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Vect ors, Matr ices
Scalar (1 by 1):

Column Vect or (m b y 1):

Row Vect or (1 by n):

Matr ix (m b y n):

Matr ix tr anspose (n by m):

A matr ix is symmetr ic i f A = AT
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Addit ion and Scalar Mu lt iplicat ion
Vect or Addit ion: 

Scalar Mu lt iplicat ion:

These are associat ive and commutat ive:

Applying them t o a set of v ect ors is called a linear c ombinat ion:
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Inner Product
The inner p roduct  between vect ors of the sam e length is :

The inner p roduct is a s calar:

It is c ommutat ive and distr ibut ive across addit ion:

In g eneral i t is n ot a ssociat ive (result is n ot a s calar):

Inner p roduct of n on-zero vect ors can be zero:
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Matr ix Mu lt iplicat ion
We can Ôpost-mulitpl yÕ a matr ix b y a c olumn vect or:

We can Ôpre-mult iplyÕ a matr ix b y a r ow vect or:

In g eneral, we can mult iply matr ices A and B when the n umber 

of c olumns in A mat ches the n umber of r ows in B: 
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Matr ix Mu lt iplicat ion
Matr ix mult iplicat ion is associat ive and distr ibut ive across (+):

In g eneral i t is n ot c ommutat ive:

Transposing product r everses the o rder ( th ink about dim ensions):

Matr ix-vect or mult iplicat ion always yields a v ect or:

Matr ix p owers donÕt c hange the o rder:
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#

$

A(B C) = (AB )C

A(B + C) = AB + AC

AB != B A

(AB )T = B T AT

xT Ay = xT (Ay) = ! = (Ay)T x = yT AT x

(AB )2 = AB AB

2
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I dent ity Ma tr ix
The ident ity ma tr ix has 1Õs on the di agonal an d 0Õs othe rwise:

Mult iplicat ion by the i dent ity ma tr ix of the a ppropr iate size 

yields the o r iginal matr ix:

Columns of the i dent ity ma tr ix a re called elementary vect ors:

aT (bT c) != (aT b)T c

aT X b = bT X T a

aT b = 0

Ax =




a11 a12 a13

a21 a22 a23

a31 a32 a33








x1

x2

x3



 =




aT

1 x1

aT
2 x2

aT
3 x3





xT A =
[

x1 x2 x3
]



a11 a12 a13

a21 a22 a23

a31 a32 a33



 =




xT a1

xT a2

xT a3





AB =




a11 a12 a13

a21 a22 a23

a31 a32 a33








b11 b12 b13

b21 b22 b23

b31 b32 b33



 =




aT

1 b1 aT
1 b2 aT

1 b3

aT
2 b1 aT

2 b2 aT
2 b3

aT
3 b1 aT

3 b2 aT
3 b3





A(B C) = (AB )C

A(B + C) = AB + AC

AB != B A

(AB )T = B T AT

xT Ay = xT (Ay) = ! = (Ay)T x = yT AT x

(AB )2 = AB AB

I 3 =




1 0 0
0 1 0
0 0 1





I m A = A = AI n = A

eT
3 =

[
0 0 1 0

]

2

aT (bT c) != (aT b)T c

aT X b = bT X T a

aT b = 0

Ax =

!

"
a11 a12 a13

a21 a22 a23

a31 a32 a33

#

$

!

"
x1

x2

x3

#

$ =

!

"
aT
1 x1

aT
2 x2

aT
3 x3

#

$

xT A =
%

x1 x2 x3

&
!

"
a11 a12 a13

a21 a22 a23

a31 a32 a33

#

$ =

!

"
xT a1

xT a2

xT a3

#

$

AB =

!

"
a11 a12 a13

a21 a22 a23

a31 a32 a33

#

$

!

"
b11 b12 b13

b21 b22 b23

b31 b32 b33

#

$ =

!

"
aT
1 b1 aT

1 b2 aT
1 b3

aT
2 b1 aT

2 b2 aT
2 b3

aT
3 b1 aT

3 b2 aT
3 b3

#

$

A(B C) = (AB )C

A(B + C) = AB + AC

AB != B A

(AB )T = B T AT

xT Ay = xT (Ay) = ! = (Ay)T x = yT AT x

(AB )2 = AB AB

I 3 =

!

"
1 0 0
0 1 0
0 0 1

#

$

I m A = A = AI n = A

eT
3 =

%
0 0 1 0

&

2

aT (bT c) != (aT b)T c

aT X b = bT X T a

aT b = 0

Ax =

!

"
a11 a12 a13

a21 a22 a23

a31 a32 a33

#

$

!

