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Abstract

Recentwork in the object recognitioncommunityhasyielded a classof interestpoint-basedfeaturesthat are stableunder
signi�cant changesin scale,viewpoint, and illumination, making them ideally suited to landmark-basednavigation. Although
many suchfeaturesmay be visible in a given view of the robot's environment,only a few suchfeaturesarenecessaryto estimate
therobot's positionandorientation.In this paper, we addresstheproblemof automaticallyselecting,from theentiresetof features
visible in the robot's environment,the minimum (optimal) setby which the robot cannavigate its environment.Speci�cally, we
decomposethe world into a small numberof maximally sizedregionssuchthatat eachpositionin a given region, thesamesmall
setof featuresis visible. We introducea novel graphtheoreticformulationof the problemandprove that it is NP-complete.Next,
we introducea numberof approximationalgorithmsandevaluatethemon both syntheticand real data.
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LandmarkSelectionfor Vision-BasedNavigation

I . INTRODUCTION

I N the domainof exemplar-based(as opposedto generic)
object recognition, the computer vision community has

recentlyadopteda classof interestpoint-basedfeatures,e.g.,
[1]–[4]. Suchfeaturestypically encodea descriptionof image
appearancein the neighborhoodof an interestpoint, suchas
a detectedcorner or scale-spacemaximum. The appealof
thesefeaturesover theirappearance-basedpredecessorsis their
invarianceto changesin illumination, scale,imagetranslation
and rotation, and minor changesin viewpoint (rotation in
depth).Thesepropertiesthereforemake themideally suitedto
the problemof landmark-basednavigation. If we can de�ne
a set of invariant featuresthat uniquely de�nes a particular
locationin theenvironment,thesefeaturescan,in turn, de�ne
a visual landmark.

To usethesefeatures,we could, for example,adopta local-
izationapproachproposedby BasriandRivlin [5], andWilkes
et al. [6], basedon the LC (linear combinationof views)
technique.During a training phase,the robot is manually
“shown” two views of eachlandmarkin the environmentby
which the robot is to later navigate.Theseviews, along with
the positionsat which they wereacquired,form a databaseof
landmarkviews. At runtime, the robot takes an imageof the
environmentandattemptsto matchthe visible featuresto the
various landmarkviews it has storedin its database.Given
a match to somelandmarkview, the robot can computeits
positionandorientationin the world.

There are two major challengeswith this approach.First,
from any given viewpoint, there may be hundredsor even
thousandsof suchfeatures.Theunionof all pairsof landmark
views may thereforeyield an intractablenumber of distin-
guishablefeaturesthat mustbe indexed in order to determine
which landmarkthe robot may be viewing.1 Fortunately, only
a small numberof featuresarerequired(in eachmodelview)
to computethe robot's pose.Therefore,of the hundredsof
featuresvisible in a model view, which small subsetshould
we keep?

The secondchallengeis to automatethis processand let
the robot automaticallydecide on an optimal set of visual
landmarksfor navigation.What constitutesa goodlandmark?
A landmarkshouldbe both distinguishablefrom other land-
marks (a single �oor tile, for example, would constitutea
bad landmarksinceit' s repeatedelsewhereon the �oor) and
widely visible (a landmarkvisible only from a singlelocation
will rarely be encounteredand, if so, will not be persistent).
Therefore,our goal can be formulated as partitioning the

1Worst-caseindexing complexity would occurduring the kidnappedlocal-
ization task, in which the robot hasno prior knowledgeof whereit is in the
world. Undernormalcircumstances,given thecurrentlyviewed landmarkand
the currentheading,the spaceof landmarkviews that mustbe searchedcan
be constrained.Still, even for a small set of model views (landmarks),this
may yield a large searchspaceof features.

world into a minimumnumberof maximallysizedcontiguous
regions, such that the sameset of featuresis visible at all
pointswithin a given region.

Thereis an importantconnectionbetweenthesetwo chal-
lenges.Speci�cally, given a region, insideof which all points
see the sameset of features(our secondchallenge),what
happenswhen we reduce the set of featuresthat must be
visible at eachpoint (�rst challenge)?Sincethis representsa
weakerconstrainton theregion, thesizeof theregioncanonly
increase,yielding a smallernumberof larger regionscovering
theenvironment.As mentionedearlier, thereis a lower bound
on the numberof featuresthat can de�ne a region, basedon
theposeestimationalgorithmandthedegreeto whichwewant
to overconstrainits solution.

Combining these two challenges,we arrive at the main
problemaddressedby this work: from a setof views acquired
at a setof sampledpositionsin a givenenvironment,partition
the world into a minimum set of maximally sized regions,
such that at all positions within a given region, the same
set of k featuresis visible, where k is de�ned by the pose
estimationprocedure(or someoverconstrainedversionof it).
We begin by introducinga novel, graphtheoreticformulation
of the problem,andproceedto prove its intractability. In the
absenceof optimal,polynomial-timealgorithms,we introduce
six differentheuristicalgorithmsfor solving the problem.We
have constructeda simulator that can generatethousandsof
worlds with varying conditions,allowing us to perform ex-
haustive empiricalevaluationof thesix algorithms.Following
a comparisonof thealgorithmson syntheticenvironments,we
adoptthemosteffective algorithm,andtestit on imageryof a
real environment.We concludewith a discussionof the main
contributionsmadeandpossibledirectionsfor future work.

I I . RELATED WORK

In previous work on robot navigation using point-based
features,little or no attentionhas beengiven to the size of
the landmark databaseor the number of landmark lookups
required for localization. This is especiallyproblematicfor
map representationsthat rely on large numbersof generic
features,suchas cornersor line segments[7]–[9]. Recently,
a numberof image-basedfeaturedetectors,suchasthe scale-
invariant featuretransform(SIFT), and otherscale-,rotation-
andaf�ne-invariantfeatureshave beendevelopedthat provide
stronger discriminative power [1], [3], [4]. Despite these
enhancements,mapsconstructedusing visual featuresoften
entail mappingvery large numbersof points in space.

Thereare several existing feature-basedapproachesto en-
vironmentrepresentation.Se,Lowe, andLittle [10] useSIFT
features as landmarks.The robot automatically updatesa
3D landmark map with the reliable landmarksseen from
the current position using Kalman �ltering techniques.The
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position of the robot is estimatedusing the odometryof the
robot as an initial guess,and is improved using the map.
Trinocular vision is used to estimatethe 3D locations of
landmarksand their regions of con�dence, with all reliable
landmarksstoredin a densedatabase.

Navigationby landmarkrecognitionis alsopossiblewithout
knowledgeof the locationsof the landmarksin a mapof the
environment. Localization can be accomplishedin a view-
based fashion, in which the robot knows only the image
location of the landmarksin a collection of model views of
theenvironmentacquiredat known positionsandorientations.
One suchapproachis the linear combinationof views (LC)
technique,which was�rst introducedby Ullman andBasri for
objectrecognition,andlaterappliedto vision-basednavigation
by Basri andRivlin [5]. The authorsproved that if a sceneis
representedasa setof 2D views,eachnovel view of thescene
canbe computedasa linear combinationof the modelviews.
From the valuesof the linear coef�cients, it is possibleto
estimatethepositionfrom which thenovel view wasacquired,
relative to thatof themodelviews. Wilkeset al. [6] described
a practicalrobotnavigationsystemthatusedtheLC technique.
Their methodconsistsof decomposingthe environment into
regionswithin which a setof modelviews of a particulararea
of the environmentmay be usedto determinethe positionof
the robot. In theseoriginal applicationsof the LC method,
the featurescomprisingthe modelviews weretypically linear
featuresextractedfrom the image.

The view-basedapproachof Sim and Dudek [11] consists
of an off-line collection of monocularimagessampledover
a spaceof poses.The landmarksconsist of encodingsof
the neighborhoodsof salient points in the images,obtained
using an attentionoperator. Landmarksare tracked between
contiguousposesandaddedto a databaseif they areobserved
to bestablethrougharegionof reasonablesizeandsuf�ciently
useful for pose estimationaccording to an a priori utility
measure.Each stored landmark is encodedby learning a
parameterizationof a set of computedlandmark attributes.
The localizationis performedby �nding matchesbetweenthe
candidatelandmarksvisible in the current image and those
in the database.A position estimateis obtainedby merging
the individual estimatesyieldedby eachcomputedattributeof
eachmatchedcandidatelandmark.

In an attempt to addressthe localization of a robot in a
previously mappedenvironment,Fair�eld and Maxwell [12]
used visual and spatial information associatedwith simple
but arti�cial landmarks.Their methodprojects the acquired
coordinatesof the visual landmark in the image plane into
an estimationof the distancebetweenlandmarkand robot.
Ideally, this estimatecan be cross-validatedwith pre-stored
landmarkcoordinates,to localizethe robot.Their solutionfor
dealingwith robotodometryandlandmarkdistanceestimation
errors was to use a simple Kalman �lter model in order to
correctfor accumulatedodometryandsensorerrors.

