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Abstract— Recent work in the object recognition commu-
nity has yielded a classof interest point-based features that
are stable under signi�cant changesin scale,viewpoint, and
illumination, making them ideally suited to landmark-based
navigation. Although many such features may be visible
in a given view of the robot's envir onment, only a few
such features are necessaryto estimate the robot's position
and orientation. In this paper, we address the problem of
automatically selecting,fr om the entire set of featuresvisible
in the robot's envir onment, the minimum (optimal) set by
which the robot can navigate its envir onment. Speci�cally,
we decomposethe world into a small number of maximally
sized regions such that at each position in a given region,
the samesmall set of featuresis visible. We intr oducea novel
graph theoretic formulation of the problemand provethat it is
NP-complete.Next, we intr oducea number of approximation
algorithms and evaluate them on both synthetic and real data.

I . INTRODUCTION

In thedomainof exemplar-based(asopposedto generic)
objectrecognition,thecomputervision communityhasre-
centlyadopteda classof interestpoint-basedfeatures,e.g.,
[1], [3], [5]. Suchfeaturestypically encodea description
of imageappearancein the neighbourhoodof an interest
point, suchasa detectedcorneror scale-spacemaximum.
The appealof thesefeaturesover their appearance-based
predecessorsis their invarianceto changesin illumination,
scale,image translationand rotation, and minor changes
in viewpoint (rotationin depth).Thesepropertiestherefore
make themideally suitedto theproblemof landmark-based
navigation. If we cande�ne a setof invariantfeaturesthat
uniquely de�ne a particular location in the environment,
thesefeaturescan, in turn, de�ne a visual landmark.

To use thesefeatures,we could, for example,adopt a
localizationapproachproposedby BasriandRivlin [6] and
Wilkes et al. [7], basedon the LC (linear combination
of views) technique.During a training phase,the robot
is manually “shown” two views of each landmark in
the environment by which the robot is to later navigate.
Theseviews, alongwith the positionsat which they were
acquired,form a databaseof landmarkviews. At runtime,
therobottakesanimageof theenvironmentandattemptsto
matchthevisible featuresto thevariouslandmarkviews it
hasstoredin its database.Givena matchto somelandmark
view, the robot cancomputeits positionandorientationin
the world.

There are two major challengeswith this approach.
First, from any given viewpoint, there may be hundreds
or even thousandsof such features.The union of all
pairsof landmarkviews may thereforeyield an intractable
numberof distinguishablefeaturesthat must be indexed
in order to determinewhich landmarkthe robot may be

viewing. Fortunately, only a small numberof featuresare
required(in eachmodelview) to computetherobot's pose.
Therefore,of the hundredsof featuresvisible in a model
view, which small subsetshouldwe keep?

The secondchallengeis to automatethis processand
let the robot automaticallydecide on an optimal set of
visual landmarksfor navigation. What constitutesa good
landmark?A landmarkshouldbebothdistinguishablefrom
other landmarks(a single �oor tile, for example, would
constitutea bad landmark since it' s repeatedelsewhere
on the �oor) and widely visible (a landmarkvisible only
from a single location will rarely be encounteredand,
if so, will not be persistent).Therefore, our goal can
be formulatedas partitioning the world into a minimum
numberof maximally sizedcontiguousregions,suchthat
the sameset of featuresis visible at all points within a
given region.

There is an important connectionbetweenthese two
challenges.Speci�cally, givena region, insideof which all
pointsseethe samesetof features(our secondchallenge),
what happenswhen we reduce the set of featuresthat
must be visible at eachpoint (�rst challenge)?Sincethis
representsa weaker constrainton the region, the size of
the region can only increase,yielding a smaller number
of larger regionscovering the environment.As mentioned
earlier, there is a lower boundon the numberof features
that can de�ne a region, basedon the pose estimation
algorithmandthedegreeto whichwewantto overconstrain
its solution.

Combiningthesetwo challenges,we arrive at the prob-
lem addressedby this paper:from a setof views acquired
at a set of sampledpositions in a given environment,
partition theworld into a minimumsetof maximallysized
regions, such that at all positionswithin a given region,
the samesetof k featuresis visible, wherek is de�ned by
the pose estimationprocedure(or some overconstrained
version of it). We begin by introducing a novel, graph
theoreticformulationof theproblem,andproceedto prove
its intractability. In the absenceof optimal, polynomial-
time algorithms,we introducesix differentapproximation
algorithmsfor solving the problem.We have constructed
a simulator that can generatethousandsof worlds with
varying conditions, allowing us to perform exhaustive
empirical evaluation of the six algorithms. Following a
comparisonof the algorithmson syntheticenvironments,
we adoptthe most effective algorithm,and test it on real
world imageryof a real environment.



I I . RELATED WORK

In previouswork on visual robotnavigationusingpoint-
basedfeatures,little or no attentionhasbeengiven to the
size of the landmarkdatabaseor the numberof landmark
lookupsrequiredfor localization.Lowe, Se and Little [2]
use scale- and rotation-invariant featuresas landmarks,
extractedusingthescale-invariantfeaturetransform(SIFT)
[1]. The robot automaticallyupdatesa 3D landmarkmap
with the reliablelandmarksseenfrom thecurrentposition.
Thepositionof therobotis estimatedusingtheodometryof
therobotasaninitial guess,andis improvedusingthemap.
Trinocular vision is usedto estimatethe 3D locationsof
landmarksandtheir regionsof con�dence,with all reliable
landmarksstoredin a densedatabase.