"
x1

x2

x3

#

$ =

!

"
aT

1 x1

aT
2 x2

aT
3 x3

#

$

xT A =
%

x1 x2 x3
&

!

"
a11 a12 a13

a21 a22 a23

a31 a32 a33

#

$ =
%

xT a1 xT a2 xT a3
&

AB =

!

"
a11 a12 a13

a21 a22 a23

a31 a32 a33

#

$

!

"
b11 b12 b13

b21 b22 b23

b31 b32 b33

#

$ =

!

"
aT

1 b1 aT
1 b2 aT

1 b3

aT
2 b1 aT

2 b2 aT
2 b3

aT
3 b1 aT

3 b2 aT
3 b3

#

$

A(B C) = (AB )C

A(B + C) = AB + AC

AB != B A

(AB )T = B T AT

xT Ay = xT (Ay) = ! = (Ay)T x = yT AT x

(AB )2 = AB AB

I 3 =

!

"
1 0 0
0 1 0
0 0 1

#

$

I m A = A = AI n = A

e3 =

!

'
'
"

0
0
1
0

#

(
(
$

B A = I

A! 1A = I = AA ! 1

(A! 1)T = (AT )! 1

2



Tr iangular/ Tr idiagonal
A diagonal matr ix ha s the f or m:

An upper tr iangular matr ix ha s the f or m:

ÔTr iangular ity Õ is c losed under mult iplicat ion

A tr idiagonal matr ix ha s the f or m:

ÔTr idiagonality Õ is l ost u nder mult iplicat ion

(! A)! 1 = ! ! 1A! 1

(AB )! 1 = B ! 1A! 1

tr (A) =
n!

i =1

aii

! tr (A + B ) = ! tr (A) + ! tr (B )

tr (AB ) = tr (B A)

tr (AB C) = tr (CAB ) = tr (B CA)

D =

"

#
d1 0 0
0 d2 0
0 0 d3

$

%

D ! 1 =

"

#
1/d 1 0 0

0 1/d 2 0
0 0 1/d 3

$

%

T =

"

&
&
#

t11 t12 0 0
t21 t22 t23 0
0 t32 t33 t34

0 0 t43 t44

$

'
'
%

U =

"

#
u11 u12 u13

0 u22 u23

0 0 u33

$

%

uvT =

"

#
u1v1 u1v2 u1v3

u2v1 u2v2 u2v3

u3v1 u3v2 u3v3

$

%

E = I + " uvT

(I + " uvT )! 1 = I + #uvT , # = ! " / (1 + " uT v), uT v "= 1

qT
i qj = 0, i "= j

qT
i qi = 1

QT Q = I = QQT

c =
(

b1 b2 b3
)

"

#
" 1

" 2

" 3

$

%

3

(! A)−1 = ! −1A−1

(AB)−1 = B−1A−1

tr(A) =
n!

i =1

aii

! tr(A + B) = ! tr(A) + ! tr(B)

tr(AB) = tr(BA)

tr(ABC) = tr(CAB) = tr(BCA)

D =

"

#
d1 0 0
0 d2 0
0 0 d3

$

%

D−1 =

"

#
1/d1 0 0

0 1/d2 0
0 0 1/d3

$

%

T =

"

&
&
#

t11 t12 0 0
t21 t22 t23 0
0 t32 t33 t34

0 0 t43 t44

$

'
'
%

U =

"

#
u11 u12 u13

0 u22 u23

0 0 u33

$

%

uvT =

"

#
u1v1 u1v2 u1v3

u2v1 u2v2 u2v3

u3v1 u3v2 u3v3

$

%

E = I + " uvT

(I + " uvT )−1 = I + #uvT , # = ! " /(1 + " uT v), uT v "= 1

qT
i qj = 0, i "= j

qT
i qi = 1

QT Q = I = QQT

c =
(

b1 b2 b3
)

"

#
" 1

" 2

" 3

$

%

3

(! A)−1 = ! −1A−1

(AB )−1 = B−1A−1

tr (A) =
n!

i =1

aii

! tr (A + B ) = ! tr (A) + ! tr (B )

tr (AB ) = tr (B A)

tr (AB C) = tr (CAB ) = tr (B CA)

D =

"

#
d1 0 0
0 d2 0
0 0 d3

$

%

D−1 =

"

#
1/d 1 0 0

0 1/d 2 0
0 0 1/d 3

$

%

T =

"

&
&
#

t11 t12 0 0
t21 t22 t23 0
0 t32 t33 t34

0 0 t43 t44

$

'
'
%

U =

"

