minimum decomposition
of the world which, in this case,hasonly two regions. One
such decompositioncorrespondgo the areasof visibility of
features2 and8, asshown in Figurel1 (i). This minimum set
of maximally sizedregionsis our desiredoutput, and allows
usto discardfrom the databasell but features? and8. Since
at leastone of thesetwo featuresis seenfrom every point
in posespace reliable navigation throughthe entire world is
possible.

Besidesreducingthe total numberof featuresto be stored,
a partitioning of the world into regions offers additional ad-
vantagesWhile navigatinginsidea region, the corresponding
k featuresareeasilytracked betweerntheimagesthatthe robot
seeslf theexpectedk featuresarenotall visible in the current
image,this may indicatethat the robot hasleft the region in
which it was navigating andis enteringa new region. In that
case the visible featurescanvote for the regionsthey belong
to, if any, accordingto a membershiprelationshipcomputed
off-line. The new region(s) into which the robot is likely
moving will bethosewith atleastk votes.Inputfeaturesvould
thereforebe matchedto the k modelfeaturesde ning eachof
the candidateregions. This approachalso providesa solution
to thekidnappedobotproblemi.e.,if therobotis blindfolded
andreleasedt an arbitrary position,it canestimateits current
pose.

A. A Graph Theoetic Formulation

Beforewe formally de ne the minimization problemunder
considerationyve will introducesometerms.

De nition 3.1: The setof positionsat which the robot can
be at ary time is calledthe posespace The discretesubseif
the posespacefrom which imageswere acquiredis modeled
by an undirectedplanargraphG = (V; E), whereeachnode
v 2 V correspondgo a sampledpose,and two nodesare
adjacentif the correspondingposesare contiguousin 2D
space.

De nition 3.2: LetF bethesetof computedeaturesrom
all collectedimages.The visibility-setof v is the setF, F
of all featuresthat are visible from posev 2 V.

De nition 3.3: A world instanceconsistsof a tuple hG =
(V;E); F;fF ygv2v i, wherethe graphG modelsa discreteset
of sampledposes,F is a setof features,and fF ,g,2v is a
collection of visibility-sets.

De nition 3.4: A set of posesR V is said to be a
region iff for all posesu;v 2 R, thereis a path betweenu



andv completelycontainedin R, i.e.,

8u;v2 R:9fu= v ;v =vg R, such that
(Vi;vi+1) 2 E forall0 i< h.

De nition 3.5: A collection of regions
D =fRgx:::;Rqg 2Y is said to be a decomposition

of Viff |, ; 4R = V.

De nitions 3.1to 3.5de ne the setof inputsandoutputsof
interestto our problem.In view of our optimizationproblem,
for a given world instancehG = (V;E);F;fF ygv2vi, one
would like to createa minimum cardinality D. In addition,
it will be desirablefor a given solution to the optimization
problemto satisfy a variety of properties.One property of
interestis that of ensuringa minimum amountof overlap
betweerregionsin the decompositionThe purposeof overlap
is to ensuresmoothtransitionsbetweenregions, as different
setsof featuredbecomevisible to the robot. Whenoneregion's
featuresstartto fadeat its border the robot canbe assuredo
be within the boundaryof someotherregion, wherethe new
region's landmarkis clearly visible. The following de nitions
formalize this property:

De nition 3.6: The -neighborhood of a posev 2 V is
thesetN (v) = fu2V : (u;v) 0, where (u;v) is the
length of the shortestpath betweennodesu andv in G.

is saidto be -overlappingiff (8v2 V)(9i) :N (v) R;.

With thesede nitions in hand, the problem can now be
formally statedasfollows:

De nition 3.8: Letk bethe numberof featuregequiredfor
reliablelocalizationat eachposition,accordingto thelocaliza-
tion methodemployed. The -Minimum OverlappingRegion
DecompositionProblem ( -MORDP) for a world instance
hG = (V;E);F;fF ygv2vi consistsof nding a minimum-

suchthat8i :j ,g Fvi k.

Note that given a solution of sized to this problem,the total
numberof featuresneededor reliable navigationis bounded
by d k.

IV. COMPLEXITY ANALYSIS

Before we considerthe compleity of -MORDR we will
presenttwo theoremsindicating that -MORDP can be re-
ducedto 0-MORDP( = 0), andthata solutionto thereduced
0-MORDPcanbetransformedackinto a solutionof themore
general -MORDRP The rst of the following two theorems
statesthat if thereis a -overlapping decomposition,such
that k featuresare visible in eachregion for a certainworld
instance thenthereis a 0-overlappingdecompositiorfor the
related problem also with k featuresvisible in eachregion.
This theoremguaranteeghat if a solution exists for the -
MORDR , thenthereis alsoa solutionto the related0O-MORDRP.

The secondtheorem statesthat whenever the related O-
MORDP hasa solution D', thenthe -MORDP hasa solution
too, and it presentsthe methodto constructit from D. We
will startby proving threeauxiliary lemmasthat will be used
in the proofsof Theorems4.1 and 4.2.

decompositiorof V, whereR; = fv 2 R; : N (v) Rig

Proof: This follows from the following chain of

implications:
fR1;:::;RqQg is a -overlappingdecompositiorof V
() Bv2V)9i:1 i dN (V) R
(Y gv2v)9i:l1 i dv2R
() Bv2V)9i:1 i dNov) R;
() fR1;:::;Rqg is a 0-overlappingdecompositiorof V,

9g is a -overlapping
var, N (v) forall'i =
1;:::d

Proof: First, obsene that Rio is a region, since R; is a
region and N (v) is path connected,as it can be inferred
from its de nition. Now:

() (Bv2V)(9i):No(v) Ri
() (Bv2V)9):v2 R
(Y @v2v)oi):N (v) RO

( )) :;RYg is a -overlappingdecompositiorof V.
In (*) we usethat(8v 2 Ri) : N (v) R whichis a direct
implication of the de nition of R. In (**) we usethatR? is
a region.