DeSouzaand Kak [13] presenteda comprehensive survey
of computer vision methods for both indoor and outdoor
navigation.For indoor navigation they consideredthreepopu-
lar modelsof map-based,map-building-based,and map-less
navigations. In each case,they discussedthe contributions

of existing vision methodsto visual information acquisition,
landmarkdetection,crossvalidationof visual hypothesesand
pre-storedmodels,andpositionestimationfor localization.In
the context of outdoorrobotics,they surveyed the navigation
in both structuredand unstructuredenvironments. In each
case,the relevantcontribution of vision to a varietyof critical
componentsof navigation systemswas considered,including
obstacledetectionand avoidance,robust road detection,con-
struction of hypotheticalscenemodels,far-point (landmark)
triangulation,and global position estimation.In other work,
landmarksare used to de�ne topological locations in the
world. For example,Mata, et al. demonstrateda systemfor
topologicallocalizationusingdistinctive imageregions [14].

While the focus of our work is on visual navigation, our
approachto featureselectionis alsoapplicableto otherfeature-
basedrepresentations,such as points extracted from range
data.There is a rich body of work on mappingand naviga-
tion using range-basedfeatures.Leonardand Durrant-Whyte
developeda map representationusing “geometric beacons”,
correspondingto cornersextractedfrom a sonarsignature[15].
Otherwork hasexaminedsimilar featuresin outdoorsettings,
andunderwater[16], [17].

Since there is always a certain amount of uncertaintyin
estimating the robot's, some authors have consideredthe
problemof landmarkselectionfor the purposeof minimizing
uncertainty in the computedpose estimate.Sutherlandand
Thompson [18] demonstratethat the precision of a pose
estimatederivedfrom point featuresin 2D is dependenton the
con�guration of the observed features.They alsoprovided an
algorithmfor selectinganappropriatesetof observedfeatures
for poseestimation.Olson [19] presenteda methodfor esti-
matingthelocalizationuncertaintyof individual landmarksfor
the purposeof gazeplanning.Burschkaet al. [20] considered
theeffect of spatiallandmarkcon�gurationon a robot'sability
to navigate. Similarly, Yamashitaet al. [21] demonstrated
motion planning strategies that take into accountlandmark
con�guration for accuratelocalization.

Methods have also been developed to combine multiple
unreliable observations into a more reliable estimate.Mea-
surementsfrom varioussensors,dataacquiredover time, and
previous estimatesare integratedin order to computea more
accurateestimateof the currentrobot's pose.In every sensor
update,previousdatais weightedaccordingto how accurately
it predicts the current observations. This technique,called
sensorfusion, has generally been implementedthrough the
useof Kalman �lter and ExtendedKalman Filters (EKF). It
has beenapplied to the problem of localization by Leonard
and Durrant-Whyte[22] from sonardataobtainedover time.
A disadvantageof Kalman �lters and EKF is that sincethey
realizea local linear approximationto the exact relationship
betweenthepositionandobservations,they dependon a good
a priori estimate,and thereforecan suffer from robustness
problems.

Fox introduced Markov localization in [23], a Bayesian
approachto localizationutilizing Markov chain methodsand
maintaining a probability distribution over pose space.As
evidenceis collected from the sensors,it is usedto update
the currentstateof belief of the robot's pose.This approach
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generalizesbeyond the Kalman Filter in that multi-modal
probability distributions can be represented.In [24], Thrun
presentsan approachbasedon Markov localizationin which
neural networks are trained to discover landmarksthat will
minimize the localization error. The proposedalgorithm has
the advantageof being widely applicable,since the robot
customizesits localizationalgorithmto thesensors'character-
isticsandtheparticularenvironmentin which it is navigating.
The localizationerror achieved by the automaticallyselected
landmarksis shown to outperform the error achieved with
landmarkscarefully selectedby humanexperts.On the other
hand,this approachhasthe drawbackthat the training of the
neural networks can take several hours, though this process
generallyneedsto beperformedonly oncein anoff-line stage.

Another set of probabilisticmappingapproachesis that of
SimultaneousLocalizationand Mapping (SLAM), in which,
after eachnew measurement,both the robot's poseand the
positionsof landmarksin theworld arere-estimated.Davison's
work in this direction basically computesa solution to the
structure-from-motionproblem on-line [25] using the Shi
and Tomasi featuredetectorto constructmaps in real time
from a monocularsequenceof images.ConventionalSLAM
approachesbasedon the Kalman Filter suffer in that the
time complexity of each sensorupdatestep increaseswith
the squareof the numberof landmarksin the database.To
deal with this scalability problem, some authorssuggested
dividing the global map into sub-maps,within which the
complexity can be bounded [26], [27]. Other researchers
[28]–[31] have proposedhierarchicalapproachesto SLAM,
in which a topological map is maintained,organizing the
landmarksinto smallerregions wherefeature-basedmapping
strategiescanbe applied.

Our work is also closely relatedto the generalproblemof
computinga minimum descriptionlength(MDL) encodingof
a set of observations [32]. However, our problem is further
de�ned by the domain-dependentconstraintthat the encoding
must facilitate localization everywhere in the world. Some
authorshave also examinedthe problemof featureselection
– which image-derived featuresare optimal for representing
cameralocation [33], [34]. Theseapproachesalso generally
seekto computeoptimal encodingsof the observations,but
tend to dependon global image properties,making them
susceptibleto failure in the presenceof minor changesin
the scene.For this work, we assumea feature extraction
approachthat recovers multiple local featuresfrom single
images.In principle,onecouldapplyour work to severalsuch
feature detectorsto determinewhich operatorsproducethe
mostcompactdescriptionsof the world.

While all of the approachesdiscussedabove demonstrate
how robot localizationcan be performedfrom a set of land-
mark observations, none consider the issue of eliminating
redundancy from the landmark-basedmap,which at timescan
grow to contain tens of thousandsof landmarkmodels. In
this paper, we study the problem of automaticallyselecting
a minimum size subsetof landmarkssuchthat reliable navi-
gationis still possible.While maximizingprecisionis clearly
an important issue,in this work we are concernedprimarily
with selecting landmarksthat are widely visible. However,
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(i)

Fig. 1. (a) A simplepolygonalworld with a polygonalobstaclein its center
and9 features.(b)-(g) Visibility areasof somefeatures,(h) A coveringof the
world using 4 features(3, 4, 5 and 7). (i) A covering of the world using 2
features(2 and8).

the algorithmspresentedin this work can be easily extended
to select sets of features that ful�ll any given additional
constraints.

I I I . LANDMARK SELECTION PROBLEM DEFINITION

In an off-line training phase, images are �rst collected
at known discretepoints in posespace,e.g., the accessible
vertices(points) of a virtual grid overlaid on the �oor of the
environment.During collection, the known poseof the robot
is recordedfor eachimage,and a set of interestpoint-based
featuresare extractedand storedin a database.For eachof
the grid points,we thereforeknow exactly which featuresin
the databaseare visible. Conversely, for eachfeaturein the
database,we know from which grid points it is visible.

Considertheexampleshown in Figure1. Figure1 (a) shows
a 2-D world with a polygonalperimeter, a polygonalobstacle
in its center, and nine featuresalong the world and obstacle
perimeters.In Figures1 (b) - 1 (g), the areaof visibility of
someof the featuresis shown asa coloredregion. Thefeature
visibility areas,computedfrom a set of imagesacquiredat
a set of grid points in the world, constitutethe input to our
problem.
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In a view-basedlocalization approach,the current pose
of the robot is estimatedusing, as input, the locations of
a small number of featuresin the current image matched
against their locations in the training images. This set of
simultaneouslyvisible featuresconstitutesa landmark.The
minimum numberof featuresnecessaryfor this taskdepends
on the methodemployed for poseestimation.For example,
threefeaturesareenoughfor localizationin BasriandRivlin' s
linearcombinationof views technique[5], which usesa weak
perspective projection imaging model. The essentialmatrix
method[35], that properly modelsperspective projection in
theimagingprocess,requiresat leasteightfeaturesto estimate
pose.

To reducethe effect of noise,a larger numberof features
can be used to overconstrainthe solution. This presentsa
trade-off betweenthe accuracy of the estimationand the size
(in features)of the landmark.Requiringa larger numberof
features for localization will yield better pose estimation.
However, the more constraineda landmark is, the smaller
its region of visibility becomes.We will use the parameter
k as the numberof featuresthat will be employed to achieve
poseestimationwith the desiredaccuracy, i.e., the numberof
featuresconstitutinga landmark.