Theview-basedapproachof Sim andDudek[4] consists
of an off-line collection of monocular images sampled
over a spaceof poses.The landmarksconsist of PCA
encodingsof the neighbourhoodsof salient points in the
images,obtainedusing an attentionoperator. Landmarks
are tracked betweencontiguousposesand added to a
databaseif stablethrougha region of reasonablesize.The
localizationis performedthrougha linear combinationof
views techniqueafter �nding matchesbetweenthe visible
landmarksand thosein the database.

The linear combination of views techniquewas �rst
introduced by Ullman and Basri, and later applied to
vision-basednavigationby BasriandRivlin [6] andWilkes
et al. [7]. In theseoriginal applicationsof the LC method,
the featurescomprising the model views were typically
linear featuresextracted from the image. While all of
theseapproachesdemonstratehow robot localizationcan
be performedfrom a set of landmarkobservations,none
consider the issue of eliminating redundancy from the
landmark-basedmap,which at times can grow to contain
tensof thousandsof landmarkmodels.

Someauthorshave consideredthe problemof landmark
selectionfor the purposeof minimizing uncertaintyin the
computedpose estimate.Sutherlandand Thompson[9]
demonstratethat the precisionof a poseestimatederived
from point featuresin 2D is dependenton thecon�guration
of the observed features,andprovide an algorithmfor se-
lecting an appropriatesetof observed featuresfrom which
to computea poseestimate.While maximizingprecisionis
clearlyanimportantissue,our work is concernedprimarily
with selectinglandmarksthat arewidely visible.1

I I I . PROBLEM DEFINITION

In an off-line training phase,imagesare �rst collected
at known discretepointsin posespace,e.g.,the accessible
vertices(points) of a virtual grid overlaid on the �oor of
the environment.During collection,the known poseof the
robotis recordedfor eachimage,andasetof interestpoint-
basedfeaturesare extractedand storedin a database.For
eachof the grid points,we thereforeknow exactly which
featuresin the databaseare visible. Conversely, for each

1Thealgorithmspresentedin this work canbeeasilyextendedto select
setsof featuresthat ful�ll any given additionalconstraints.
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Fig. 1. (a) A simpleworld with a squareperimeter(in green),a square
(blue)obstaclein its centerandeightfeatures(redcircleson its perimeter).
(b)-(g) Visibility areasof somefeatures.(h) A coveringof theworld using
4 features.(i) A covering of the world using2 features.

featurein the database,we know from which grid points
it is visible. Consider the example shown in Figure 1.
Figure 1 (a) shows a simple 2-D world having a square
perimeter, a squareobstaclein its center, andeight features
evenly distributed along its perimeter. In �gures 1 (b) -
1 (g), theareaof visibility of someof thefeaturesis shown
asa colouredregion.Thefeaturevisibility areas,computed
from a setof imagesacquiredat a setof grid pointsin the
world, constitutethe input to our problem.

In a view-basedlocalizationapproach,the currentpose
of the robot is estimatedusing,asinput, the locationsof a
small number of featuresin the current image matched
against their locations in the training images.This set
of simultaneouslyvisible featuresconstitutesa landmark.
The minimum numberof featuresnecessaryfor this task
dependson the methodemployed for poseestimation.For
example,threefeaturesareenoughfor localizationin Basri
and Rivlin' s linear combinationof views technique[6],
which usesa weakperspective projectionimagingmodel.
The essentialmatrix method [12], that properly models
perspective projection in the imaging process,requiresat
leasteight featuresto estimatepose.

To reducetheeffect of noise,a largernumberof features
can be used to overconstrainthe solution. This presents
a trade-off betweenthe accuracy of the estimationand
the size (in features)of the landmark.Requiringa larger
numberof featuresfor localization,i.e., larger landmarks,
will yield betterposeestimation.However, the larger and
more constraineda landmarkis, the smaller its region of
visibility becomes.We will de�ne the parameterk as the
numberof featuresthat will be employed to achieve pose
estimationwith the desiredaccuracy, i.e., the numberof
featuresconstitutinga landmark.

Robot localizationfrom a given position is possibleif,
from the featuresextracted from an image taken at that
position,thereexistsa subsetof k featuresthatexist in the
databaseand that are simultaneouslyvisible from at least



two known locations.For a largeenvironment,thedatabase
may be large, and sucha searchmay be costly. For each
imagefeature,we would have to searchtheentiredatabase
for a matchingfeatureuntil not only k suchmatcheswere
found,but thatthosek featuresweresimultaneouslyvisible
from at leasttwo separatepositions(grid points).