Lemma 4.3: If fRy;:::;Rqg is a -overlappingdecom-
position of V, Rj = fv ,’F’ Ri : N (v) Rig for all
i = 1;:::_i_d, and Fy T owen Fw, thenfor all i =
Lo o og, Fu v2r, Fv, With equality holding if
R = V2R, N (V)

Proof: From the de nition of Fg we know that
(8v 2 Ry) N (V) Ri, andl-hence vary N (V) R;.
Therefore wa2Rr; Fw w2 S‘BR’i N vy T and
glhe equality holds when R; =_|_ szz-TN (v). Now,

w2 szwi N (v) Fuw = v2R;  wa2N (v) Fw
= v2r Fw

It should be noted that while the transformationfrom -
MORDP to 0-MORDP andbackto -MORDP may createa
different -overlappingdecompositionthe cardinality of the
decompositiorunderthis two-steptransformatiorwill remain
the same,hencethe optimality will not be affected.

Theorem4.1: If D = fRy;::;Rgqg is a -
overlapping decomposition of V for al-world instance
hG = (V;E);F;fF ygv2vi, such that j V2R, Fvj k
for all i = 1;:::;d, then D = fRy;:::;Ry0,
where Ri = fv 2 R; N (v) Rig, is a
O-overlapping decomposition for a wofld instance
WG = (ViE)iFifRgnavi, where By = 5y () Fu,
suchthatj ,g Fvj kforalli= 1;:::7d.

Proof: According to Lemma 4.1, we know that D is a
O—ov%rlappingdec?mpositiomf V. By Lemma4.3, we know
that ,g, Fv va2r, Fv, foralli = 1;:::;d. Therefore,
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Fig. 2. An instanceof the Minimum SetCover Problem
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I var, FVi 1 yar Fvi ki foralli= 1;:::5d.
Theorem 4.2: If D = fRy;:::;Rqg is a solutionto O-

MORDP for a world instancehG = (V;E); § fFyOvavi,

then D® = fRY;:::;R3g, where R} = o N (v),

is a solutionto -MORDP for the World instancehG =
(V;E); F;fF yovavi.
Proof: We have to show that:

1) D° is a -overlapping decomposition of V, i.e.,
(Bv 2 V)(9i) : N (V) RO, (This is direct from
Lemma4.2.),

T . .
2) ] V2RO Fyvj k for all i = 1;:::; :;d. (Direct from

Lemma 4.3 and tge facts that D is a 0-MORDP
solution,andR?= "~ ;. N (v).), and

D%is minimum size.

(We'll prove this by contradiction.We'll supposethat
thereis solutionD ®to  -MORDPthathassizelessthan
D andwill shawv thatfrom this, we canconstructa O-
MORDP decompositiorD%for the original problemof
sizesmallerthanD with thepropertyj |, ze Fuj K.
This is a contradiction sinceD wasa decompositiorof
minimum size with that property

SupposeD® = fRY:::;RPY is a decompositionfor
the original -overlapplngproblemsuchthath <t and
J varwFvj  Kkforalli=1;:::5h.

Let DOO— fR;:::;R% g, Where R%= fv 2 RY:
N (v) RY% foralli = 1:::: :h. By Lemma 4. 1,
we know that D% is a O-overlapplng decomposition
0{- V, and byT Lemma 4.3, we can afrm that
j v2 R0 ij J k)

3)

varoFv)

The transformationapplied in Theorem 4.1 from a -
overlappingto a 0-overlappingsolutioneffectively shrinksthe
regionsof D by , andreduceghe visibility-set of eachvertex
v to correspondo only thosefeatureshatarevisible over the
entire neighborhoodN (v) of v.2 Theorem4.2 assumeghat
thecollectionof visibility-setsF inputto 0-MORDPIs de ned
by a reductionof the -overlappinginstanceof the problem
to a 0-overlappinginstanceusingthe transformatiordescribed
in Theorem4.1.

A. 0-MORDPis NP-complete

We will now showv that 0-MORDP is NP-complete. The
proof is by reductionfrom the Minimum Set Cover Problem.
De nition 4.1: Given a setU, and a set of subsetsS =
fS1;:::;Smg of U, the MinimumSetCover Problem(MSCP)

2strictly speakingthe region reductionis imperviousto boundaryeffects
at the boundaryof G, dueto the de nition of N (v).

consistsof nding a minimum set C ) such that each
elementof U is coveredat leastonce,i.e., g ,cSi = U.
Figure 2 presentsan instanceof MSCP The optimal solution
for this instanceis C = ff A;Bg;fC;Dgg and, in fact,
this solution is unique. An instance HJ;S;ri of the Set
Cover decision problem, where r is an integer, consistsof
determiningif thereis a set cover of U, by elementsof S,
of sizeat mostr. The decisionversionof SCPwas provento
be NP-completeby Karp [36], with the size of the problem
measuredn termsof |Sj.

Theorem 4.3: The decisionproblemhd-ORDR di
complete.

Proof: It is clearthat0O-MORDPis in NP, i.e., givenaworld
instancehG = (V;E);F;fF ygvovi and D = fRy1;:::; Rq0,
it can be veried in time polynomial in max(jVj;jFj)
if D—is a -overlapping decompositionof V such that
8i 1] or, Fvi k. Wenow shav thatary instanceof SCP
canbe reducedto aninstanceof 0-ORDPin time polynomial
in jVj. Given an instancehJ;S = fS;;:::;Sngi of the
Minimum SetCover Problem,we constructa 0-ORDPfor the
world instancehG = (V;E);F;fF ygv2vi in the following
way:

is NP-

Letv beanelementnotin U; thenV = U[ fv g

= f(u;v) : u 2 Ug (Note that the graph G thus
generateds planatr)
F=ffy;::;fmgwheref; = S;[ fv g
Fv=ff2F:v2fg
k=1

The introduction of the dummy vertex v will be usedin
the proof to ensurethatelementf U thatbelongto the same
subsetS; canbe partof the sameregion in the decomposition,
by virtue of their mutualconnectionto v . Eachvisibility-set
Fy in the transformedprobleminstancecorrespondso a list
of the setsS; in the SCPinstancethat elementv is a member
of.