Robotlocalizationfrom a givenpositionis possibleif, from
the featuresextractedfrom an image taken at that position,
there exists a subsetof k featuresthat exist in the database
and that are simultaneouslyvisible from at least two known
locations.For a largeenvironment,thedatabasemaybe large,
andsucha searchmay be costly. For eachimagefeature,we
wouldhave to searchtheentiredatabasefor amatchingfeature
until not only k suchmatcheswere found, but that thosek
featuresweresimultaneouslyvisible from at leasttwo separate
positions(grid points).

Recalling that k is typically far less than the numberof
featuresin a given image,one approachto reducingsearch
complexity would be to prune featuresfrom the database
subjectto the existenceof a minimum of k featuresvisible
at each point, with those samek featuresbeing visible at
oneor moreotherpositions.Unfortunately, this is a complex
optimization problem whose solution still maintainsall the
featuresin a single database,leading to a potentially costly
search.A more promising approachis to partition the pose
spaceinto a numberof regions, i.e., setsof contiguousgrid
points,suchthat for eachregion, thereareat leastk features
simultaneouslyvisible from all the points in the region. Such
a partitioningof the world, in turn, partitionsthe databaseof
featuresinto a set of smaller databases,eachcorresponding
to what the robot seesin a spatially coherentregion. In this
latter approach,sincek is small, the total numberof features
(correspondingto the union of all the databases)that need
to be retainedfor localization is much smaller than that of
the singledatabasein the previous approach.Therefore,even
without prior knowledgeof the region in which the robot is
located,the searchis far lesscostly.

Let's return to the world depicted in Figure 1. In this
example, we will assume,for sake of clarity, that a single
(k = 1) featureis suf�cient for reliable navigation. However,
the reader must note that in practice, a k greater than 1

is generallyrequiredfor localization,its particularminimum
valuedependingon themethodemployed.Underthis assump-
tion, one possibledecompositionof the world into a set of
regions (such that eachposeof the world seesat least one
feature)is achieved using features3, 4, 5, and 7, as shown
in Figure 1 (h). (In the �gure, the feature visibility areas
are shown superimposedfor features3, 7, 5 and 4, in that
particular order.) It is clear that all four featuresin this set
are neededto cover the world, since removing any one of
them will yield someportion of the world from which none
of the remainingthree featuresare visible, meaningthat the
robot is blind in this area.However, this decompositionis
not optimal, since other decompositionswith fewer regions
are possible.Our goal is to �nd a minimum decomposition
of the world which, in this case,hasonly two regions. One
suchdecompositioncorrespondsto the areasof visibility of
features2 and8, asshown in Figure1 (i). This minimum set
of maximally sizedregions is our desiredoutput,and allows
us to discardfrom thedatabaseall but features2 and8. Since
at least one of thesetwo featuresis seenfrom every point
in posespace,reliablenavigation throughthe entire world is
possible.

Besidesreducingthe total numberof featuresto be stored,
a partitioning of the world into regions offers additionalad-
vantages.While navigating insidea region, the corresponding
k featuresareeasilytrackedbetweentheimagesthattherobot
sees.If theexpectedk featuresarenotall visible in thecurrent
image,this may indicatethat the robot hasleft the region in
which it wasnavigating and is enteringa new region. In that
case,the visible featurescanvote for the regionsthey belong
to, if any, accordingto a membershiprelationshipcomputed
off-line. The new region(s) into which the robot is likely
moving will bethosewith at leastk votes.Input featureswould
thereforebe matchedto thek modelfeaturesde�ning eachof
the candidateregions.This approachalsoprovidesa solution
to thekidnappedrobotproblem, i.e., if therobotis blindfolded
andreleasedat anarbitraryposition,it canestimateits current
pose.

A. A Graph Theoretic Formulation

Beforewe formally de�ne the minimizationproblemunder
consideration,we will introducesometerms.

De�nition 3.1: The setof positionsat which the robot can
be at any time is calledtheposespace. The discretesubsetof
the posespacefrom which imageswereacquiredis modeled
by an undirectedplanargraphG = (V; E), whereeachnode
v 2 V correspondsto a sampledpose,and two nodesare
adjacent if the correspondingposesare contiguousin 2D
space.

De�nition 3.2: Let F bethesetof computedfeaturesfrom
all collectedimages.The visibility-setof v is the setF v � F
of all featuresthat arevisible from posev 2 V .

De�nition 3.3: A world instanceconsistsof a tuple hG =
(V; E); F; fF v gv2 V i , wherethegraphG modelsa discreteset
of sampledposes,F is a set of features,and fF v gv2 V is a
collectionof visibility-sets.

De�nition 3.4: A set of posesR � V is said to be a
region iff for all posesu; v 2 R, there is a path betweenu
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andv completelycontainedin R, i.e.,
8u; v 2 R : 9f u = v0; : : : ; vh = vg � R, such that
(vi ; vi +1 ) 2 E for all 0 � i < h.

De�nition 3.5: A collection of regions
D = f R1; : : : ; Rdg � 2V is said to be a decomposition
of V iff

S
1� i � d Ri = V .

De�nitions 3.1 to 3.5 de�ne thesetof inputsandoutputsof
interestto our problem.In view of our optimizationproblem,
for a given world instancehG = (V; E); F; fF v gv2 V i , one
would like to createa minimum cardinality D . In addition,
it will be desirablefor a given solution to the optimization
problem to satisfy a variety of properties.One property of
interest is that of ensuringa minimum amount of overlap
betweenregionsin thedecomposition.Thepurposeof overlap
is to ensuresmoothtransitionsbetweenregions, as different
setsof featuresbecomevisible to therobot.Whenoneregion's
featuresstart to fadeat its border, the robot canbe assuredto
be within the boundaryof someother region, wherethe new
region's landmarkis clearly visible. The following de�nitions
formalize this property:

De�nition 3.6: The � -neighborhood of a posev 2 V is
the set N � (v) = f u 2 V : � (u; v) � � g, where� (u; v) is the
lengthof the shortestpathbetweennodesu andv in G.

De�nition 3.7: A decompositionD = f R1; : : : ; Rdg of V
is said to be � -overlappingiff (8v 2 V )(9i ) : N � (v) � Ri .

With thesede�nitions in hand, the problem can now be
formally statedas follows:

De�nition 3.8: Let k bethenumberof featuresrequiredfor
reliablelocalizationat eachposition,accordingto thelocaliza-
tion methodemployed. The � -Minimum OverlappingRegion
DecompositionProblem (� -MORDP) for a world instance
hG = (V; E); F; fF v gv2 V i consistsof �nding a minimum-
size � -overlappingdecompositionD = f R1; : : : ; Rdg of V ,
suchthat 8i : j

T
v2 R i

F v j � k.
Note that given a solutionof sized to this problem,the total
numberof featuresneededfor reliablenavigation is bounded
by d � k.

IV. COMPLEXITY ANALYSIS

Before we considerthe complexity of � -MORDP, we will
presenttwo theoremsindicating that � -MORDP can be re-
ducedto 0-MORDP(� = 0), andthata solutionto thereduced
0-MORDPcanbetransformedbackinto asolutionof themore
general� -MORDP. The �rst of the following two theorems
statesthat if there is a � -overlapping decomposition,such
that k featuresare visible in eachregion for a certainworld
instance,then thereis a 0-overlappingdecompositionfor the
relatedproblem also with k featuresvisible in eachregion.
This theoremguaranteesthat if a solution exists for the � -
MORDP, thenthereis alsoa solutionto therelated0-MORDP.

The secondtheoremstatesthat whenever the related 0-
MORDP hasa solution ~D, thenthe � -MORDP hasa solution
too, and it presentsthe methodto constructit from ~D. We
will startby proving threeauxiliary lemmasthat will be used
in the proofsof Theorems4.1 and 4.2.

Lemma 4.1: f R1; : : : ; Rdg is a � -overlappingdecomposi-
tion of V if and only if f ~R1; : : : ; ~Rdg is a 0-overlapping

decompositionof V , where ~Ri = f v 2 Ri : N � (v) � Ri g
for all i = 1; : : : ; d.

Proof: This follows from the following chain of
implications:
f R1; : : : ; Rdg is a � -overlappingdecompositionof V

( ) (8v 2 V)(9i : 1 � i � d)N � (v) � Ri
( � )

( ) (8v 2 V)(9i : 1 � i � d)v 2 ~Ri

( ) (8v 2 V)(9i : 1 � i � d)N0(v) � ~Ri

( ) f ~R1; : : : ; ~Rdg is a 0-overlappingdecompositionof V ,
whereimplication (� ) follows from the de�nition of ~Ri . �

Lemma 4.2: f ~R1; : : : ; ~Rdg is a 0-overlappingdecomposi-
tion of V if and only if f R0

1; : : : ; R0
dg is a � -overlapping

decompositionof V , where R0
i =

S
v2 ~R i

N � (v) for all i =
1; : : : ; d.