Recalling that k is typically far less than the number
of featuresin a given image, one approachto reducing
searchcomplexity would be to prune featuresfrom the
databasesubject to the existence of a minimum of k
featuresvisible at eachpoint, with thosesamek features
beingvisible at oneor moreotherpositions.Unfortunately,
this is a complex optimizationproblemwhosesolutionstill
maintainsall the featuresin a singledatabase,leadingto a
potentiallycostlysearch.A morepromisingapproachis to
partition the posespaceinto a numberof regions, i.e., sets
of contiguousgrid points,suchthat for eachregion, there
are at leastk featuressimultaneouslyvisible from all the
points in the region. Sucha partitioning of the world, in
turn,partitionsthedatabaseof featuresinto a setof smaller
databases,eachcorrespondingto what the robot seesin a
spatiallycoherentregion.

Let's return to the simple world depictedin Figure 1.
Assuming that a single (k = 1) feature is suf�cient
for reliablenavigation, onepossibledecompositionof the
world into a set of regions (such that eachpose of the
world seesat leastone feature)is achieved using features
2, 4, 6, and 8, as shown in Figure 1 (h). It is clear that
all four featuresin this setareneededto cover the world,
since removing any one of them will yield someportion
of the world from which the remainingthreefeaturesare
not visible, meaningthat the robot is blind in this area.
However, this decompositionis not optimal, since other
decompositionswith lessregionsarepossible.Our goal is
to �nd theminimumdecompositionof theworld which, in
this case,hasonly two regions,correspondingto the areas
of visibility of features1 and5, (or its symmetricsolution
using features3 and 7), as shown in Figure 1 (i). This
minimum set of maximally sized regions is our desired
output,andallows us to discardfrom the databaseall but
features1 and 5. Sinceat leastone of thesetwo features
is seenfrom every point in posespace,reliablenavigation
throughthe entireworld is possible.

A partitioningof theworld into regionsoffersadditional
advantages.While navigating inside a region, the corre-
spondingk featuresareeasilytracked betweenthe images
that the robot sees.If the expectedk featuresare not all
visible in the current image, this may indicate that the
robot has left the region in which it was navigating and
is enteringa new region. In that case,the visible features
can vote for the regions they belongto, if any, according
to a membershiprelationshipcomputedof�ine. The new
region(s) into which the robot is likely moving will be
thosewith at leastk votes.Input featureswould therefore
be matchedto the k model featuresde�ning eachof the
candidateregions.Thisapproachalsoprovidesasolutionto
thekidnappedrobotproblem, i.e., if therobotis blindfolded
and releasedat an arbitrary position, it can estimateits

currentpose.
IV. A GRAPH THEORETIC FORMULATION

Before we formally de�ne the minimization problem
underconsideration,we will introducesometerms.

De�nition 4.1: The set of positionsat which the robot
can be at any time is called the posespace. The discrete
subsetof theposespacefrom which imageswereacquired
is modeledby an undirectedplanar graph G = (V; E),
whereeachnodev 2 V correspondsto a sampledpose,
andtwo nodesareadjacentif the correspondingposesare
contiguousin 2D space.

De�nition 4.2: Let F be the set of computedfeatures
from all collectedimages.The visibility-setof v is the set
F v � F of all featuresthat arevisible from posev 2 V .

De�nition 4.3: A world instance consistsof a tuple
hG = (V; E); F; fF v gv2 V i , where the graph G modelsa
discreteset of sampledposes,F is a set of features,and
fF v gv2 V is a collectionof visibility-sets.

De�nition 4.4: A set of poses R � V is said
to be a region iff for all poses u; v 2 R, there
is a path between u and v completely contained in
R, i.e., 8u; v 2 R : 9f u = v0; : : : ; vh = vg � R, suchthat
(vi ; vi +1 ) 2 E for all 0 � i < h.

De�nition 4.5: A set of regions
D = f R1; : : : ; Rdg � 2V is said to be a decompositionof
V iff

S
1� i � d Ri = V .

De�nitions 4.1 to 4.5 de�ne the set of inputs
and outputs of interest to our problem. In view of
our optimization problem, for a given world instance
hG = (V; E); F; fF v gv2 V i , one would like to create a
minimum cardinality D . In addition, it will be desirable
for a given solutionto the optimizationproblemto satisfy
a variety of properties.One propertyof interestis that of
ensuringa minimum amountof overlap betweenregions
in the decomposition.The purposeof overlap is to ensure
smooth transitionsbetweenregions, as different sets of
featuresbecomevisible to the robot. When one region's
featuresstartto fadeat its border, therobotcanbeensured
to be within the boundaryof someotherregion, wherethe
new region's landmark is clearly visible. The following
de�nitions formalize this property:

De�nition 4.6: The � -neighborhood of a posev 2 V
is the set N � (v) = f u 2 V : � (u; v) � � g, where� (u; v)
is the length of the shortestpath betweennodesu and v
in G.

De�nition 4.7: A decomposition D = f R1; : : : ; Rdg
of V is said to be � -overlapping iff (8v 2 V)
(9i ) : N � (v) � Ri .

With thesede�nitions in hand,the problemcannow be
statedas follows:

De�nition 4.8: Let k be the number of featuresre-
quired for reliable localizationat eachposition,according
to the localization method employed. The � -Minimum
OverlappingRegion DecompositionProblem(� -MORDP)
for a world instance hG = (V; E); F; fF v gv2 V i con-
sists of �nding a minimum-size� -overlappingdecompo-
sition D = f R1; : : : ; Rdg of V into regions, such that
8i : j

T
v2 R i

F v j � k.