Now we show that from a solutionto 0-ORDP of size d,
we canbuild a SC of sized. Let D = fRy;:::;Rqg bea
solutionto the transformedd-ORDP instance,i.e.,

1) R V is aregion,fori = 1;:::;d,

2) i ¢Ri=V,and

3 g, Fvi k=1L fori=1:::d

Claim: T C=1Cy;:::;Cq0, with

Ci = rstiex( V2R, Fy) fv g is a Set Cover for the
original problem, where rst x (A) returnsthe rst element
in lexicographicalorderfrom the non-gmptysetA. (For each
Ci, the choiceof an elementf from . Fy is arbitrary
in that ary suchf )i-ields a valid solution.) Note that C; is
well-de ned, sincej g Fvj 1.

Proof: We mustshaw that:

1) 8i=1;:::;d:C 2S:

From the de nition of C; we can afrm that
(99):[1 j mandC =f; fvg. Hence
Ci = Sj 2 S.
S

2) 1 dCi = U:



From the de nition of F:
\
F, = ff2F:v2fg
V2R; V2 R;j
= ff2F:Rj fg

Therefore,from the de nition of C;:

Ci=rstixff 2F:R; fg fvg
= Ri i[ fv
) I ?I[ g [
=) V = R; Ci[fvg \%
1 d 1 d
=) Ci[fvg=V
1[i d
=) C=V fvg=U;
1 d

Finally, we have to shav thatif thereis a setcover of size
d, thenthereis a decompositionof size d for the 0-ORDRP.

Claim: D%= fRY;:::;Rg, whereRY= Cg[ fv g,isa0-
overlappingregion decompositiorsuchthatj ,zoFvj 1.
Proof: We mustshaw that: '
1) EachR? V is aregion®:
8 1 i d, since C?
RO=C?[ fvg V.
RO is aregionbecauser 2 R? and,by thede nition of
egraphG, v is connectedo all othernodesin R;.
1 i aRP=VE

U, then

2)
RO = Cl[ fvg=U[fvg=V

T ,
3) i vereFvi L

Clis a setcover

=) cf2s

=) 9 =1L:5;m:Cl=5

=) R’=S[fvg=f;2F

=) 1 'kffZF:Rio f gj \

= ff2F:v2fgj=j Fvj:
v2R? V2R?

V. SEARCHING FOR AN APPROXIMATE SOLUTION

The previous section establishedthe intractability of our
problem. Fortunately the full power of an optimal decom-
position is not necessaryin practice, for a decomposition
with a small number of regions is sufcient for practical
purposes.We therefore developed and tested six different
greedyapproximationalgorithms,divided into two classesto
realizethe decomposition.

SRecallthat a region correspondso a subsetR of verticesin V for which
a pathexists betweenary two verticesin R thatlies entirely within R.

A. Limitationsin the Real World

In realworld visibility data,thereareusuallysampledroses
at which the countof visible featuress lessthanthe required
numberk. This is generallythe casefor posesthat lie close
to walls and object boundariesas well asfor areasthat are
locatedfar from ary visible objectand are thereforebeyond
thevisibility rangeof mostfeaturesFor this reasonthe setof
posesthat shouldbe decomposednto regions hasto include
only the k-coverable poses,i.e., thosesampledposeswhose
visibility-set sizesare at leastk.

B. Growing Regions From Seeds

The A.x class of algorithms decomposegose spaceby
greedily growing new regions from posesthat are selected
accordingto three different criteria. Once a new region has
beenstarted,eachgrowth stepconsistsof addingthe posein
the vicinity of the region that has the largestset of visible
featuresn commonwith the region. This growth is continued
until addinga new posewould causethat region's visibility
setto have a cardinalitylessthank.

The pseudocodeof this class of algorithmsis showvn in
Figure 3. Algorithms A.1, A.2 and A.3 implementeach of
three different criteria for selectingthe pose from which a
new region is grown. Thesethreealgorithmsdiffer only in the
implementatiorof line 3 (Figure 3):

A.1 selectsthe posev 2 U at which the leastnumberof
featuresis visible, i.e.,v = argminyay jFyj.
A.2 selectsthe posev 2 U at which the greateshumber
of featuresis visible, i.e., v = argmaxyzy jF4j.
A.3 randomlyselectsa posev 2 U.

In casesof tiesin line 3, they are brokenrandomly

The setU, which is initialized in line 1 of the algorithm,
containsthe k-coverableposeswhich are still unassignedo
someregion. The setD that will containthe regionsin the
achieved decompositionis also initialized to be empty The
main loop startsin line 2, and is executedwhile there are
unassignegboses.n lines 3 and 4, a posev is selectedrom
U accordingto the criteria given above, and a new region R
containingonly v is createdTheloop that startsin line 5 adds
neighboringposedo theregion R, until the additionof a nen
posewould causethe setof featurescommonlyvisible in the
region to have cardinalitylessthank. An iterationof this loop
is realizedin thefollowing way: In line 6, the setW is formed
by all posesu in the vicinity of theregion R (i.e., the setof
posesnot in R that are at distanceexactly 1 from a posein
R), suchthat u togetherwith the posesin R commonlysee
at leastk features.