Proof: First, observe that R0
i is a region, since ~Ri is a

region and N � (v) is path connected,as it can be inferred
from its de�nition. Now:
f ~R1; : : : ; ~Rdg is a 0-overlappingdecompositionof V

( ) (8v 2 V)(9i ) : N0(v) � ~Ri

( ) (8v 2 V)(9i ) : v 2 ~Ri
( � )

( ) (8v 2 V)(9i ) : N � (v) � R0
i

( �� )
( ) f R0

1; : : : ; R0
dg is a � -overlappingdecompositionof V .

In (*) we usethat (8v 2 ~Ri ) : N � (v) � R0
i , which is a direct

implication of the de�nition of R0
i . In (**) we usethat R0

i is
a region. �

Lemma 4.3: If f R1; : : : ; Rdg is a � -overlappingdecom-
position of V , ~Ri = f v 2 Ri : N � (v) � Ri g for all
i = 1; : : : ; d, and ~F v =

T
w2 N � (v) Fw , then for all i =

1; : : : ; d :
T

v2 R i
F v �

T
v2 ~R i

~F v , with equality holding if
Ri =

S
v2 ~R i

N � (v).
Proof: From the de�nition of ~Ri , we know that

(8v 2 ~Ri ) : N � (v) � Ri , and hence
S

v2 ~R i
N � (v) � Ri .

Therefore
T

w2 R i
Fw �

T
w2

� S
v 2 ~R i

N � (v)
� Fw , and

the equality holds when R i =
S

v2 ~R i
N � (v). Now,

T
w2

� S
v 2 ~R i

N � (v)
� Fw =

T
v2 ~R i

� T
w2 N � (v) Fw

�

=
T

v2 ~R i
~Fw . �

It should be noted that while the transformationfrom � -
MORDP to 0-MORDP and back to � -MORDP may createa
different � -overlappingdecomposition,the cardinality of the
decompositionunderthis two-steptransformationwill remain
the same,hencethe optimality will not be affected.

Theorem 4.1: If D = f R1; : : : ; Rdg is a � -
overlapping decomposition of V for a world instance
hG = (V; E); F; fF v gv2 V i , such that j

T
v2 R i

F v j � k
for all i = 1; : : : ; d, then ~D = f ~R1; : : : ; ~Rdg,
where ~Ri = f v 2 Ri : N � (v) � Ri g, is a
0-overlapping decomposition for a world instance
hG = (V; E); F; f ~F v gv2 V i , where ~F v =

T
w2 N � (v) Fw ,

suchthat j
T

v2 ~R i
~F v j � k for all i = 1; : : : ; d.

Proof: According to Lemma 4.1, we know that ~D is a
0-overlappingdecompositionof V . By Lemma4.3, we know
that

T
v2 R i

F v �
T

v2 ~R i
~F v , for all i = 1; : : : ; d. Therefore,
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U = f A; B ; C; D g

S = ff A; B g; f Cg;

f A; D g; f C; D gg

Fig. 2. An instanceof the MinimumSetCover Problem

j
T

v2 ~R i
~F v j � j

T
v2 R i

F v j � k, for all i = 1; : : : ; d. �

Theorem 4.2: If ~D = f ~R1; : : : ; ~Rdg is a solution to 0-
MORDP for a world instancehG = (V; E); F; f ~F v gv2 V i ,
then D 0 = f R0

1; : : : ; R0
dg, where R0

i =
S

v2 ~R i
N � (v),

is a solution to � -MORDP for the world instancehG =
(V; E); F; fF v gv2 V i .

Proof: We have to show that:
1) D 0 is a � -overlapping decomposition of V , i.e.,

(8v 2 V )(9i ) : N � (v) � R0
i . (This is direct from

Lemma4.2.),

2) j
T

v2 R 0
i
F v j � k for all i = 1; : : : ; d. (Direct from

Lemma 4.3 and the facts that ~D is a 0-MORDP
solution,andR0

i =
S

v2 ~R i
N � (v).), and

3) D 0 is minimum size.
(We'll prove this by contradiction.We'll supposethat
thereis solutionD 00to � -MORDPthathassizelessthan
D 0, andwill show that from this, we canconstructa 0-
MORDP decomposition ~D 00for the original problemof
sizesmallerthan ~D with thepropertyj

T
v2 ~R 00

i
~F v j � k.

This is a contradiction,since ~D wasa decompositionof
minimum sizewith that property.
SupposeD 00 = f R00

1 ; : : : ; R00
h g is a decompositionfor

the original � -overlappingproblemsuchthat h < t and
j
T

v2 R 00
i

F v j � k for all i = 1; : : : ; h.

Let ~D 00 = f ~R00
1; : : : ; ~R00

h g, where ~R00
i = f v 2 R00

i :
N � (v) � R00

i g for all i = 1; : : : ; h. By Lemma 4.1,
we know that ~D 00 is a 0-overlapping decomposition
of V , and by Lemma 4.3, we can af�rm that
j
T

v2 ~R 00
i

~F v j � j
T

v2 R 00
i

F v j � k.) �

The transformationapplied in Theorem 4.1 from a � -
overlappingto a 0-overlappingsolutioneffectively shrinksthe
regionsof D by � , andreducesthevisibility-set of eachvertex
v to correspondto only thosefeaturesthatarevisible over the
entire neighborhoodN � (v) of v.2 Theorem4.2 assumesthat
thecollectionof visibility-sets ~F input to 0-MORDPis de�ned
by a reductionof the � -overlappinginstanceof the problem
to a 0-overlappinginstanceusingthetransformationdescribed
in Theorem4.1.

A. 0-MORDPis NP-complete

We will now show that 0-MORDP is NP-complete. The
proof is by reductionfrom the Minimum SetCover Problem.

De�nition 4.1: Given a set U, and a set of subsetsS =
f S1; : : : ; Sm g of U, theMinimumSetCover Problem(MSCP)

2Strictly speaking,the region reductionis imperviousto boundaryeffects
at the boundaryof G, dueto the de�nition of N � (v).

consistsof �nding a minimum set C � S such that each
elementof U is coveredat leastonce,i.e.,

S
Si 2 C Si = U.

Figure2 presentsan instanceof MSCP. The optimal solution
for this instance is C = ff A; B g; f C; Dgg and, in fact,
this solution is unique. An instance hU;S; r i of the Set
Cover decision problem, where r is an integer, consistsof
determiningif there is a set cover of U, by elementsof S,
of sizeat mostr . The decisionversionof SCPwasproven to
be NP-completeby Karp [36], with the size of the problem
measuredin termsof jSj.

Theorem 4.3: The decisionproblemh0-ORDP, di is NP-
complete.

Proof: It is clearthat0-MORDPis in NP, i.e., givena world
instancehG = (V; E); F; fF v gv2 V i and D = f R1; : : : ; Rdg,
it can be veri�ed in time polynomial in max(jV j; jF j)
if D is a � -overlapping decompositionof V such that
8i : j

T
v2 R i

F v j � k. We now show that any instanceof SCP
canbe reducedto an instanceof 0-ORDPin time polynomial
in jV j. Given an instancehU;S = f S1; : : : ; Sm gi of the
Minimum SetCover Problem,we constructa 0-ORDPfor the
world instancehG = (V; E); F; fF v gv2 V i in the following
way:

� Let v� be an elementnot in U; thenV = U [ f v� g
� E = f (u; v� ) : u 2 Ug (Note that the graph G thus

generatedis planar.)
� F = f f 1; : : : ; f m g wheref i = Si [ f v� g
� F v = f f 2 F : v 2 f g
� k = 1

The introductionof the dummy vertex v� will be usedin
theproof to ensurethatelementsof U thatbelongto thesame
subsetSi canbepartof thesameregion in thedecomposition,
by virtue of their mutualconnectionto v� . Eachvisibility-set
F v in the transformedprobleminstancecorrespondsto a list
of thesetsSi in theSCPinstancethat elementv is a member
of.

Now we show that from a solution to 0-ORDPof size d,
we can build a SC of size d. Let D = f R1; : : : ; Rdg be a
solutionto the transformed0-ORDPinstance,i.e.,

1) Ri � V is a region, for i = 1; : : : ; d,
2)

S
1� i � d Ri = V , and

3) j
T

v2 R i
F v j � k = 1, for i = 1; : : : ; d.