Note that given a solution of size d to this problem,the
total numberof featuresneededfor reliable navigation is
boundedby d � k.

Before we considerthe complexity of � -MORDP, we
will presenttwo theoremsindicating that � -MORDP can
be reducedto 0-MORDP (� = 0), and that a solution
to the reduced0-MORDP can be transformedback to
a solution of the more general � -MORDP. The �rst of
the following two theoremsstatesthat if there is a � -
overlappingdecompositionsuchthat k featuresarevisible
in each region for a certain world instance,then there
is a 0-overlappingdecompositionfor the relatedproblem
also with k featuresvisible in eachregion. This theorem
guaranteesthat if a solutionexists for the � -MORDP, then
thereis alsoa solution for the related0-MORDP.

The secondtheoremstatesthat whenever the related
0-MORDP has a solution ~D, then the � -MORDP has a
solution too, and it presentsthe method to construct it
from ~D. Theproofsof thesetheoremsarepresentedin [8].
It shouldbe noted that while the transformationfrom � -
MORDP to 0-MORDP andbackto � -MORDP may create
a different� -overlappingdecomposition,the cardinalityof
the decompositionunderthis two-steptransformationwill
remainthesame,hencetheoptimality will not beaffected.

Theorem 4.1: If D = f R1; : : : ; Rdg is a � -
overlapping decompositionof V for a world instance
hG = (V; E); F; fF v gv2 V i , such that j

T
v2 R i

F v j � k
for all i = 1; : : : ; d, then ~D = f ~R1; : : : ; ~Rdg, where
~Ri = f v 2 Ri : N � (v) � Ri g, is a 0-overlappingdecom-

position for a world instancehG = (V; E); F; f ~F v gv2 V i ,
where ~F v =

T
w2 N � (v) Fw , suchthat j

T
v2 ~R i

~F v j � k for
all i = 1; : : : ; d.

Theorem 4.2: If ~D = f ~R1; : : : ; ~Rdg is a solutionto 0-
MORDP for a world instancehG = (V; E); F; f ~F v gv2 V i ,
then D 0 = f R0

1; : : : ; R0
dg, where R0

i =
S

v2 ~R i
N � (v)

is a solution to � -MORDP for the world instance
hG = (V; E); F; fF v gv2 V i .

The transformationapplied in Theorem4.1 from a � -
overlappingto a 0-overlappingsolutioneffectively shrinks
theregionsof D by � , andreducesthevisibility-set of each
vertex v to correspondto only thosefeaturesthatarevisible
over the entire neighborhoodN � (v) of v.2 Theorem4.2
assumesthat the collectionof visibility-sets ~F input to 0-
MORDP is de�ned by a reductionof the � -overlapping
instanceof the problemto a 0-overlappinginstanceusing
the transformationdescribedin Theorem4.1.

V. COMPLEXITY OF 0-MORDP

Now we will show that 0-MORDP is NP-complete.
The proof is by reductionfrom the Minimum Set Cover
Problem.

De�nition 5.1: Given a set U, and a set of subsets
S = f S1; : : : ; Sm g of U, the MinimumSetCover Problem
(MSCP) consistsof �nding a minimum set C � S such
that each element of U is covered at least once, i.e.,S

Si 2 C Si = U.

2Strictly speaking,the region reduction is impervious to boundary
effectsat the boundaryof G, due to the de�nition of N � (v).

U = f A; B ; C; D g
S = ff A; B g; f Cg;

f A; D g; f C; D gg

Fig. 2. An instanceof the MinimumSetCover Problem

Figure 2 presentsan instance of MSCP. The optimal
solution for this instanceis C = ff A; B g; f C; Dgg and,
in fact, this solutionis unique.An instancehU; S; r i of the
SetCover decisionproblem,wherer is an integer, consists
of determiningif thereis a setcover of U, by elementsof
S, of size at most r . The decisionversion of SCP was
proven to be NP-completeby Karp [10].

Theorem 5.1: The decisionproblem h0-ORDP, di is
NP-complete.

Proof: It is clear that 0-MORDP is in NP, i.e.,
given a world instance hG = (V; E); F; fF v gv2 V i and
D = f R1; : : : ; Rdg, it can be veri�ed in time polynomial
in jV j if D is a � -overlappingdecompositionof V such
that 8i : j

T
v2 R i

F v j � k.
We now show that any instanceof SCPcanbe reduced

to aninstanceof 0-ORDPin time polynomialin jV j. Given
an instancehU; S = f S1; : : : ; Sm gi of the Minimum Set
Cover Problem, we construct a 0-ORDP for the world
instancehG = (V; E); F; fF v gv2 V i in the following way:

� Let v� be an elementnot in U; thenV = U [ f v� g
� E = f (u; v� ) : u 2 Ug (Note that the graphG thus

generatedis planar.)
� F = f f 1; : : : ; f m g wheref i = Si [ f v� g
� F v = f f 2 F : v 2 f g
� k = 1
The introductionof the dummy vertex v� will be used

in the proof to ensurethat elementsof U that belong to
the samesubsetSi can be part of the sameregion in the
decomposition,by virtue of their mutualconnectionto v� .
Eachvisibility-set F v in the transformedprobleminstance
correspondsto a list of thesetsSi in theSCPinstancethat
elementv is a memberof.