In lines 8 through10, if W containsunassigneghosesthen
W is restrictedto thoseposes Sincethe region R is going to
grow with a poseselectedfrom W, this stepis intendedto
give priority to the growth of R with posesthat still have not
beenassignedo ary otherregion. In lines11 and12, the pose
from W thattogetherwith the posesn R commonlyseesthe
maximumnumberof featuresjs addedto R. In caseof atie,
it is brokenrandomly Finally, in lines 15 and 16, the posesn
R areremoved from the set of unassignegosesU, andthe
new region R is addedto the decompositiorsetD.



Input: world hG = (V;E);F;fF ygvav i
Output: decompositiorD

1:Uu=fv2V:jFyj kgD=;

2: while U 6 ; do

3:  Selectv 2 U (Seetext)

4: R = fvg

5: repeat T
6: W=fu2fNi(v):v2Rg R:jFu\[ ,,g Fvli kg
7: if W 6 ; then

8: if W\ U 6 ; then

9: W :=W\U

10: end if T

11: u=argmaxwzw Fw\ [ ,,g Fvli
12: R =R fug

13: end if

14: until W = ;

15 U=U R

16: D = D[ fRg (SeeSectionV-E)

17: end while

Fig. 3. Algorithm A.x

Input: world hG = (V;E); F;fF yvQvavi
Output: decompositiorD
1:U=fv2V jF,j
2: while U 6 ; do

kg;D = ;

3: R=UL =;

4: fori= 1ltok do

5: f=argmax ,; L)ffv2R: 2Fygj
6: R=fv2R:f 2F,g

7: L=L]J ffg

8: endfor

90 R=fv2V:L Fy,g

10 uUu=uU R

11: D = D[ fRg (SeeSectionV-E)
12: PugeD (Seetext)

13: end while

Fig. 4. Algorithm B.x

C. ShrinkingRegionsUntil k Featuresare Visible

Algorithms B.x and C take an incrementalapproachto
de ning thek featuresstartingwith a large region that“sees”
one feature,and iteratively shrinkingthe region as additional
features(up to k) areadded.The resultingregion is addedto
the decompositiona new region is started,and the process
continueduntil the world is covered.Thesealgorithmsselect
asa new region the setof posesfrom which the mostwidely
visible feature,taken from a setF, is seenamongthe poses
that are not yet assignedto a region. Algorithms B.x and
C differ in the criteria by which F is de ned, as shown in
Figures4 and5, respectiely. In the caseof algorithmB.x, F
is just the setof all featureswhile algorithmC systematically
selectsasF the setof featurescommonlyvisible in a circular
areacenteredat eachposev 2 V. If the numberof unassigned
posesin the circular areais lessthan a certainfraction  of
the size of the circular area,or the size of F is lessthank,
then no further processings performedfor posev, andthe
next poseis processed.

The classB.x compriseswo algorithms,B.1 andB.2, that
differ only in their treatmentof the decompositionD after
addingto it a new region R (line 12). While Algorithm B.1
leaves D asit is, Algorithm B.2 greedily eliminatesregions
from D aslong as the total numberof posesthat become
unassignedafterthe regionsareremovedfrom D, is lessthan
the numberof cells thatthe recentlyaddedregion R hascov-

ered but were unassignedefore? This algorithm is adapted
from the algorithm“Altgreedy”, appearingn [37], whereit is
empirically shavn to achieve very goodapproximationresults
for the setcover problem.

In line 1 of Algorithm B.x, the setsU andD areinitialized
asin Algorithm A.x. The mainloop startsin line 2, andit is
executedwhile there are unassignegoses.In line 3, a new
region R is initialized containingall unassigneghosesandthe
setL, which will containfeaturesthat all posesin the region
commonly see, is initialized to be empty Each iteration of
the for-loop in lines 4 to 8 greedily selectsthe featuref not
in L thatis mostwidely visible in the region R, shrinksR
to be formed only by thoseposes,and extendsL to include
f . At the exit of the for-loop, which is executedk times, R
containsat leastonepose(sinceR enteredheloop containing
k-coverableposes)andthe setL containsthe k featuresthat
greedily decreasedhe leastthe size of the region R. In line
9, R is setto be the setof all poses(not only the unassigned
ones)that seeat leastthe k featuresin L. Finally, in lines 10
and11,theposesn R areremovedfrom the setof unassigned
posesU, andthe region R is addedto the decompositiorD.

Algorithm C, in line 1, initializes the set of unassigned
posesU and the decompositiorset D in the sameway that
AlgorithmsA.x andB.x do. In line 2, thevariabler is assigned
the maximum natural number such that at least half of the
k-coverableposeshave a r- neighborhoodsuch that the k-
coverableposesof the neighborhoodcommonlyseeat leastk
featuresThe mainloop of this algorithmstartsin line 3 andis
executedfor every posev 2 V. In line 4, Cis assignedhe set
of unassignegbosesn ther-neighborhoof v, andin line 5,
F is assignedhe setof featurescommonlyvisible in all poses
of C. The conditionveri ed in line 6 requiresthe proportion
of unassignegbosesin the r-neighborhoodf the currentpose
v to be greaterthan or equalto a constant (de ned by the
user),andthe numberof featurescommonlyvisible from all
unassignegbosesin the r-neighborhoodf v to be at leastk.
If this conditionis true, thenthe processcontinuesin a way
similar to lines 3 to 11 of Algorithm B.x: a for-loop greedily
selectthek “most visible features”from the setof unassigned
posesand nally aregion containingall posesseeingthosek
featuresis created.The only differenceis, in the fact, thatin
thefor-loop of this algorithm,thefeaturesaregreedilyselected
from thesetF L, while in Algorithm B.x, suchfeaturesare
selectedrom F L. With this difference Algorithm C ensures
thatthe for-loop will exit with aregion R thathasa minimum
number(which dependonr and ) of newly assignedoses
thatarein N, (v). This algorithmmay terminateleaving some
posesunassignedo a region. A process(not shawvn in the
pseudocodejs thereforeappliedto cover thoseareas Sucha
procesds equialentto Algorithm B.1, but with line 1 making
U equalto the setof unassignegboses.