#
u11 u12 u13

0 u22 u23

0 0 u33

$

%

uvT =

"

#
u1v1 u1v2 u1v3

u2v1 u2v2 u2v3

u3v1 u3v2 u3v3

$

%

E = I + " uvT

(I + " uvT )−1 = I + #uvT , # = ! " / (1 + " uT v), uT v "= 1

qT
i qj = 0, i "= j

qT
i qi = 1

QT Q = I = QQT

c =
(

b1 b2 b3
)

"

#
" 1

" 2

" 3

$

%

3

yT x = zT Ax = zT (Ax) = zT 0 = 0

A+ = V ! UT , ! = diag(! ), ! i =

!
1/" i if " i != 0
0 if " i = 0

D = diag(d)
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Rank-1, Elementary Matr ix

The inner p roduct be tween vect ors is a scalar, the 
outer p roduct  between vect ors is a rank-1 matr ix:

The ident ity pl us a r ank-1 matr ix is a c alled an 
elementary matr ix:

These are ÔsimpleÕ modiÞcat ions of the i dent ity ma tr ix

(AB )! 1 = B ! 1A! 1

tr (A) =
n!

i=1

aii

! tr (A + B ) = ! tr (A) + ! tr (B )

tr (AB ) = tr (B A)

tr (AB C) = tr (CAB ) = tr (B CA)

uvT =

"

#
u1v1 u1v2 u1v3

u2v1 u2v2 u2v3

u3v1 u3v2 u3v3

$

%

3

(AB)! 1 = B! 1A! 1

tr(A) =
n!

i =1

aii

! tr(A + B) = ! tr(A) + ! tr(B)

tr(AB) = tr(BA)

tr(ABC) = tr(CAB) = tr(BCA)

D =

"

#
d1 0 0
0 d2 0
0 0 d3

$

%

D! 1 =

"

#
1/d1 0 0

0 1/d2 0
0 0 1/d3

$

%

U =

"

#
u11 u12 u13

0 u22 u23

0 0 u33

$

%

uvT =

"

#
u1v1 u1v2 u1v3

u2v1 u2v2 u2v3

u3v1 u3v2 u3v3

$

%

E = I + " uvT

3



Orthogonal Matr ices
A set of v ect ors is or thogonal i f:

A set of o r thogonal v ect ors is or thonor mal i f:

A matr ix w ith o r thonor mal c olumns is called or thogonal

Square or thogonal matr ices have a very usefu l p roperty :

(AB )! 1 = B ! 1A! 1

tr (A) =
n∑

i =1

aii

! tr (A + B ) = ! tr (A) + ! tr (B )

tr (AB ) = tr (B A)

tr (AB C) = tr (CAB ) = tr (B CA)

D =




d1 0 0
0 d2 0
0 0 d3





D ! 1 =




1/d 1 0 0

0 1/d 2 0
0 0 1/d 3





T =





t11 t12 0 0
t21 t22 t23 0
0 t32 t33 t34

0 0 t43 t44





U =




u11 u12 u13

0 u22 u23

0 0 u33





uvT =




u1v1 u1v2 u1v3

u2v1 u2v2 u2v3

u3v1 u3v2 u3v3





E = I + " uvT

(I + " uvT )! 1 = I + #uvT , # = ! " / (1 + " uvT )

qT
i qj = 0, i "= j

qT
i qj = 1

QT Q = I = QQT

3

(AB )! 1 = B ! 1A! 1

tr (A) =
n!

i =1

aii

! tr (A + B ) = ! tr (A) + ! tr (B )

tr (AB ) = tr (B A)

tr (AB C) = tr (CAB ) = tr (B CA)

D =

"

#
d1 0 0
0 d2 0
0 0 d3

$

%

D ! 1 =

"

#
1/d 1 0 0

0 1/d 2 0
0 0 1/d 3

$

%

T =

"

&
&
#

t11 t12 0 0
t21 t22 t23 0
0 t32 t33 t34

0 0 t43 t44

$

'
'
%

U =

"

#
u11 u12 u13

0 u22 u23

0 0 u33

$

%

uvT =

"

#
u1v1 u1v2 u1v3

u2v1 u2v2 u2v3

u3v1 u3v2 u3v3

$

%

E = I + " uvT

(I + " uvT )! 1 = I + #uvT , # = ! " / (1 + " uvT )

qT
i qj = 0, i "= j

qT
i qi = 1

QT Q = I = QQT

3

(AB )! 1 = B ! 1A! 1

tr (A) =
n!

i=1

aii

! tr (A + B ) = ! tr (A) + ! tr (B )

tr (AB ) = tr (B A)

tr (AB C) = tr (CAB ) = tr (B CA)