Now we show that from a solution to 0-ORDPof size
d, we canbuild a SC of sized. Let D = f R1; : : : ; Rdg be
a solution to the transformed0-ORDPinstance,i.e.,

1) Ri � V is a region, for i = 1; : : : ; d,
2)

S
1� i � d Ri = V , and

3) j
T

v2 R i
F v j � k = 1, for i = 1; : : : ; d.

Claim: C = f C1; : : : ; Cdg, with
Ci = �rst l ex (

T
v2 R i

F v ) � f v� g is a Set Cover for
the original problem, where �rst l ex (A) returns the �rst
elementin lexicographicalorderfrom thenon-emptysetA.
(For eachCi , the choiceof an elementf from

T
v2 R i

F v

is arbitrary in that any such f yields a valid solution.)
Note that Ci is well-de�ned, sincej

T
v2 R i

F v j � 1.
Proof: We mustshow that:
1) 8i = 1; : : : ; d : Ci 2 S:

From the de�nition of Ci we can af�rm that
(9j ) : [1 � j � m andCi = f j � f v� g]. Hence
Ci = Sj 2 S.



2)
S

1� i � d Ci = U:
From the de�nition of F v :

\

v2 R i

F v =
\

v2 R i

f f 2 F : v 2 f g

= f f 2 F : Ri � f g

Therefore,from the de�nition of Ci :

Ci = �rst l ex f f 2 F : Ri � f g � f v� g

=) Ri � Ci [ f v� g

=) V =
[

1� i � d

Ri �
[

1� i � d

Ci [ f v� g � V

=)
[

1� i � d

Ci [ f v� g = V

=)
[

1� i � d

Ci = V � f v� g = U;

Finally, we have to show that if there is a set cover
of size d, then thereis a decompositionof size d for the
0-ORDP. Let C0 = f C0

1; : : : ; C0
dg be a set cover for the

original SCPinstance.
Claim: D 0 = f R0

1; : : : ; R0
dg, where R0

i = C0
i [ f v� g,

is a 0-overlapping region decomposition such that
j
T

v2 R 0
i
F v j � k.

Proof: We mustshow that:
1) EachR0

i � V is a region3:
8i : 1 � i � d, since C0

i � U, then
R0

i = C0
i [ f v� g � V .

R0
i is a region becausev� 2 R0

i and,by thede�nition
of thegraphG, v� is connectedto all othernodesin
Ri .

2)
S

1� i � d R0
i = V :

[

1� i � d

R0
i =

[

1� i � d

C0
i [ f v� g = U [ f v� g = V

3) j
T

v2 R 0
i
F v j � k = 1:

C0
i is a setcover

=) C0
i 2 S

=) 9j = 1; : : : ; m : C0
i = Sj

=) R0
i = Sj [ f v� g = f j 2 F

=) 1 � jf f 2 F : R0
i � f gj

= j
\

v2 R 0
i

f f 2 F : v 2 f gj = j
\

v2 R 0
i

F v j

� .

VI . HEURISTIC METHODS FOR 0-ORDP

Theprevioussectionestablishedthe intractabilityof our
problem. Fortunately, the full power of an optimal de-
compositionis not necessaryin practice.A decomposition
with a small numberof regions is suf�cient for practical

3Recall that a region correspondsto a subsetR of verticesin V for
which a pathexistsbetweenany two verticesin R that lies entirelywithin
R.

purposes.We thereforedevelopedand testedsix different
greedyapproximationalgorithms,divided into two classes,
to realizethe decomposition.

The A.x classof algorithmsdecomposesposespaceby
greedilygrowing new regionsfrom posesthat areselected
accordingto three different criteria. Once a new region
hasbeenstarted,eachgrowth stepconsistsof addingthe
posein the vicinity of the region thathasthe largestsetof
visible featuresin commonwith the region. This growth
is continueduntil adding a new pose would causethat
region's visibility set to have a cardinality lessthank.

The pseudocodeof this classof algorithmsis shown in
Figure3. Algorithms A.1, A.2 andA.3 implementeachof
threedifferentcriteria for selectingthe posefrom which a
new region is grown. Thesethreealgorithmsdiffer only in
the implementationof line 3 (Figure3):

� A.1 selectsthe posev 2 U at which the leastnumber
of featuresis visible, i.e., v = argminu2 U jF u j.

� A.2 selectstheposev 2 U at which thegreatestnum-
ber of featuresis visible, i.e., v = argmaxu2 U jF u j.

� A.3 randomlyselectsa posev 2 U.

In casesof ties in lines3 and12 of thealgorithm,they are
broken randomly.