Claim: C = f C1; : : : ; Cdg, with
Ci = �rst lex (

T
v2 R i

F v ) � f v� g is a Set Cover for the
original problem,where �rst lex (A) returnsthe �rst element
in lexicographicalorder from the non-emptysetA. (For each
Ci , the choice of an elementf from

T
v2 R i

F v is arbitrary
in that any such f yields a valid solution.) Note that Ci is
well-de�ned, sincej

T
v2 R i

F v j � 1.
Proof: We mustshow that:

1) 8i = 1; : : : ; d : Ci 2 S:
From the de�nition of Ci we can af�rm that
(9j ) : [1 � j � m andCi = f j � f v� g]. Hence
Ci = Sj 2 S.

2)
S

1� i � d Ci = U:
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From the de�nition of F v :
\

v2 R i

F v =
\

v2 R i

f f 2 F : v 2 f g

= f f 2 F : Ri � f g

Therefore,from the de�nition of Ci :

Ci = �rst lex f f 2 F : Ri � f g � f v� g

=) Ri � Ci [ f v� g

=) V =
[

1� i � d

Ri �
[

1� i � d

Ci [ f v� g � V

=)
[

1� i � d

Ci [ f v� g = V

=)
[

1� i � d

Ci = V � f v� g = U;

Finally, we have to show that if thereis a setcover of size
d, then there is a decompositionof size d for the 0-ORDP.
Let C0 = f C0

1; : : : ; C0
dg be a set cover for the original SCP

instance.
Claim: D 0 = f R0

1; : : : ; R0
dg, whereR0

i = C0
i [ f v� g, is a 0-

overlappingregion decompositionsuchthat j
T

v2 R 0
i
F v j � 1.

Proof: We mustshow that:

1) EachR0
i � V is a region3:

8i : 1 � i � d, since C0
i � U, then

R0
i = C0

i [ f v� g � V .
R0

i is a region becausev� 2 R0
i and,by thede�nition of

the graphG, v� is connectedto all othernodesin R i .
2)

S
1� i � d R0

i = V :
[

1� i � d

R0
i =

[

1� i � d

C0
i [ f v� g = U [ f v� g = V

3) j
T

v2 R 0
i
F v j � 1:

C0
i is a setcover

=) C0
i 2 S

=) 9j = 1; : : : ; m : C0
i = Sj

=) R0
i = Sj [ f v� g = f j 2 F

=) 1 � jf f 2 F : R0
i � f gj

= j
\

v2 R 0
i

f f 2 F : v 2 f gj = j
\

v2 R 0
i

F v j: �

V. SEARCHING FOR AN APPROXIMATE SOLUTION

The previous section establishedthe intractability of our
problem. Fortunately, the full power of an optimal decom-
position is not necessaryin practice, for a decomposition
with a small number of regions is suf�cient for practical
purposes.We therefore developed and tested six different
greedyapproximationalgorithms,divided into two classes,to
realizethe decomposition.

3Recall that a region correspondsto a subsetR of verticesin V for which
a pathexists betweenany two verticesin R that lies entirely within R.

A. Limitations in the RealWorld

In realworld visibility data,thereareusuallysampledposes
at which the countof visible featuresis lessthanthe required
numberk. This is generallythe casefor posesthat lie close
to walls and object boundaries,as well as for areasthat are
locatedfar from any visible object and are thereforebeyond
thevisibility rangeof mostfeatures.For this reason,thesetof
posesthat shouldbe decomposedinto regionshasto include
only the k-coverable poses,i.e., thosesampledposeswhose
visibility-set sizesareat leastk.

B. Growing RegionsFrom Seeds

The A.x class of algorithms decomposespose spaceby
greedily growing new regions from posesthat are selected
accordingto three different criteria. Once a new region has
beenstarted,eachgrowth stepconsistsof addingthe posein
the vicinity of the region that has the largest set of visible
featuresin commonwith the region. This growth is continued
until addinga new posewould causethat region's visibility
set to have a cardinality lessthank.

The pseudocodeof this class of algorithms is shown in
Figure 3. Algorithms A.1, A.2 and A.3 implement eachof
three different criteria for selectingthe pose from which a
new region is grown. Thesethreealgorithmsdiffer only in the
implementationof line 3 (Figure3):

� A.1 selectsthe posev 2 U at which the leastnumberof
featuresis visible, i.e., v = argminu2 U jF u j.

� A.2 selectsthe posev 2 U at which the greatestnumber
of featuresis visible, i.e., v = argmaxu2 U jF u j.

� A.3 randomlyselectsa posev 2 U.
In casesof ties in line 3, they arebroken randomly.

The set U, which is initialized in line 1 of the algorithm,
containsthe k-coverableposeswhich are still unassignedto
someregion. The set D that will contain the regions in the
achieved decompositionis also initialized to be empty. The
main loop starts in line 2, and is executedwhile there are
unassignedposes.In lines 3 and4, a posev is selectedfrom
U accordingto the criteria given above, and a new region R
containingonly v is created.Theloop thatstartsin line 5 adds
neighboringposesto theregion R, until theadditionof a new
posewould causethe setof featurescommonlyvisible in the
region to have cardinalitylessthank. An iterationof this loop
is realizedin thefollowing way: In line 6, thesetW is formed
by all posesu in the vicinity of the region R (i.e., the setof
posesnot in R that are at distanceexactly 1 from a posein
R), suchthat u togetherwith the posesin R commonlysee
at leastk features.

In lines8 through10, if W containsunassignedposes,then
W is restrictedto thoseposes.Sincethe region R is going to
grow with a poseselectedfrom W , this step is intendedto
give priority to the growth of R with posesthat still have not
beenassignedto any otherregion. In lines11 and12, thepose
from W that togetherwith the posesin R commonlyseesthe
maximumnumberof features,is addedto R. In caseof a tie,
it is brokenrandomly. Finally, in lines15 and16, theposesin
R are removed from the set of unassignedposesU, and the
new region R is addedto the decompositionsetD .
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Input: world hG = (V; E ) ; F ; fF v gv 2 V i
Output: decompositionD
1: U = f v 2 V : jF v j � kg; D = ;
2: while U 6= ; do
3: Selectv 2 U (Seetext)
4: R = f vg
5: repeat
6: W = f u 2 f N 1 (v) : v 2 Rg � R : jF u \ [

T
v 2 R F v ]j � kg

7: if W 6= ; then
8: if W \ U 6= ; then
9: W := W \ U
10: end if
11: u = arg max w 2 W jF w \ [

T
v 2 R F v ]j

12: R = R [ f ug
13: end if
14: until W = ;
15: U = U � R
16: D = D [ f Rg (SeeSectionV-E)
17: end while

Fig. 3. Algorithm A.x

Input: world hG = (V; E ) ; F ; fF v gv 2 V i
Output: decompositionD
1: U = f v 2 V : jF v j � kg; D = ;
2: while U 6= ; do
3: R = U; L = ;
4: for i = 1 to k do
5: f = arg max � 2 ( F � L ) jf v 2 R : � 2 F v gj
6: R = f v 2 R : f 2 F v g
7: L = L [ f f g
8: end for
9: R = f v 2 V : L � F v g
10: U = U � R
11: D = D [ f Rg (SeeSectionV-E)
12: Purge D (Seetext)
13: end while

Fig. 4. Algorithm B.x

C. ShrinkingRegionsUntil k Featuresare Visible

Algorithms B.x and C take an incrementalapproachto
de�ning thek features,startingwith a largeregion that “sees”
one feature,and iteratively shrinking the region asadditional
features(up to k) areadded.The resultingregion is addedto
the decomposition,a new region is started,and the process
continueduntil the world is covered.Thesealgorithmsselect
asa new region the setof posesfrom which the mostwidely
visible feature,taken from a set F , is seenamongthe poses
that are not yet assignedto a region. Algorithms B.x and
C differ in the criteria by which F is de�ned, as shown in
Figures4 and5, respectively. In the caseof algorithmB.x, F
is just thesetof all features,while algorithmC systematically
selectsasF thesetof featurescommonlyvisible in a circular
areacenteredat eachposev 2 V . If thenumberof unassigned
posesin the circular areais lessthan a certainfraction � of
the size of the circular area,or the size of F is lessthan k,
then no further processingis performedfor posev, and the
next poseis processed.

The classB.x comprisestwo algorithms,B.1 andB.2, that
differ only in their treatmentof the decompositionD after
addingto it a new region R (line 12). While Algorithm B.1
leaves D as it is, Algorithm B.2 greedily eliminatesregions
from D as long as the total numberof posesthat become
unassigned,after theregionsareremovedfrom D, is lessthan
the numberof cells that the recentlyaddedregion R hascov-

eredbut were unassignedbefore.4 This algorithm is adapted
from thealgorithm“Altgreedy”, appearingin [37], whereit is
empiricallyshown to achieve very goodapproximationresults
for the setcover problem.