Algorithms B.x and C are basedon the assumptionthat
the set of posesfrom which eachfeatureis visible form a
connectedregion, and that the intersectionof such feature
visibility areasis alsoa connectedegion. This assumptioris

“Notice that this discardingrule ensureghat the numberof posesassigned
to regions strictly increaseswith eachiteration, so that the algorithm always
terminates.



Input: world hG = (V;E);F;fF ygvav i
Output: decompositiorD

1:U=fv2V jF,j kg;D:I.; -
20r=maxt 2N:fu2U:j .,y wpuFwi ko g
3: forallv2V do

4 C=N M\ U

5: = 42 Fu

6. if oy andjF j  k then

7: R= UL = ;

8: fori = 1tok do

9: f=agmax ;¢ L)ffv2R: 2F,g

10: R=fv2R:f 2 Fyg

11 L=LJ ffg

12: end for

13: R=fv2V:L Fug

14: u=U R

15: D = D [ fRg (SeeSectionV-E)

16: endif

17: end for

Fig. 5. Algorithm C

trueif all featurevisibility areasaresimpleandcorvex. In our
experimentswith real data,we have obsenedthatthe feature
visibility regions are not always corvex or connected,and
thatthey sometimesave somesmall holes.Sincethe number
of extractedfeaturesis quite large, we can afford to exclude
from the decompositiorprocesghosefeatureswith signi cant
holesin their visibility regions. Visibility regionswith mary
concaities canalsobetrimmedto the setof poseshathave a
moreor lessconvex shapeAlso, if avisibility regionhasmore
thanoneconnectedcomponenteachcomponenbf signi cant
sizecanbe consideredo be the visibility region of a different
feature.

D. Elimination of RedundanRegions

All algorithms, except B.2, can terminate with a solu-
tion that is not minimal. Redundang is thereforeeliminated
from their solutions by discardingregions one by one un-
til a minimal solution is obtained. This processgreedily
selectsfor elimination the region R from the solution D
with the largest minimum-@erlapping-countt value, where
I = minfif R°2 D :v2 R%j:v2Rg, ie, it is the mini-
mum numberof regionsthatoverlapat a posecontainedn the
region. The worst-caseunningtime compleity of Algorithm
A.x is boundedby O(jVj?jFj), while Algorithms B.x and C
are boundedby O(kjVj3jFj).

E. Relaxingthe Requiementfor a CompleteDecomposition

A decompositionthat tries to cover all k-coverableposes
may include a large numberof regionsin total, since mary
regionswill serne only to coversmall“holes” thatcouldnotbe
otherwisecoveredby largerregions. Theseholesgenerallylie
in areasfor which the size of the visibility-set is very close
to k, leaving very few featuresto choosefrom. In order to
avoid the inclusion of regions that are only covering small
holes,our implementationf the algorithmsadd a region to
the decompositioronly if its numberof otherwiseuncovered
posesis greaterthana certainvalue .5

5The presenceof a few small holes doesnot prevent reliable navigation.
In generalwheneer the robotis at a point for which the numberof visible
featuresis lessthank, adwancinga shortdistancein mostdirectionswill get
it to a point thatis assignedo someregion.

of
-

Fig.6. A randomlygeneratedvorld. Thegreenpolygonde nestheperimeter
of the world. The blue polygonsin the interior de ne the boundariesof
obstacles.The small red circles on the polygons are the features.As an
illustration, the visibility areasof selectedfeaturesare shavn as colored
regions.

VI. RESULTS

We performedexperimentson both syntheticand real vis-
ibility data. Synthetic data was producedusing a simulator
that randomly generatesvorlds given a mixture probability
distributionsfor eachof the de ning parametersf the world.
(SeeTablel). A world consistsof a 2-D top view of the pose
spacede ned by a polygon,with internalpolygonalobstacles
and a collection of featureson the polygons (both external
and internal). Each feature is de ned by two parameters,
an angle (visibility angle exten), and a range of visibility
(visibility range), determiningthe spanof the areaon the oor
from which the featureis visible. An example of a randomly
generatedvorld andthe visibility areaof someof its features
is illustratedin Figure 6.

A. Decompositiorof SyntheticWorlds

Independentestsof the algorithmson syntheticdatawere
performed for four different world settings. The settings
combineddifferent featurevisibility propertieswith different
shapecompleities for the world and obstacleboundaries.
Two types of featureswere used, having visibility ranges:
N (0:65; 0:2) to N (12:5; 1)m with an angularrangeN (25; 3)
degreesfor Type 1, andN (0:65; 0:2) to N (17:5; 2)m with an
angularrangeN (45; 4) degreesfor Type 2 (whereN (; )
is normally distributed with mean and variance 2). Two
classesof shapeswere testedfor the world and obstacles:
irregular and rectangular For the caseof irregular worlds,
the numberof sidesof its perimeterwas generatedrom the
mixture distribution fU (4;4) with p = 0:1; N (5;0:5) with
p = 0:45 N (7;2) with p = 0:45]g, and the number of
obstaclegrom thedistribution fU (5; 9) with p = 0:5; N (8; 2)
with p = 0:5g. The numberof obstaclesn eachrectangular
world was generatedrom the mixture distribution fU (6; 9)
with p = 0:5; N (10; 2) with p = 0:59. The generatedvorlds
had an averagediameterof 40m, and feature visibility was
sampledin posespaceat points spacedat 50cmintervals.