D =

"

#
d1 0 0
0 d2 0
0 0 d3

$

%

D ! 1 =

"

#
1/d 1 0 0

0 1/d 2 0
0 0 1/d 3

$

%

T =

"

&
&
#

t11 t12 0 0
t21 t22 t23 0
0 t32 t33 t34

0 0 t43 t44

$

'
'
%

U =

"

#
u11 u12 u13

0 u22 u23

0 0 u33

$

%

uvT =

"

#
u1v1 u1v2 u1v3

u2v1 u2v2 u2v3

u3v1 u3v2 u3v3

$

%

E = I + " uvT

(I + " uvT )! 1 = I + #uvT , # = ! " / (1 + " uvT )

qT
i qj = 0, i "= j

qT
i qi = 1

QT Q = I = QQT

3
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Linear Combinat ions
Given k vect ors, a l inear c ombinat ion of the v ect ors is:

If a ll a lphai=0, the l inear c ombinat ion is tr ivial

This can be r e-wr it t en as a matr ix-vect or p roduct:

Conversely, any matr ix-vect or p roduct is a l inear 
combinat ion of the c olumns

LinearAlgebra

Mark Schmidt

September 9, 2009

test

!

a =

!

"
a1

a2

a3

#

$

aT =
%

a1 a2 a3

&

AT =
'

a11 a12 a13

a21 a22 a23

(

A =

!

"
a11 a21

a12 a22

a13 a23

#

$

(AT )ij = (A)ij

! b = !
'

b1

b2

(
=

'
! b1

! b2

(

a + b =
'

a1

a2

(
+

'
b1

b2

(
=

'
a1 + b1

a2 + b2

(

A + (B + C) = (A + B ) + C

A + B = B + A

c = ! 1b1 + ! 2b2 + . . . ! n bn

aT b =
n)

i =1

ai bi = a1b1 + a2b2 + ááá+ an bn = "

aT b = bT a

aT (b+ c) = aT b+ aT c

(aT b)! 1 = 1/ (aT b)

1

(AB )! 1 = B ! 1A! 1

tr (A) =
n!

i=1

aii

! tr (A + B ) = ! tr (A) + ! tr (B )

tr (AB ) = tr (B A)

tr (AB C) = tr (CAB ) = tr (B CA)

D =

"

#
d1 0 0
0 d2 0
0 0 d3

$

%

D ! 1 =

"

#
1/d 1 0 0

0 1/d 2 0
0 0 1/d 3

$

%

T =

"

&
&
#

t11 t12 0 0
t21 t22 t23 0
0 t32 t33 t34

0 0 t43 t44

$

'
'
%

U =

"

#
u11 u12 u13

0 u22 u23

0 0 u33

$

%

uvT =

"

#
u1v1 u1v2 u1v3

u2v1 u2v2 u2v3

u3v1 u3v2 u3v3

$

%

E = I + " uvT

(I + " uvT )! 1 = I + #uvT , # = ! " / (1 + " uT v), uT v "= 1

qT
i qj = 0, i "= j

qT
i qi = 1

QT Q = I = QQT

c =
(

b1 b2 b3
)

"

#
" 1

" 2

" 3

$

%

3

ei =

!

"
"
"
"
"
"
"
"
#

0
0
0

ááá
1

ááá
0

$

%
%
%
%
%
%
%
%
&

I =

!

#
1 0 0
0 1 0
0 0 1

$

& , I A = AI = A

A =

!

#
a1,1 a1,2

a2,1 a2,2

a3,1 a3,2

$

& , AT =
'

a1,1 a2,1 a3,1

a1,2 a2,2 a3,2

(
, (AB )T = B T AT

A = AT

A! 1A = AA ! 1 = I , (AB )! 1 = B ! 1A! 1

2 El imi nat ion

(Ax = b)

'
2 ! 1
1 1

( '
x
y

(
=

'
1
5

(

2x ! y = 1

x + y = 5

x
'

2
1

(
+ y

'
! 1
1

(
=

'
1
5

(

3 Vect or Spaces
!

#
1 0
5 4
2 4

$

&
'

u
v

(
=

!

#
b1

b2

b3

$

&

!

#
1 0
5 4
2 4

$

&
'

u
v

(
=

2

ei =

!

"
"
"
"
"
"
"
"
#

0
0
0

· · ·
1

· · ·
0

$

%
%
%
%
%
%
%
%
&

I =

!

#
1 0 0
0 1 0
0 0 1

$

& , I A = AI = A

A =

!