In line 1 of Algorithm B.x, thesetsU andD areinitialized
as in Algorithm A.x. The main loop startsin line 2, and it is
executedwhile thereare unassignedposes.In line 3, a new
region R is initialized containingall unassignedposes,andthe
setL , which will containfeaturesthat all posesin the region
commonly see, is initialized to be empty. Each iteration of
the for-loop in lines 4 to 8 greedily selectsthe featuref not
in L that is most widely visible in the region R, shrinksR
to be formed only by thoseposes,and extendsL to include
f . At the exit of the for-loop, which is executedk times,R
containsat leastonepose(sinceR enteredtheloop containing
k-coverableposes),andthe setL containsthe k featuresthat
greedily decreasedthe least the size of the region R. In line
9, R is set to be the setof all poses(not only the unassigned
ones)that seeat leastthe k featuresin L . Finally, in lines 10
and11, theposesin R areremovedfrom thesetof unassigned
posesU, and the region R is addedto the decompositionD .

Algorithm C, in line 1, initializes the set of unassigned
posesU and the decompositionset D in the sameway that
AlgorithmsA.x andB.x do.In line 2, thevariabler is assigned
the maximum natural numbersuch that at least half of the
k-coverableposeshave a r - neighborhoodsuch that the k-
coverableposesof the neighborhoodcommonlyseeat leastk
features.Themain loop of this algorithmstartsin line 3 andis
executedfor every posev 2 V . In line 4, C is assignedtheset
of unassignedposesin ther -neighborhoodof v, andin line 5,
F is assignedthesetof featurescommonlyvisible in all poses
of C. The conditionveri�ed in line 6 requiresthe proportion
of unassignedposesin ther -neighborhoodof thecurrentpose
v to be greaterthanor equalto a constant� (de�ned by the
user),and the numberof featurescommonlyvisible from all
unassignedposesin the r -neighborhoodof v to be at leastk.
If this condition is true, then the processcontinuesin a way
similar to lines 3 to 11 of Algorithm B.x: a for-loop greedily
selectthek “most visible features”from thesetof unassigned
poses,and�nally a region containingall posesseeingthosek
featuresis created.The only differenceis, in the fact, that in
thefor-loopof thisalgorithm,thefeaturesaregreedilyselected
from thesetF � L , while in Algorithm B.x, suchfeaturesare
selectedfrom F � L . With thisdifference,Algorithm C ensures
that the for-loop will exit with a region R thathasa minimum
number(which dependson r and� ) of newly assignedposes
thatarein N r (v). This algorithmmayterminateleaving some
posesunassignedto a region. A process(not shown in the
pseudocode)is thereforeappliedto cover thoseareas.Sucha
processis equivalentto Algorithm B.1, but with line 1 making
U equalto the setof unassignedposes.

Algorithms B.x and C are basedon the assumptionthat
the set of posesfrom which each feature is visible form a
connectedregion, and that the intersectionof such feature
visibility areasis alsoa connectedregion. This assumptionis

4Notice that this discardingrule ensuresthat the numberof posesassigned
to regionsstrictly increaseswith eachiteration,so that the algorithmalways
terminates.
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Input: world hG = (V; E ) ; F ; fF v gv 2 V i
Output: decompositionD
1: U = f v 2 V : jF v j � kg; D = ;
2: r = max f � 2 N : jf u 2 U : j

T
w 2 N � ( u ) \ U F w j � kgj � j U j

2 g
3: for all v 2 V do
4: C = N r (v) \ U
5: F =

T
u 2C F u

6: if jC j
j N r ( v ) j � � and jF j � k then

7: R = U; L = ;
8: for i = 1 to k do
9: f = arg max � 2 ( F � L ) jf v 2 R : � 2 F v gj
10: R = f v 2 R : f 2 F v g
11: L = L [ f f g
12: end for
13: R = f v 2 V : L � F v g
14: U = U � R
15: D = D [ f Rg (SeeSectionV-E)
16: end if
17: end for

Fig. 5. Algorithm C

trueif all featurevisibility areasaresimpleandconvex. In our
experimentswith real data,we have observed that the feature
visibility regions are not always convex or connected,and
that they sometimeshave somesmall holes.Sincethenumber
of extractedfeaturesis quite large, we can afford to exclude
from thedecompositionprocessthosefeatureswith signi�cant
holes in their visibility regions.Visibility regions with many
concavities canalsobetrimmedto thesetof posesthathave a
moreor lessconvex shape.Also, if a visibility regionhasmore
thanoneconnectedcomponent,eachcomponentof signi�cant
sizecanbeconsideredto be thevisibility region of a different
feature.

D. Elimination of RedundantRegions

All algorithms, except B.2, can terminate with a solu-
tion that is not minimal. Redundancy is thereforeeliminated
from their solutions by discardingregions one by one un-
til a minimal solution is obtained. This processgreedily
selects for elimination the region R from the solution D
with the largest minimum-overlapping-count! value, where
! = minfjf R0 2 D : v 2 R0gj : v 2 Rg, i.e., it is the mini-
mumnumberof regionsthatoverlapat a posecontainedin the
region. The worst-caserunningtime complexity of Algorithm
A.x is boundedby O(jV j2jF j), while Algorithms B.x and C
areboundedby O(kjV j2jF j).

E. Relaxingthe Requirementfor a CompleteDecomposition

A decompositionthat tries to cover all k-coverableposes
may include a large numberof regions in total, since many
regionswill serveonly to coversmall“holes” thatcouldnotbe
otherwisecoveredby larger regions.Theseholesgenerallylie
in areasfor which the size of the visibility-set is very close
to k, leaving very few featuresto choosefrom. In order to
avoid the inclusion of regions that are only covering small
holes,our implementationsof the algorithmsadda region to
the decompositiononly if its numberof otherwiseuncovered
posesis greaterthana certainvalue � .5

5The presenceof a few small holesdoesnot prevent reliable navigation.
In general,whenever the robot is at a point for which the numberof visible
featuresis lessthank, advancinga shortdistancein mostdirectionswill get
it to a point that is assignedto someregion.

Fig. 6. A randomlygeneratedworld. Thegreenpolygonde�nestheperimeter
of the world. The blue polygons in the interior de�ne the boundariesof
obstacles.The small red circles on the polygons are the features.As an
illustration, the visibility areasof selectedfeaturesare shown as colored
regions.

VI. RESULTS

We performedexperimentson both syntheticand real vis-
ibility data. Syntheticdata was producedusing a simulator
that randomly generatesworlds given a mixture probability
distributionsfor eachof the de�ning parametersof the world.
(SeeTableI). A world consistsof a 2-D top view of the pose
spacede�ned by a polygon,with internalpolygonalobstacles
and a collection of featureson the polygons(both external
and internal). Each feature is de�ned by two parameters,
an angle (visibility angle extent), and a range of visibility
(visibility range), determiningthespanof theareaon the�oor
from which the featureis visible. An exampleof a randomly
generatedworld andthe visibility areaof someof its features
is illustratedin Figure6.

A. Decompositionof SyntheticWorlds

Independenttestsof the algorithmson syntheticdatawere
performed for four different world settings. The settings
combineddifferent featurevisibility propertieswith different
shapecomplexities for the world and obstacleboundaries.
Two types of featureswere used, having visibility ranges:
N (0:65; 0:2) to N (12:5; 1)m with an angularrangeN (25; 3)
degreesfor Type 1, andN (0:65; 0:2) to N (17:5; 2)m with an
angularrangeN (45; 4) degreesfor Type 2 (where N (�; � )
is normally distributed with mean� and variance� 2). Two
classesof shapeswere testedfor the world and obstacles:
irregular and rectangular. For the caseof irregular worlds,
the numberof sidesof its perimeterwas generatedfrom the
mixture distribution fU (4; 4) with p = 0:1; N (5; 0:5) with
p = 0:45; N (7; 2) with p = 0:45]g, and the number of
obstaclesfrom thedistribution fU (5; 9) with p = 0:5; N (8; 2)
with p = 0:5g. The numberof obstaclesin eachrectangular
world was generatedfrom the mixture distribution fU (6; 9)
with p = 0:5; N (10; 2) with p = 0:5g. The generatedworlds
had an averagediameterof 40m, and featurevisibility was
sampledin posespaceat pointsspacedat 50cmintervals.
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TABLE I

PARAMETERS OF A WORLD

Component Parameters

Perimeter � Sidescount
� Vertex radius

Obstacles
� Total obstaclescount
� Sidescount
� Vertex radius

Features
� Total featurescount
� Visibility angularextent
� Visibility range
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Fig. 7. Resultsfor Experimentson SyntheticData.The x-axesof the charts
representthefour world settingsusedin theexperiments.(Rectangularworlds
wereusedin settings1 and2, while irregularly shapedworldsin settings3 and
4. Type1 featureswereusedin settings1 and3, andType2 featuresin settings
2 and4.) The y-axescorrespondto the averagevalueof 300 experimentsfor
the total numberof regions, averagenumberof posesper region, and total
numberof usedfeaturesin eachdecomposition.From left to right, the bars
at eachsettingcorrespondto Algorithms A.1, A.2, A.3, B.1, B.2, andC.