Algorithms B.x and C take an incrementalapproachto
de�ning the k features,starting with a large region that
“sees” one feature,and iteratively shrinking the region as
additionalfeatures(up to k) areadded.Theresultingregion
is addedto thedecomposition,a new region is started,and
the processcontinueduntil the world is covered. These
algorithmsselectas a new region the set of posesfrom
which the most widely visible feature,taken from a set
F , is seenamongthe posesthat arenot yet assignedto a
region.AlgorithmsB.x andC differ in thecriteriaby which
F is de�ned, asshown in Figures4 and5, respectively. In
the caseof algorithmB.x, F is just the setof all features,
while algorithm C systematicallyselectsas F the set of
featurescommonly visible in a circular areacenteredat
eachposev 2 V . If the numberof uncoveredposesin the
circular areais lessthana certainfraction � of the sizeof
the circular area,or the size of F is lessthan k, then no
setF is selectedfor the currentv.

The classB.x comprisestwo algorithms,B.1 and B.2,
that differ only in their treatmentof the decomposition
D after adding to it a new region R (line 12). While
Algorithm B.1 leaves D as it is, Algorithm B.2 greedily
eliminatesregions from D as long as the total numberof
posesthat becomeuncoveredis lessthana monotonically
decreasingvalueq. (This q is initialized as1 at thebegin-
ning of thealgorithm.As a new region R is addedto D , q
is updatedto be the minimum betweenits previous value
andthe numberof uncoveredcells in R.)4 This algorithm
is adaptedfrom the algorithm “Altgreedy” appearingin
[13], where it is empirically shown to achieve very good
approximationresultsfor the setcover problem.

4Notice that this discardingrule ensuresthat the numberof covered
posesstrictly increaseswith eachiteration,so that the algorithm always
terminates.



Algorithms B.x and C are basedon the assumption
that the set of posesfrom which each feature is visible
form a connectedregion, andthat the intersectionof such
feature visibility areasis also a connectedregion. This
assumptionis true if all featurevisibility areasaresimple
and convex. In our experimentswith real data, we have
observed that althoughthe visibility areasof featuresare
generallyconvex, they sometimeshave somesmall holes.
Since the numberof extractedfeaturesis quite large, we
canafford to excludefrom thedecompositionprocessthose
featureswith signi�cant holes in their visibility regions.
Algorithm C mayterminateleaving someposesunassigned
to a region. A processis thereforeappliedto cover those
areas.This processis equivalentto Algorithm B.1, but with
step1 makingU equalto the setof unassignedposes.

All algorithms,exceptB.2, canterminatewith a solution
that is not minimal. Redundancy is thereforeeliminated
from their solutions by discarding regions one by one
until a minimal solutionis obtained.This processgreedily
selects for elimination the region R from the solution
D with the largest minimum-overlapping-count! value,
where ! = minfjf R0 2 D : v 2 R0gj : v 2 Rg, i.e., it is
the minimum number of regions that overlap at a pose
contained in the region. The worst-caserunning time
complexity of algorithm A.x is boundedby O(jV j2jF j),
while algorithmsB.x andC areboundedby O(kjV j2jF j).

Therearesampledposesof theworld at which thecount
of visible featuresis lessthanthe requirednumberk. This
is generallythe casefor posesthat lie closeto walls and
object boundaries,as well as for areasthat are located
far from any visible object and are thereforebeyond the
visibility rangeof most features.For this reason,the set
of posesthat should be decomposedinto regions has to
include only the k-coverable poses,i.e., those sampled
poseswhosevisibility-set sizesareat leastk.

A decompositionthattriesto cover all k-coverableposes
mayincludea largenumberof regionsin total, sincemany
regions will serve only to cover small “holes” that could
not be otherwisecovered by larger regions. Theseholes
generallylie in areasfor which the size of the visibility-
set is very closeto k, leaving very few featuresto choose
from. In order to avoid the inclusion of regions that are
only covering small holes, our implementationsof the
algorithmsadd a region to the decompositiononly if its
number of otherwiseuncovered posesis greater than a
certainvalue � .5

VII . RESULTS

We performedexperimentson both syntheticand real
data.Syntheticdatawas producedusing a simulator that
randomly generatesworlds given a set of distributions
for each world parameter. A world consistsof a 2-D
top view of the pose spacede�ned by a polygon, with
internal polygonal obstacles,and a collection of features

5Thepresenceof a few smallholesdoesnotpreventreliablenavigation.
In general,whenever therobotis atapoint for which thenumberof visible
featuresis lessthank, advancinga shortdistancein mostdirectionswill
get it to a point that is assignedto someregion.