#
a1,1 a1,2

a2,1 a2,2

a3,1 a3,2

$

& , AT =
'

a1,1 a2,1 a3,1

a1,2 a2,2 a3,2

(
, (AB )T = B T AT

A = AT

A! 1A = AA ! 1 = I , (AB )! 1 = B ! 1A! 1

2 El imi nat ion

(Ax = b)

'
2 ! 1
1 1

( '
x
y

(
=

'
1
5

(

2x ! y = 1

x + y = 5

x
'

2
1

(
+ y

'
! 1
1

(
=

'
1
5

(

3 Vect or Spaces
!

#
1 0
5 4
2 4

$

&
'

u
v

(
=

!

#
b1

b2

b3

$

&

u

!

#
1
5
2

$

& + v

!

#
0
4
4

$

& =

!

#
b1

b2

b3

$

&

2



Linear Dependence
A vect or is linear ly dependent  on a set of v ect ors if i t 
can be wr it t en as a l inear c ombinat ion of them:

We say tha t c is Ôlinear ly dependentÕ on {b1, b2,...,b3}, 
and tha t the se t {c ,b1, b2,...,b3} is Ôlinear ly dependentÕ

A set is l inear ly dependent i f f the z ero vect or c an be 
wr it t en as a non-tr ivial c ombinat ion:
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Mark Schmidt
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test

!

a =

!

"
a1

a2

a3

#

$

aT =
%

a1 a2 a3

&

AT =
'

a11 a12 a13

a21 a22 a23

(

A =

!

"
a11 a21

a12 a22

a13 a23

#

$

(AT )ij = (A)ij

! b = !
'

b1

b2

(
=

'
! b1

! b2

(

a + b =
'

a1

a2

(
+

'
b1

b2

(
=

'
a1 + b1

a2 + b2

(

A + (B + C) = (A + B ) + C

A + B = B + A

c = ! 1b1 + ! 2b2 + . . . ! n bn

aT b =
n)

i =1

ai bi = a1b1 + a2b2 + ááá+ an bn = "

aT b = bT a

aT (b+ c) = aT b+ aT c

(aT b)! 1 = 1/ (aT b)

1

(AB)! 1 = B! 1A! 1

tr(A) =
n!

i=1

aii

! tr(A + B) = ! tr(A) + ! tr(B)

tr(AB) = tr(BA)

tr(ABC) = tr(CAB) = tr(BCA)

D =

"

#
d1 0 0
0 d2 0
0 0 d3

$

%

D! 1 =

"

#
1/d1 0 0

0 1/d2 0
0 0 1/d3

$

%

T =

"

&
&
#

t11 t12 0 0
t21 t22 t23 0
0 t32 t33 t34

0 0 t43 t44

$

'
'
%

U =

"

#
u11 u12 u13

0 u22 u23

0 0 u33

$

%

uvT =

"

#
u1v1 u1v2 u1v3

u2v1 u2v2 u2v3

u3v1 u3v2 u3v3

$

%

E = I + " uvT

(I + " uvT )! 1 = I + #uvT , # = ! " /(1 + " uT v), uT v "= 1

qT
i qj = 0, i "= j

qT
i qi = 1

QT Q = I = QQT

c =
(

b1 b2 b3
)

"

#
" 1

" 2

" 3

$

%

#α"=0 , s.t. 0 = " 1b1 + " 2b2 + . . . " nbn $ { b1, b2, . . . , bn} dependent

3



Linear In dependence
If a se t of v ect ors is not l inear ly dependent, we say i t is  
linear ly in dependent

The zero vect or c annot be wr it t en as a non-tr ivial 
combinat ion of in dependent v ect ors:

A matr ix w ith in dependent c olumns has fu ll c olumn rank

In th is case, Ax=0 implies tha t x=0

(AB )! 1 = B ! 1A! 1

tr (A) =
n!
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aii
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%
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$

'
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%
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"
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uvT =

"
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u3v1 u3v2 u3v3
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%
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Linear [ In]Dependence
In dependence in R2:

Dependent In dependent

In dependent Dependent



Vect or Space
A vect or spa ce is a set of obje cts c alled Ôvect orsÕ, with 
closed operat ions Ôaddit ionÕ and Ôscalar mult iplicat ionÕ 
sat isfyin g cer tain axioms:

Examples:

0 = α1b1 + α2b2 + . . . αn bn ⇒ αi = 0 ∀i

1. x + y = y + x
2. x + (y + z) = (x + y) + z
3. exists a Òzero-vectorÓ0 s.t. ∀x , x + 0 = x
4. ∀x , exists an Ôadditiv e inverseÕ− x, s.t. x + (−x) = 0
5. 1x = x
6. (c1c2)x = c1(c2x)
7. c(x + y) = cx + cy
8. (c1 + c2)x = c1x + c2x