The parametersusedin the experimentswere overlapping
� = 1, and featurescommonly visible per region k = 4.
(Basri andRivlin [5] showed that reliable localizationcanbe
accomplishedusing their linear combinationof model views
methodwith as few as threepoint correspondencesbetween
the currentimageand two storedmodel views.) The allowed
maximum area of a hole was set to � = 9 poses,i.e., on
average,a holehasa diameterof at most1:5m. Theparameter
� of algorithmC wasset to 0.85.

Figure7 shows the resultsof the experimentson synthetic
data.The performanceof eachalgorithm in the four settings
describedabove is comparedin terms of the number of
regions in the decomposition,the averagearea of a region
in a decomposition,and the size of the set formed by the
union of the k featurescommonly visible from eachregion
in a decomposition.Each value in the �gure is the average
computedover a set of 300 randomlygeneratedworlds. The
decompositionof eachworld took only a few secondsfor each
algorithm.

Unsurprisingly, the average size of a region is strongly
dependenton the stability of its de�ning featuresin pose
space.Also as expected,the total numberof regions in each
decompositionincreasesas the averagesize of the regions
decreases.Tables II and III show the number of regions

TABLE II

AVERAGE NUMBER OF REGIONS IN A DECOMPOSITION

Setting A.1 A.2 A.3 B.1 B.2 C
1 173.81 156.96 154.97 127.76 112.63 140.10
2 59.30 56.45 54.72 44.74 42.10 44.17
3 112.40 100.46 98.97 82.11 73.08 82.29
4 44.71 40.00 39.11 31.99 30.02 31.11

TABLE III

AVERAGE NUMBER OF POSES PER REGION

Setting A.1 A.2 A.3 B.1 B.2 C
1 70.76 76.49 75.74 80.60 80.99 71.85
2 253.88 276.37 272.83 281.63 279.81 251.86
3 69.04 74.60 73.95 78.63 79.29 71.61
4 215.15 237.68 234.67 244.44 241.26 218.56

and the averagenumber of posesin a region, respectively,
achieved by eachalgorithmandsetting,averagedover all the
randomlygeneratedworlds. In thecaseof worldswith widely
visible features(settings2 and 4), the best results,in terms
of minimum number of regions in the decomposition,are
achieved by Algorithm B.2, closely followed by Algorithms
B.1 andC. For the worlds with lessvisible features(settings
1 and3), Algorithm B.2 outperformedthe rest.

In our simulations,we obtainedfairly big regions,as seen
in Table III. Each pose correspondsto a sampledarea of
0.25m2 (50cm by 50cm), so the averagesachieved by the
bestalgorithmcorrespondto region areasof 20m2 for features
of Type 1, and 65m2 for featuresof Type 2. Theseresults
were achieved with only a few featuresvisible per pose,as
shown in Table IV, where the averagenumber of features
visible per posewason the orderof a hundred.In real image
data,however, the numberof stablefeaturesvisible per pose
is on the order of several hundred,and each featurehas a
visibility rangecloseto thatof our simulatedfeaturesof Type
1 (see[1], for example).These�ndings leadus to predictthat
this techniquewill successfully�nd decompositionsusefulfor
robot navigation in real environments.

B. Region DecompositionUsing RealData

We took Algorithm B.2, thealgorithmthatachievedthebest
resultsonsyntheticdata,andasafurtherevaluationweapplied
it to real visibility dataacquiredin a 6m by 3m grid sampled
at 25 cm, (i.e., a lattice of 25 by 12 poses),from Room
408, McConnell EngineeringBuilding, at McGill University.
Imageswere taken with the robot's cameraorientation�x ed
in four different orientationsat 0, 90, 180 and 270 degrees.
Each image's position was measuredusing a laser tracker
and a target mountedon the robot [38]. Figure 8 shows two

TABLE IV

AVERAGE NUMBER OF FEATURES VISIBLE FROM A POSE

Setting Average Number
of Features

1 30
2 95
3 41
4 117
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(a) (b)

Fig. 8. Examplesof the imagesusedin the experimentson visibility data
collectedat a 6m � 3m space.

imagesof the employed datasetwherethe variation in image
scale can be appreciated.The imagescorrespondto poses
that are furthestfront and further back along the 270 degree
orientation,respectively.

We extractedSIFT featuresfrom the imagesin the dataset
using David Lowe's implementation[39]. On average,about
420SIFT featurevectorswereextractedfrom eachimage.We
then usedthe methodproposedin [40] to match the feature
vectorsfrom different images,and to discardthosethat were
ambiguous.

As a resultof thematchingprocess,an equivalencerelation
amongthe image featureswas constructed.Speci�cally, two
featuresfrom differentimageswereplacedin thesameequiva-
lenceclassif andonly if they arecloseto eachotherin feature
space.As a result,SIFT featuresin eachclassof this partition
correspondto the samescenefeature.Lessdistinctive image
features,i.e., featuresfor whichpertinenceto a classcannotbe
unambiguouslydecided,werediscardedin the following way:
if the distancein featurespacebetweentwo image features
belongingto differentclasseswasnot signi�cantly larger than
theradiusof theclassesin thefeaturespace,all imagefeatures
belongingto both classeswere eliminated.We also removed
thosefeatureswhich werenot widely visible, i.e., visible from
a certain minimum numberof poses.This heuristic reduces
the complexity of the featuredecompositionby eliminating
unstable/ambiguousfeatures.

Following this step, we ended up with a total of 897
classesof features,each feature visible from at least 16
poses.An example of the typical feature visibility regions
that we obtainedafter we ran the featurematchingalgorithm
proposedin [40] canbeseenin Figure9. Eachof theseimages
representsthevisibility region of a particularfeaturein the25
by 12 posesamplinggrid. Eachthumbnailcorrespondsto the
appearanceof a (30 by 30 pixels) context aroundthe feature
point extractedfrom theimagetakenat thecorrespondinggrid
position in posespace.

From the set of distinctive featuresthat remainedafter the
groupinginto classes,we only retainedthosethatwerewidely
andconsistentlyvisible, that is, thosethatwerevisible from at
least16 poses,whosevisibility regions had few small holes,
and that containedat least one connectedcomponentof at
least3 by 3 poses.The set of posesof eachof thesefeature
visibility regions was further reducedto a subsetthat had

(a) (b) (c)

Fig. 9. Typicalexamplesof featurevisibility regionsobtainedafterexecuting
the featurematchingalgorithm in [40].
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Fig. 10. Distribution of FeatureVisibility Regions by Size (i.e., numberof
poses).

a fairly convex shape.This was achieved by �rst retaining
only the posesin the largest connectedcomponentof the
visibility region.Secondly, poseswerethenremovedfrom this
componentwhich did not have a neighborwith at least7 out
of 8 of its neighborposesin the region. After thesesteps,the
featurevisibility regionsof eachclassnotonly reducedin size,
but thetotal numberof imagefeatureclassesdecreasedto 554,
sincemany of the visibility regionsbecameemptyasa result
of the �ltering process.Figure 10 shows the distribution of
featurevisibility regionsby sizebeforeandafter this �ltering
process.The visibility regions,after �ltering, had an average
sizeof 33 poses,anda mediansizeof 23.

In Figure 11, we can see the 7 regions obtainedin the
decompositionwhenwe usedthesevisibility regionsas input
to Algorithm B.2, usingparametersk = 4, � = 0, and� = 3.
The decompositionobtainedusingthesesameparametersbut
with � = 1 has 9 regions, as shown in Figure 12. The
decompositionsobtainedwhen using the value10 for k, and
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(a) (b) (c) (d)

(e) (f) (g)

Fig. 11. Region decompositionof the 6m by 3m real world for k = 4 and
� = 0 usingAlgorithm B.x.

(a) (b) (c) (d) (e)

(f) (g) (h) (i)

Fig. 12. Region decompositionof the 6m by 3m real world for k = 4 and
� = 1 usingAlgorithm B.x.

(a) (b) (c) (d) (e)

(f) (g) (h) (i) (j) (k)

(l) (m) (n) (o) (p)

Fig. 13. Region decompositionof the 6m by 3m realworld for k = 10 and
� = 0 usingAlgorithm B.x.