TABLE |
PARAMETERS OF A WORLD

Component Parameters
: Sidescount
Perimeter Vertex radius
Total obstaclescount
Obstacles Sidescount
Vertex radius
Total featurescount
Features Visibility angularextent
Visibility range

# Features Avg Region Area # Regions

2 3
Experiment Settings

Fig. 7. Resultsfor Experimenton SyntheticData. The x-axes of the charts
representhe four world settingsusedin the experiments(Rectangulaworlds
wereusedin settingsl and2, while irregularly shapedvorldsin settings3 and
4. Type1l featuresvereusedin settingsl and3, andType 2 featuresn settings
2 and4.) The y-axescorrespondo the averagevalue of 300 experimentsfor
the total numberof regions, averagenumberof posesper region, and total
numberof usedfeaturesin eachdecompositionFrom left to right, the bars
at eachsettingcorrespondo Algorithms A.1, A.2, A.3,B.1,B.2,andC.

The parametersisedin the experimentswere overlapping

= 1, and featurescommonly visible per region k = 4.
(BasriandRivlin [5] shaved that reliable localizationcan be
accomplishedusing their linear combinationof model views
methodwith asfew as three point correspondencelsetween
the currentimage and two storedmodel views.) The allowed
maximum areaof a hole was setto = 9 poses,i.e., on
average a hole hasa diameterof at most1:5m. The parameter

of algorithm C was setto 0.85.

Figure 7 shaws the resultsof the experimentson synthetic
data. The performanceof eachalgorithmin the four settings
describedabove is comparedin terms of the number of
regions in the decompositionthe averageareaof a region
in a decompositionand the size of the set formed by the
union of the k featurescommonly visible from eachregion
in a decompositionEachvalue in the gure is the average
computedover a setof 300 randomlygeneratedvorlds. The
decompositiorof eachworld took only afew secondgor each
algorithm.

Unsurprisingly the average size of a region is strongly
dependenton the stability of its de ning featuresin pose
space.Also as expected,the total numberof regionsin each
decompositionincreasesas the averagesize of the regions
decreasesTables Il and Il shov the number of regions
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TABLE 11
AVERAGE NUMBER OF REGIONSIN A DECOMPOSITION
Setting Al A2 A3 B.1 B.2 C
1 173.81 | 156.96 | 154.97 | 127.76 | 112.63 | 140.10
2 59.30 56.45 54.72 4474 42.10 44.17
3 112.40 | 100.46| 98.97 | 82.11 | 73.08 | 82.29
4 4471 | 40.00 | 39.11 | 31.99 | 30.02 | 3111
TABLE 1l
AVERAGE NUMBER OF POSES PER REGION
Setting Al A2 A3 B.1 B.2 C
1 70.76 | 76.49 | 75.74 | 80.60 | 80.99 | 71.85
2 253.88 | 276.37 | 272.83 | 281.63 | 279.81 | 251.86
3 69.04 | 7460 | 7395 | 78.63 | 79.29 | 71.61
4 215.15| 237.68 | 234.67 | 244.44 | 241.26 | 218.56

and the averagenumber of posesin a region, respectiely,
achieved by eachalgorithmand setting,averagedover all the
randomlygeneratedvorlds. In the caseof worlds with widely
visible features(settings2 and 4), the bestresults,in terms
of minimum number of regions in the decomposition,are
achieved by Algorithm B.2, closely followed by Algorithms
B.1 and C. For the worlds with lessvisible features(settings
1 and 3), Algorithm B.2 outperformedhe rest.

In our simulations,we obtainedfairly big regions,as seen
in Table Ill. Each pose correspondsto a sampledarea of
0.25n? (50cm by 50cm), so the averagesachieved by the
bestalgorithmcorrespondo region areasof 20n¥ for features
of Type 1, and 65n? for featuresof Type 2. Theseresults
were achiezed with only a few featuresvisible per pose,as
shavn in Table IV, where the average number of features
visible per posewason the orderof a hundred.In realimage
data, however, the numberof stablefeaturesvisible per pose
is on the order of several hundred,and eachfeature has a
visibility rangecloseto that of our simulatedfeaturesof Type
1 (see[1], for example).These ndings leadusto predictthat
this techniquewill successfullynd decompositionsisefulfor
robot navigation in real ervironments.

B. Region DecompositiorlJsing Real Data

We took Algorithm B.2, the algorithmthatachievedthe best
resultson syntheticdata,andasafurtherevaluationwe applied
it to real visibility dataacquiredin a 6m by 3m grid sampled
at 25 cm, (i.e., a lattice of 25 by 12 poses),from Room
408, McConnell EngineeringBuilding, at McGill University.
Imageswere taken with the robot's cameraorientation x ed
in four different orientationsat 0, 90, 180 and 270 degrees.
Each images position was measuredusing a laser tracker
and a target mountedon the robot [38]. Figure 8 shows two

TABLE IV
AVERAGE NUMBER OF FEATURES VISIBLE FROM A POSE

Setting | Average Number

of Features

Bl W| N~
IN
s




(@)

(b)

Fig. 8. Examplesof the imagesusedin the experimentson visibility data
collectedata 6m  3m space.

imagesof the employed datasetwvherethe variationin image
scale can be appreciated.The images correspondto poses
that are furthestfront and further back along the 270 degree
orientation,respectiely.

We extractedSIFT featuresfrom the imagesin the dataset
using David Lowe's implementation39]. On average,about
420 SIFT featurevectorswere extractedfrom eachimage.We
then usedthe methodproposedin [40] to matchthe feature
vectorsfrom differentimages,andto discardthosethat were
ambiguous.