4

0 = ! 1b1 + ! 2b2 + . . . ! n bn ! ! i = 0 " i

1. x + y = y + x
2. x + (y + z) = (x + y) + z
3. exists a Òzero-vectorÓ0 s.t. " x , x + 0 = x
4. " x , exists an Ôadditiv e inverseÕ# x, s.t. x + (# x) = 0
5. 1x = x
6. (c1c2)x = c1(c2x)
7. c(x + y) = cx + cy
8. (c1 + c2)x = c1x + c2x

R, R2, Rn , Rmn

4



Subspace
A (non-empty) sub set of a v ect or space tha t is c losed 
under a ddit ion and scalar mult iplicat ion is a subspace

Possible subspaces of R 3:

0 vect or ( smallest sub space and in a ll subspaces)

any l ine or pl ane thr ough or igin

All of R 3

All l inear c ombinat ions of a se t of v ect ors {a1,a2,...,an} 
deÞne a subspace

We say tha t the v ect ors generate or span the 
subspace, or tha t their range is the sub space



Subspace
Subspaces generated in R2:

span({x1,x2}) = line span({x1,x2}) = R2

span({x1,x2}) = R2 span({x1,x2,x3}) = R2



Column-Space
The column-space (or range) of a ma tr ix is the sub space 
spanned by i ts c olumns:

The system Ax=b is solvable if f b is in AÕs column-space

0 = ! 1b1 + ! 2b2 + . . . ! nbn ⇒ ! i = 0 ∀i

1. x + y = y + x
2. x + (y + z) = (x + y) + z
3. exists a Òzero-vectorÓ0 s.t. ∀x, x + 0 = x
4. ∀x, exists an Ôadditiv e inverseÕ− x, s.t. x + (−x) = 0
5. 1x = x
6. (c1c2)x = c1(c2x)
7. c(x + y) = cx + cy
8. (c1 + c2)x = c1x + c2x

R, R2, Rn, Rmn

R(A) = { All b such that Ax = b}

4

columns of matr ix

vect or p erpendicular 
t o both c olumns

(not in c olumn space)

column-space



Column-Space
The column-space (or range) of a ma tr ix is the sub space 
spanned by i ts c olumns:

The system Ax=b is solvable if f b is in AÕs column-space

Any product Ax (and all c olumns of any product AB) 
must be in the c olumn space of A

A non-singular square matr ix w il l ha ve �¾(A) = Rm

We analogously deÞne the row-space:

0 = ! 1b1 + ! 2b2 + . . . ! nbn ⇒ ! i = 0 ∀i

1. x + y = y + x
2. x + (y + z) = (x + y) + z
3. exists a Òzero-vectorÓ0 s.t. ∀x, x + 0 = x
4. ∀x, exists an Ôadditiv e inverseÕ− x, s.t. x + (−x) = 0
5. 1x = x
6. (c1c2)x = c1(c2x)
7. c(x + y) = cx + cy
8. (c1 + c2)x = c1x + c2x

R, R2, Rn, Rmn

R(A) = { All b such that Ax = b}

4
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5. 1x = x
6. (c1c2)x = c1(c2x)
7. c(x + y) = cx + cy
8. (c1 + c2)x = c1x + c2x

R, R2, Rn , Rmn

R(A) = { All b such that Ax = b}

bT
1 c = ! 1bT

1 b1 + ! 2bT
1 b2 + . . . ! n bT

1 bn

= ! bT
1 b1

! 1 = bT
1 c/bT

1 b1

T(x) = Ax = b

T(! x + " y) = ! T(x) + ! T(y)

T(0) = A0 = 0

$x !=0 s.t. T(x) = Ax = 0

N (A) = { All x such that Ax = 0}

R(AT ) = { All b such that xT A = bT }

N (AT ) = { All x such that xT A = 0T }

4



Dimension, Basis
The vect ors tha t span a sub space are not u nique

However, the minimum number of v ect ors needed t o 
span a subspace is unique

This number is c alled the dimension or rank of the 
subspace

A minimal set of v ect ors tha t span a spa ce is called a 
basis f or the spa ce

The vect ors in a b asis must be l inear ly in dependent 
(othe rwise, we could r emove one and st il l span space)



Orthogonal Basis
Any vect or in the sub space can be r epresented 
uniquely as a l inear c ombinat ion of the b asis

If the b asis is or thogonal, Þnding the u nique 
coefÞcients is ea sy:

The Gram-Schmidt p rocedure is a wa y t o constr uct an 
or thonor mal b asis.
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1 c = ! 1bT
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1 c/bT

1 b1
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Basis
Basis in R2:

Not a b asis Orthogonal Basis

Basis Not a b asis



Orthogonal Subspace
Orthogonal subspaces: Two subspaces are or thogonal i f 
every vect or in one subspace is or thogonal t o every vect or  
in the o the r 

In R 3:

{0} is o r thogonal t o everyth ing

Lines can be or thogonal t o {0}, l ines, or pl anes

Planes can be or thogonal t o {0}, l ines (NOT planes)

The set of ALL vect ors or thogonal t o a subspace is a lso a 
subspace, called the or thogonal c omplement

Togethe r, the b asis for a sub space and its o r thogonal 
complement  span Rn

So if k is the dim ension of the o r iginal subspace of R n, then  
the o r thogonal c omplement ha s dimension n-k



Outl ine
Basic Operat ions

Special Matr ices

Vect or Spaces

Transfor mat ions

Eigenvalues

Nor ms

Linear Systems

Matr ix Fact or izat ion



Matr ices as Transfor mat ion

Instead of a c ollect ion of s calars or ( column/row) 
vect ors, a matr ix c an also be viewed as a 
tr ansfor mat ion applied t o vect ors:

The domain of the fu nct ion is Rm

The range of the fu nct ion is a subspace of R n 
(the c olumn-space of A)

If A has fu ll c olumn rank, the r ange is Rn

0 = ! 1b1 + ! 2b2 + . . . ! nbn ! ! i = 0 " i

1. x + y = y + x
2. x + (y + z) = (x + y) + z
3. exists a Òzero-vectorÓ0 s.t. " x, x + 0 = x
4. " x, exists an Ôadditiv e inverseÕ# x, s.t. x + (# x) = 0
5. 1x = x
6. (c1c2)x = c1(c2x)
7. c(x + y) = cx + cy
8. (c1 + c2)x = c1x + c2x

R, R2, Rn, Rmn

R(A) = { All b such that Ax = b}

bT
1 c = ! 1bT

1 b1 + ! 2bT
1 b2 + . . . ! nbT

1 bn

= ! bT
1 b1

! 1 = bT
1 c/bT

1 b1

T(x) = Ax = b

4



x1 =
b1 − u13x3 − u23x2

u33

u33x3 = b3

u22x2 + u23x3 = b2

u11x1 + u12x2 + u13x3 = b1
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!
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2

||w||22
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i
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i
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i

" i
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A3 = Q! QT Q! QT Q! QT = Q!! ! QT = Q! 3QT

AAAAu = " AAAu = " 2AAu = " 3Au = " 4u

Ax = " x
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0 c
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Matr ices as Transfor mat ion
Many tr ansfor mat ion are possible, f or e xample:

The tr ansfor mat ion must be l inear:

Any l inear tr ansfor mat ion has a matr ix r epresentat ion

0 = ! 1b1 + ! 2b2 + . . . ! n bn ! ! i = 0 " i

1. x + y = y + x
2. x + (y + z) = (x + y) + z
3. exists a Òzero-vectorÓ0 s.t. " x , x + 0 = x
4. " x , exists an Ôadditiv e inverseÕ# x, s.t. x + (# x) = 0
5. 1x = x
6. (c1c2)x = c1(c2x)
7. c(x + y) = cx + cy
8. (c1 + c2)x = c1x + c2x

R, R2, Rn , Rmn

R(A) = {All b such that Ax = b}

bT
1 c = ! 1b

T
1 b1 + ! 2b

T
1 b2 + . . . ! n bT

1 bn

= ! bT
1 b1

! 1 = bT
1 c/bT

1 b1

T (x) = Ax = b

T (! x + " y) = ! T (x) + ! T (y)

4

scaling rotat ion reßect ion proje ct ion



Null-Space
A l inear tr ansfor mat ion canÕt mo ve the o r igin:

But i f A has linear ly dependent c olumns, the re are 
non-zero vect ors tha t tr ansfor m t o zero:

A square matr ix w ith th is property is c alled singular

The set of v ect ors tha t tr ansfor m t o zero f or ms a 
subspace called the null-space of the ma tr ix:
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R(A) = { All b such that Ax = b}
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T
1 b1 + ! 2b

T
1 b2 + . . . ! nbT

1 bn

= ! bT
1 b1

! 1 = bT
1 c/bT

1 b1

T (x) = Ax = b

T (! x + " y) = ! T (x) + ! T (y)

T (0) = A0 = 0

4
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Orthogonal Subspaces (again)
The null-space:

Recall the r ow-space:

The r ow-Space is or thogonal t o Null-Space

Let y be in �¾(AT), and x be in N(A):
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N (AT ) = { All x such that xT A = 0T }
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2x1 + x2 + x3 = 5
! 8x2 + ! 2x3 = ! 12

8x2 + 3x3 = 14

2x1 + x2 + x3 = 5
! 8x2 + ! 2x3 = ! 12

x3 = 2

x1 + x2 + x3 = ...
2x1 + 2x2 + 5x3 = ...
4x1 + 6x2 + 8x3 = ...

x1 + x2 + x3 = ...
3x3 = ...