Input: world hG = (V; E ) ; F ; fF v gv 2 V i
Output: decompositionD
1: U = f v 2 V : jF v j � kg; D = ;
2: while U 6= ; do
3: Selectv 2 U (Seetext)
4: R = f vg
5: repeat
6: V icinity (R ) = f v 2 V � R : 9u 2 R s.t. (u; v) 2 E g
7: W = f u 2 V icinity (R ) : jF u \ [

T
v 2 R F v ]j � kg

8: if W 6= ; then
9: if W \ U 6= ; then
10: W := W \ U
11: end if
12: u = arg max w 2 W jF w \ [

T
v 2 R F v ]j

13: R = R [ f ug
14: end if
15: until W = ;
16: U = U � R
17: D = D [ f R g
18: end while

Fig. 3. Algorithm A.x

Input: world hG = (V; E ) ; F ; fF v gv 2 V i
Output: decompositionD
1: U = f v 2 V : jF v j � kg; D = ;
2: while U 6= ; do
3: R = U; L = ;
4: for i = 1 to k do
5: f = arg max � 2 ( F � L ) jf v 2 R : � 2 F v gj
6: R = f v 2 R : f 2 F v g
7: L = L [ f f g
8: end for
9: R = f v 2 V : L � F v g
10: U = U � R
11: D = D [ f R g
12: Purge D (Seetext)
13: end while

Fig. 4. Algorithm B.x

Input: world hG = (V; E ) ; F ; fF v gv 2 V i
Output: decompositionD
1: U = f v 2 V : jF v j � kg; D = ;
2: r = max f � 2 N : jf u 2 U : j

T
w 2 N � ( u ) \ U F w j � kgj � j U j

2 g
3: for all v 2 V do
4: R = N r (v) \ U
5: F =

T
u 2R F u

6: if jRj
j N r ( v ) j � � and jF j � k then

7: R = U; L = ;
8: for i = 1 to k do
9: f = arg max � 2 ( F � L ) jf v 2 R : � 2 F v gj
10: R = f v 2 R : f 2 F v g
11: L = L [ f f g
12: end for
13: R = f v 2 V : L � F v g
14: U = U � R
15: D = D [ f R g
16: end if
17: end for

Fig. 5. Algorithm C

on the polygons(both externaland internal).Eachfeature
is de�ned by two parameters,an angle and a range of
visibility, determiningthespanof theareaon the�oor from
which the feature is visible. An example of a randomly
generatedworld and the visibility area of some of its
featuresis illustratedin Figure6.

Independenttests of the algorithms on synthetic data
wereperformedfor four differentworld settings.The set-
tings combineddifferent featurevisibility propertieswith
different shapecomplexities for the world and obstacle
boundaries.Two typesof featureswereused,having visi-
bility ranges:N (0:65; 0:2) to N (12:5; 1)m with anangular



Fig. 6. A randomly generatedworld. The greenpolygon de�nes the
perimeterof the world. The blue polygons in the interior de�ne the
boundariesof obstacles.The small red circles on the polygonsare the
features.As an illustration, the visibility areasof selectedfeaturesare
shown ascolouredregions.
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Experiment Settings

Fig. 7. Results for Experimentson Synthetic Data. The x-axes of
the charts representthe four world settingsused in the experiments.
(Rectangularworlds were used in settings1 and 2, while irregularly
shapedworlds in settings3 and4. Type 1 featureswereusedin settings
1 and3, andType 2 featuresin settings2 and4.) The y-axescorrespond
to the averagevalueof 300 experimentsfor the total numberof regions,
averagenumberof posesper region, andtotal numberof usedfeaturesin
eachdecomposition.Fromleft to right, thebarsat eachsettingcorrespond
to Algorithms A.1, A.2, A.3, B.1, B.2, andC.

rangeN (25; 3) degreesfor Type 1, and N (0:65; 0:2) to
N (17:5; 2)m with an angularrangeN (45; 4) degreesfor
Type2 (whereN (�; � ) is normallydistributedwith mean�
andvariance� 2). Two classesof shapesweretestedfor the
world andobstacles:irregularandrectangular. For thecase
of irregularworlds,thenumberof sidesof its perimeterwas
generatedfrom the mixture distribution fU (4; 4) with p =
0:1; N (5; 0:5) with p = 0:45; N (7; 2) with p = 0:45]g,
andthenumberof obstaclesfrom thedistribution fU (5; 9)
with p = 0:5; N (8; 2) with p = 0:5g. The number of
obstaclesin eachrectangularworld wasgeneratedfrom the
mixture distribution fU (6; 9) with p = 0:5; N (10; 2) with
p = 0:5g. The generatedworlds had an averagediameter

of 40m, and featurevisibility was sampledin posespace
at pointsspacedat 50cmintervals.

The parametersusedin the experimentswere overlap-
ping � = 1, andfeaturescommonlyvisible per region k =
4. (Basri and Rivlin [6] showed that reliable localization
can be accomplishedusing their linear combination of
modelviews methodwith asfew asthreepoint correspon-
dencesbetweenthe current image and two storedmodel
views.) The allowed maximumareaof a hole was set to
� = 9 poses,i.e., on average,a hole has a diameterof
at most1:5m. The parameter� of algorithmC wasset to
0.85.

Figure 7 shows the resultsof the experimentson syn-
thetic data. The performanceof each algorithm in the
four settingsdescribedabove is comparedin termsof the
numberof regions in the decomposition,the averagearea
of a region in a decomposition,and the size of the set
formed by the union of the k featurescommonlyvisible
from eachregion in a decomposition.Each value in the
�gure is the averagecomputedover a setof 300 randomly
generatedworlds. The decompositionof eachworld took
only a few secondsfor eachalgorithm.