As aresultof the matchingprocessan equivalencerelation
amongthe image featureswas constructed Speci cally, two
featuredrom differentimageswereplacedin the sameequiva-
lenceclassif andonly if they arecloseto eachotherin feature
spaceAs aresult,SIFT featuresn eachclassof this partition
correspondo the samescenefeature.Lessdistinctive image
featuresj.e., featuredor which pertinenceo a classcannotbe
unambiguouslydecided werediscardedn the following way:
if the distancein feature spacebetweentwo image features
belongingto differentclassesvasnot signi cantly largerthan
theradiusof theclassesn the featurespaceall imagefeatures
belongingto both classesvere eliminated.We also removed
thosefeatureswhich werenot widely visible, i.e., visible from
a certain minimum numberof poses.This heuristic reduces
the compleity of the feature decompositionby eliminating
unstable/ambiguoufeatures.

Following this step, we ended up with a total of 897
classesof features,each feature visible from at least 16
poses.An example of the typical feature visibility regions
that we obtainedafter we ran the featurematchingalgorithm
proposedn [40] canbeseenin Figure9. Eachof thesemages
representshe visibility region of a particularfeaturein the 25
by 12 posesamplinggrid. Eachthumbnailcorrespondso the
appearancef a (30 by 30 pixels) context aroundthe feature
point extractedfrom theimagetakenat the correspondingyrid
positionin posespace.

From the setof distinctive featuresthat remainedafter the
groupinginto classeswe only retainedthosethatwerewidely
andconsistentlyvisible, thatis, thosethatwerevisible from at
least16 poses.whosevisibility regions had few small holes,
and that containedat least one connectedcomponentof at
least3 by 3 poses.The setof posesof eachof thesefeature
visibility regions was further reducedto a subsetthat had
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Fig.9. Typical examplesof featurevisibility regionsobtainedafterexecuting
the featurematchingalgorithmin [40].
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Fig. 10. Distribution of FeatureVisibility Regions by Size (i.e., numberof
poses).

a fairly corvex shape.This was achieved by rst retaining
only the posesin the largest connectedcomponentof the
visibility region. Secondlyposeswerethenremovedfrom this
componentwhich did not have a neighborwith at least7 out
of 8 of its neighborposesin the region. After thesestepsthe
featurevisibility regionsof eachclassnotonly reducedn size,
but thetotal numberof imagefeatureclasseslecreasetb 554,
sincemary of the visibility regionsbecameemptyasa result
of the Itering process.Figure 10 shavs the distribution of
featurevisibility regionsby size beforeandafter this Itering
process.The visibility regions,after Itering, hadan average
size of 33 poses,anda mediansize of 23.

In Figure 11, we can seethe 7 regions obtainedin the
decompositiorwhenwe usedthesevisibility regionsasinput
to Algorithm B.2, usingparameter& = 4, = 0,and = 3.
The decompositiorobtainedusing thesesameparameterdut
with = 1 has 9 regions, as shovn in Figure 12. The
decompositionsbtainedwhen using the value 10 for k, and
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Fig. 11. Region decompositiorof the 6m by 3m real world for k = 4 and
= 0 usingAlgorithm B.x.
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Fig. 12. Region decompositiorof the 6m by 3m real world for k = 4 and
= 1 usingAlgorithm B.x.
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Fig. 13. Region decompositiorof the 6m by 3m realworld for k = 10 and
= 0 usingAlgorithm B.x.

O andlfor canbeseenin Figuresl3 and14. As expected,
the decompositiondor larger values of k contain a larger
number of regions of smaller size. As an example of this,
notice that some of the regionsin Figure 13 are too small
or irregularly shaped,and thereforedo not seemuseful for
navigation purposeslt can also be obsened in the gures
thatthe 1-overlappingdecompositionfiave a larger numberof
regionsthanwhen no overlappingis required.lt is interesting
to note that the regions of the 1-overlappingdecompositions
are generallymore regularly shapedthan their 0-overlapping
counterparts.This is a natural consequencef the method
usedto obtainthesetypesof decompositionswhich imposes
a minimum diameteron the obtainedregions.As an example,
compareFigures13 and 14, in which the regionsin the 1-
overlapping decompositionare more suitable for navigation
thanthoseobtainedfor = 0.

C. Metric LocalizationUsing Region Decomposition

In order to demonstratethe utility of our approachfor
navigation, we applied the decompositionccomputedin the
previous experimentto the problemof robot poseestimation.
Speci cally, for eachdecompositionwe computeda visual
map using the framewvork describedby Sim and Dudek
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Fig. 14. Region decompositiorof the 6m by 3m realworld for k = 10 and
= 1 using Algorithm B.x.

in [11], and subsequentlycomputed localization estimates
(speci cally, probability distributions over the pose space)
for a set of test obsenations. The visual map framework

computegeneratre modelsof featurebehaiour asa function

of viewing position, and can representa wide variety of

featureproperties.Pleaserefer to the cited paperfor further

detailsof therepresentatiorilhetotal numberof SIFT features
encodedin the visual map for each decomposition,and its

requiredstoragesizeon disk is shavn in the secondandthird

columnsof TableV. In addition,for baselinecomparisonwve

computeda visual map using all 554 featuresdetectedn the

undecomposedap.

Once the visual maps were computed,we collected 93

13

test obsenations from random poses distributed over the

ervironment(thesewerenovel obsenationsthatwerenot used
in the training phase).The ground-truth positions of these
obsenationswere estimatedusinga robot-mountedargetand
laserrange- nder as describedin [38]. Oncetheseobsera-

tionswerecollected SIFT featuresnvereextractedandmatches
werefoundin eachof thevisualmaps Notethatin this stepwe

arereducingthe numberof featuresthat could potentially be

usedto localize the obsenation from around450 (the typical

number of SIFT featuresin the image), to approximately
k, dependingon match quality and region overlap. In these
experimentsk is 4 or 10, resultingin a compressiorevel of

97.5— 99%.