0 and1 for � canbe seenin Figures13 and14. As expected,
the decompositionsfor larger values of k contain a larger
number of regions of smaller size. As an example of this,
notice that someof the regions in Figure 13 are too small
or irregularly shaped,and thereforedo not seemuseful for
navigation purposes.It can also be observed in the �gures
thatthe1-overlappingdecompositionshave a largernumberof
regionsthanwhenno overlappingis required.It is interesting
to note that the regions of the 1-overlappingdecompositions
are generallymore regularly shapedthan their 0-overlapping
counterparts.This is a natural consequenceof the method
usedto obtain thesetypesof decompositions,which imposes
a minimum diameteron the obtainedregions.As an example,
compareFigures13 and 14, in which the regions in the 1-
overlappingdecompositionare more suitable for navigation
than thoseobtainedfor � = 0.

C. Metric LocalizationUsing Region Decomposition

In order to demonstratethe utility of our approachfor
navigation, we applied the decompositionscomputedin the
previous experimentto the problemof robot poseestimation.
Speci�cally, for eachdecomposition,we computeda visual
map using the framework describedby Sim and Dudek
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(a) (b) (c) (d) (e)

(f) (g) (h) (i) (j)

(k) (l) (m) (n) (o)

(p) (q) (r) (s) (t)

Fig. 14. Region decompositionof the 6m by 3m real world for k = 10 and
� = 1 usingAlgorithm B.x.

in [11], and subsequentlycomputed localization estimates
(speci�cally, probability distributions over the pose space)
for a set of test observations. The visual map framework
computesgenerativemodelsof featurebehaviour asa function
of viewing position, and can representa wide variety of
featureproperties.Pleaserefer to the cited paperfor further
detailsof therepresentation.Thetotalnumberof SIFTfeatures
encodedin the visual map for eachdecomposition,and its
requiredstoragesizeon disk is shown in thesecondandthird
columnsof TableV. In addition,for baselinecomparisonwe
computeda visual mapusingall 554 featuresdetectedin the
undecomposedmap.

Once the visual maps were computed,we collected 93

test observations from random poses distributed over the
environment(thesewerenovel observationsthatwerenot used
in the training phase).The ground-truthpositions of these
observationswereestimatedusinga robot-mountedtargetand
laser range-�nder, as describedin [38]. Once theseobserva-
tionswerecollected,SIFTfeatureswereextractedandmatches
werefoundin eachof thevisualmaps.Notethatin thisstepwe
are reducingthe numberof featuresthat could potentially be
usedto localize the observation from around450 (the typical
number of SIFT featuresin the image), to approximately
k, dependingon match quality and region overlap. In these
experiments,k is 4 or 10, resultingin a compressionlevel of
97.5 – 99%.

Once featuresmatching the map featureswere detected
in the test images, the image position and SIFT scale of
each feature were then employed to compute probability
distributions over the pose space,indicating the probability
of a posex, given the observation z:

p(xjz) / p(zjx)p(x);

wherep(x) is a uniform prior distribution over theposespace.
Thedetailsof computingtheobservationlikelihoodp(zjx) are
alsoprovided in [11]. Someexampledistributionsareplotted
in Figure 15. The absolutelocalization resultsare shown in
Figure16,plotting eachgroundtruth poseasan'o', connected
with a line segmentto theestimatedpose,plottedasan'x'. For
eachmap,themeandistancebetweenthemaximum-likelihood
poseestimateandgroundtruth asprovidedby thelasertracker
is shown in the fourth column of Table V. The meantime
employedfor localizationof the93 testposesis showedin the
last columnof TableV for eachdecomposition.Thesetimes
includethe featuredetectionandmatching.

In addition to absoluteerror, we are also interestedin the
differencebetweenthe decomposition-basedposeprobability
distributionsandthe posedistributionsbasedon the complete
setof landmarks.To measurethis differencewe computedthe
KL-Di vergencebetweeneachdecompositiondistribution and
the baselinedistribution. Let Y be the set of all test poses.
For each test pose y 2 Y, and each decompositiond, the
KL-Di vergencewascomputedas

D d
y =

X

x

pd
y (x) log

 
pd

y (x)

qy (x)

!

;

wherepd
y (x) is theprobabilitydistributionof y whencomputed

using the features of decompositiond, and qy (x) is the
probability distribution of y computedfrom the completeset
of features.Notice that therearegrid posesx that have value
zero in distribution qy (x) but non-zeroin pd

y (x), making the
divergencein�nity . To deal with this problem we mixed a
uniform distribution with a smallweightwith eachdistribution
beforecomputingthedivergencemeasure.This is a reasonable
regularization procedure,becauseit should never really be
the casethat a grid posehasidentically zeroprobability. For
eachdecompositiond we computedthe meanand standard
deviation of thesetof KL-Di vergencesf D d

y gy2 Y betweenthe
decompositiondistribution andthebaselinedistribution of test
poses.Thesevaluesareshown in TableVI.
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TABLE V

V ISUAL MAP RESULTS

Decomposition Visual Map Mean Localization Localization
Landmarks Size (Mb) Err or (cms.) Time (secs/pose)

All Features 554 9.2 18.66 25.91
k = 10, � = 0 72 3.1 29.75 10.56
k = 10, � = 1 85 3.4 31.34 11.02
k = 4, � = 0 23 1.5 64.48 5.82
k = 4, � = 1 28 1.6 50.42 6.72
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Fig. 15. Probability distribution of somechosentest poses.The rows correspondto different posesand the columnsfrom left to right correspondto the
estimatescomputedusing:all features,(k = 10; � = 0), (k = 10; � = 1), (k = 4; � = 0) and (k = 4; � = 1).

From theseresultsit can be seenthat while thereis some
degradationin thequality of theposeestimatesask decreases,
the decomposition-basedestimatesremainsuf�ciently robust
to successfullylocalize. Furthermore,navigation, as well as
improved poseestimatescan be achieved by computingthe
p(xjz) using a Markov chain and a model of the robot's
motion [15], [41]. It should be noted that in this work
initial landmarkselectionwas basedon the tracking stability
and viewing rangeof the selectedfeatures.The localization
resultspresentedherecouldbe improvedby addingadditional
criteria to the decompositionframework, such as selecting

featuresthatprovide improvedconstraintsfor localization(for
example,selectingfeatureswhoseimage-domainobservations
are expectedto be widely separated).The key result of this
experiment is that a high degree of map compressioncan
be achieved with only small degradationin the localization
performance.

VI I . CONCLUSIONS AND FUTURE WORK

We have presenteda novel graph theoretic formulation
of the problem of automatically extracting an optimal set
of landmarksfrom an environment for visual navigation. Its
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Fig. 16. Ground-truth('o') vs. estimated('x') posesusing: (a) all features.(b) k = 10; � = 0. (c) k = 10; � = 1. (d) k = 4; � = 0. (e) k = 4; � = 1.
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TABLE VI

KL-DIVERGENCE BETWEEN BASELINE AND DECOMPOSITION

DISTRIBUTIONS.

Decomposition Mean Std. Deviation
of KL-Di vergence of KL-Di vergence

k = 10, � = 0 0.3472 0.1355
k = 10, � = 1 0.3561 0.1595
k = 4, � = 0 0.6522 0.2678
k = 4, � = 1 0.5943 0.2457

intractablecomplexity (whichweprove)motivatestheneedfor
approximationalgorithms,andwe presentsix suchalgorithms.
To systematicallyevaluate them, we �rst test them on a
simulator, where we can vary the shapeof the world, the
numberandshapeof obstacles,thedistribution of thefeatures,
andthe visibility of the features.The algorithmthat achieved
the best resultson syntheticdata was then demonstratedon
real visibility data. The resulting decompositions�nd large
regions in the world in which a small number of features
can be tracked to supportef�cient on-line localization.Our
formulationandsolutionof the problemaregeneral,andcan
accommodateotherclassesof imagefeatures.

There are a numberof extensionsto this work for future
research:

� Integrating the image collection phasewith the region
decompositionstageinto a uniqueon-line processasthe
robotis exploring its environment,in aview-basedSLAM
fashion.

� Path planningthroughdecompositionspace,minimizing
the numberof region transitionsin a path.

� Extendthe proposedframework to detectandcopewith
environmentalchange.

� Compute the performanceguaranteeof our heuristic
methodsand provide tight upperboundson the quality
of our solution comparedto thoseof optimal decompo-
sitions.

� Study the use of feature tracking during the image
collection stageto achieve larger areasof visibility for
each feature, since tracking the featuresbetweenim-
agestaken from adjacentviewpointsallows for tracking
small variationsof appearance(which may integrate to
large onesover large areas).Such a framework would
requiremaintainingequivalenceclassesof featuresin the
database.

� Addition of constraintsto the algorithms for feature
selectionin terms of a quality measureof the feature
reliability for localization.
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