Unsurprisingly, the averagesize of a region is strongly
dependenton the stability of its de�ning featuresin pose
space.Also asexpected,thetotalnumberof regionsin each
decompositionincreasesasthe averagesizeof the regions
decreases.Tables I and II show the number of regions
andthe averagenumberof posesin a region, respectively,
achieved by each algorithm and setting, averagedover
all the randomlygeneratedworlds. In the caseof worlds
with widely visible features(settings2 and 4), the best
results, in terms of minimum number of regions in the
decomposition,are achieved by Algorithm B.2, closely
followed by algorithmsB.1 and C. For the worlds with
less visible features(settings 1 and 3), Algorithm B.2
outperformedthe rest.

TABLE I

AVERAGE NUMBER OF REGIONS IN A DECOMPOSITION

Setting A.1 A.2 A.3 B.1 B.2 C
1 173.81 156.96 154.97 127.76 112.63 140.10
2 59.30 56.45 54.72 44.74 42.10 44.17
3 112.40 100.46 98.97 82.11 73.08 82.29
4 44.71 40.00 39.11 31.99 30.02 31.11

TABLE II

AVERAGE NUMBER OF POSES PER REGION

Setting A.1 A.2 A.3 B.1 B.2 C
1 70.76 76.49 75.74 80.60 80.99 71.85
2 253.88 276.37 272.83 281.63 279.81 251.86
3 69.04 74.60 73.95 78.63 79.29 71.61
4 215.15 237.68 234.67 244.44 241.26 218.56

When applied to rectangularworlds, the algorithms
produceddecompositionswith signi�cantly more regions
(between 40% and 55% for the top algorithms) than
whenappliedto the irregularly shapedworlds. Oneof the
reasonsfor this is the fact that considerablymorefeatures



(a) (b) (c) (d)

Fig. 8. (a)-(d) The 4 regionsof the decompositionof real visibility data
collectedin a 2m by 2m space,sampledat 20 cm intervals.

are visible, on average,at eachpose in irregular worlds
(settings3 and 4) than in rectangularworlds (settings1
and 2), as can be seenin Table III. This is likely due to
the fact that the rangeof visibility of eachfeaturespans
a symmetric�eld of view from a direction more or less
perpendicularto the side(of the world or obstacle)where
thefeatureis located.With this in mind,for severalfeatures
to bevisible in a pose,they have to belocatedon sidesthat
areperpendicularlyfacingthepose(i.e., sidessuchthatthe
poselocationpoint perpendicularlyprojectsinsidethe line
segmentde�ning them).In the caseof rectangularworlds,
this restrictsthe featuresvisible in the poseto morelikely
come from at most four sides.In irregular worlds, there
are likely more than just four sidesfacingeachpose,and
hencea larger numberof featuresis visible from it.

TABLE III

AVERAGE NUMBER OF FEATURES VISIBLE FROM A POSE

Setting Average Number of Features
1 30
2 95
3 41
4 117

We took Algorithm B.2, the algorithmthat achieved the
best resultson syntheticdata,and as a further evaluation
we applied it to real feature visibility data collected in
a 2m by 2m spacesampledat 20 cm intervals, with a
total of 46 visible features.6 All imageswere taken with
the camerain a �x ed orientation(looking forward), and
featureswere extracted using the Kanada-Lucas-Tomasi
(KLT) operator[11]. The parametersusedin the decom-
position were k = 4, � = 0, � = 3 The four regions
of the decompositionscan be seenin �gure 8. The larger
grayareapresentin eachoneof the imagesof the regions,
correspondsto thesetof k-coverableposes.As canbeseen
from the�gure, theunionof thefour regionscoversalmost
completelythe k-coverableareaof the world.

In our simulations,we obtainedfairly big regions, as
seenin TableII. Eachposecorrespondsto a sampledarea
of 0.25m2 (50cm by 50cm), so the averagesachieved by
the bestalgorithmcorrespondto region areasof 20m2 for
featuresof Type1, and65m2 for featuresof Type2. These
resultswereachieved with only a few featuresvisible per

6Weusedasmallworld andfeatureswith reducedvisibility sothatsuch
a world canbe interestinglydivided into several regionsto exemplify our
method.For generalapplicationsin large environmentsan alternateclass
of featureswith visibility larger than this shouldbe chosen.

pose,asshown in Table III, wherethe averagenumberof
featuresvisible per posewas on the order of a hundred.
In real imagedata,however, the numberof stablefeatures
visibleperposeis on theorderof severalhundred,andeach
featurehasa visibility rangecloseto that of our simulated
featuresof Type 1 (see[1], for example).These�ndings
lead us to predict that this techniquewill successfully
�nd decompositionsuseful for robot navigation in real
environments.

VI I I . CONCLUSIONS

We have presenteda novel graphtheoreticformulation
of the problemof automaticallyextracting an optimal set
of landmarksfrom an environment for visual navigation.
Its intractablecomplexity (which we prove) motivatesthe
needfor approximationalgorithms,andwepresentsix such
algorithms.To systematicallyevaluatethem, we �rst test
them on a simulator, wherewe can vary the shapeof the
world, the numberandshapeof obstacles,the distribution
of the features,andthe visibility of the features.The most
promising algorithm was then testedon real-world data
with encouragingresults.
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