Once featuresmatching the map featureswere detected
in the test images, the image position and SIFT scale of
each feature were then employed to compute probability
distributions over the pose space,indicating the probability
of a posex, giventhe obsenation z:

p(xjz) I p(zjx)p(x);

wherep(x) is auniform prior distribution over the posespace.
Thedetailsof computingthe obsenationlikelihoodp(zjx) are
alsoprovidedin [11]. Someexampledistributions are plotted
in Figure 15. The absolutelocalizationresultsare shavn in
Figure16, plotting eachgroundtruth poseasan'o’, connected
with aline sggmentto the estimategose plottedasan'x'. For
eachmap,the meandistanceébetweerthe maximum-likelihood
poseestimateandgroundtruth asprovidedby thelasertracker
is shawvn in the fourth column of TableV. The meantime
employedfor localizationof the 93 testposess shavedin the
last columnof TableV for eachdecompositionThesetimes
include the featuredetectionand matching.

In additionto absoluteerror, we are also interestedin the
differencebetweenthe decomposition-basegose probability
distributionsandthe posedistributionsbasedon the complete
setof landmarks.To measurehis differencewe computedhe
KL-Divergencebetweeneachdecompositiondistribution and
the baselinedistribution. Let Y be the set of all test poses.
For eachtest posey 2 Y, and eachdecompositiond, the
KL-Divergencewas computedas

I
Py (x)
ay (x)

X
DI= pf(x)log :
X

Wherepg(x) is the probability distribution of y whencomputed
using the features of decompositiond, and g, (x) is the
probability distribution of y computedfrom the completeset
of features Notice thattherearegrid posesx that have value
zeroin distribution oy (x) but non-zeroin pg(x), making the
divergencein nity . To deal with this problem we mixed a
uniform distribution with a smallweightwith eachdistribution
beforecomputingthe divergencemeasureThis is areasonable
regularization procedure,becauseit should never really be
the casethat a grid posehasidentically zero probability. For
eachdecompositiond we computedthe meanand standard
deviation of the setof KL-Divergenced Dﬂgyzy betweerthe
decompositiordistribution andthe baselinedistribution of test
poses.Thesevaluesare shovn in Table VI.



14

TABLE V
VISUAL MAP RESULTS
Decomposition Visual Map Mean Localization Localization
Landmarks | Size (Mb) Error (cms.) Time (secs/pose)
All Features 554 9.2 18.66 25.91
k=10, =0 72 31 29.75 10.56
k=10, =1 85 3.4 31.34 11.02
k=4, =0 23 15 64.48 5.82
k=4 =1 28 1.6 50.42 6.72

300

200]

200

300

Fig. 15.

estimatescomputedusing: all features(k = 10; = 0), (k = 10;

From theseresultsit can be seenthat while thereis some
degradationin the quality of the poseestimatesask decreases,
the decomposition-basedstimatesemain sufciently robust
to successfullylocalize. Furthermore navigation, as well as
improved pose estimatescan be achiezed by computingthe
p(xjz) using a Markov chain and a model of the robot's
motion [15], [41]. It should be noted that in this work
initial landmarkselectionwas basedon the tracking stability
and viewing rangeof the selectedfeatures.The localization
resultspresentedherecould be improvedby addingadditional
criteria to the decompositionframewnork, such as selecting

Probability distribution of somechosentest poses.The rows correspondo different posesand the columnsfrom left to right correspondo the
=1), (k=4

=0)and(k = 4, = 1).

featureshatprovide improvedconstraintsor localization(for
example,selectingfeatureswhoseimage-domairobsenations
are expectedto be widely separated)The key result of this
experimentis that a high degree of map compressioncan
be achiezed with only small degradationin the localization
performance.

VII. CONCLUSIONS AND FUTURE WORK

We have presenteda novel graph theoretic formulation
of the problem of automatically extracting an optimal set
of landmarksfrom an ervironmentfor visual navigation. Its
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TABLE VI
KL-DIVERGENCE BETWEEN BASELINE AND DECOMPOSITION
DISTRIBUTIONS.

Decomposition Mean Std. Deviation

of KL-Di vergence | of KL-Di vergence
k=10, =0 0.3472 0.1355
k=10 =1 0.3561 0.1595
k=4, =0 0.6522 0.2678
k=4, =1 0.5943 0.2457

intractablecomplexity (which we prove) motivatestheneedfor
approximatioralgorithms andwe presensix suchalgorithms.
To systematicallyevaluate them, we rst test them on a
simulator where we can vary the shapeof the world, the
numberandshapeof obstaclesthe distribution of the features,
andthe visibility of the features.The algorithmthatachiesed
the bestresultson syntheticdatawas then demonstratedn
real visibility data. The resulting decompositionsnd large
regions in the world in which a small number of features
can be tracked to supportef cient on-line localization. Our
formulation and solution of the problemare general,and can
accommodat®ther classef imagefeatures.

There are a numberof extensionsto this work for future
research:

Integrating the image collection phasewith the region

decompositiorstageinto a uniqueon-line processasthe
robotis exploringits environment,in aview-basedSLAM

fashion.

Path planningthroughdecompositiorspace,minimizing

the numberof region transitionsin a path.

Extendthe proposedramework to detectand copewith

ervironmentalchange.

Compute the performanceguaranteeof our heuristic
methodsand provide tight upperboundson the quality
of our solution comparedto thoseof optimal decompo-
sitions.

Study the use of feature tracking during the image
collection stageto achieve larger areasof visibility for

each feature, since tracking the featuresbetweenim-

agestaken from adjacentviewpoints allows for tracking
small variationsof appearancéwhich may integrate to

large onesover large areas).Such a framevork would

requiremaintainingequivalenceclassef featuresn the
database.

Addition of constraintsto the algorithms for feature
selectionin terms of a quality measureof the feature
reliability for localization.
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