2x2 + 4x3 = ...

x1 + x2 + x3 = ...
2x2 + 4x3 = ...

3x3 = ...

x1 + x2 + x3 = ...
2x1 + 2x2 + 5x3 = ...
4x1 + 4x2 + 8x3 = ...

x1 + x2 + x3 = ...
3x3 = ...
4x3 = ...

EA =

!

"
1 0 0

! 2 1 0
0 0 1

#

$

!

"
2 1 1
4 ! 6 0

! 2 7 2

#

$ =

!

"
2 1 1
0 ! 8 ! 2

! 2 7 2

#

$

U =

!

%
%
%
%
"

" # # # # # # #
0 " # # # # # #
0 0 0 " # # # #
0 0 0 0 0 0 0 "
0 0 0 0 0 0 0 0

#

&
&
&
&
$

E ! 1F ! 1G! 1 =

!

"
1 0 0
2 1 0
0 0 1

#

$

!

"
1 0 0
0 1 0

! 1 0 1

#

$

!

"
1 0 0
0 1 0
0 ! 1 1

#

$ =

!

"
1 0 0
2 1 0

! 1 ! 1 1

#

$

GF EA =

!

"
1 0 0
0 1 0
0 1 1

#

$

!

"
1 0 0
0 1 0
1 0 1

#

$

!

"
1 0 0

! 2 1 0
0 0 1

#

$

!

"
2 1 1
4 ! 6 0

! 2 7 2

#

$ =

!

"
2 1 1
0 ! 8 ! 2
0 0 1

#

$

EE ! 1 =

!

"
1 0 0

! 2 1 0
0 0 1

#

$

!

"
1 0 0
2 1 0
0 0 1

#

$ =

!

"
1 0 0
0 1 0
0 0 1

#

$ = I

PA =
'

0 1
1 0

( '
0 2
3 4

(
=

'
3 4
0 2

(

yT x = zT Ax = zT (Ax ) = zT 0 = 0

7



Fundamental Theorem
Column-space:

Null-space:

Row-space:

The Fundamental Theorem of Linear Algebra descr ibes 
the r elat ionships between the se subspaces:

Row-space is or thogonal c omplement of n ull-space

Full v ersion includes results in volving Ôlef tÕ null-space

0 = ! 1b1 + ! 2b2 + . . . ! n bn ! ! i = 0 " i

1. x + y = y + x
2. x + (y + z) = (x + y) + z
3. exists a Òzero-vectorÓ0 s.t. " x , x + 0 = x
4. " x , exists an Ôadditiv e inverseÕ# x, s.t. x + (# x) = 0
5. 1x = x
6. (c1c2)x = c1(c2x)
7. c(x + y) = cx + cy
8. (c1 + c2)x = c1x + c2x

R, R2, Rn , Rmn

R(A) = { All b such that Ax = b}

bT
1 c = ! 1bT

1 b1 + ! 2bT
1 b2 + . . . ! n bT

1 bn

= ! bT
1 b1

! 1 = bT
1 c/bT

1 b1

T(x) = Ax = b

T(! x + " y) = ! T(x) + ! T(y)

T(0) = A0 = 0

$x !=0 s.t. T(x) = Ax = 0

N (A) = { All x such that Ax = 0}

4

0 = ! 1b1 + ! 2b2 + . . . ! n bn ! ! i = 0 " i

1. x + y = y + x
2. x + (y + z) = (x + y) + z
3. exists a Òzero-vectorÓ0 s.t. " x , x + 0 = x
4. " x , exists an Ôadditiv e inverseÕ# x, s.t. x + (# x) = 0
5. 1x = x
6. (c1c2)x = c1(c2x)
7. c(x + y) = cx + cy
8. (c1 + c2)x = c1x + c2x

R, R2, Rn , Rmn

R(A) = { All b such that Ax = b}

bT
1 c = ! 1bT

1 b1 + ! 2bT
1 b2 + . . . ! n bT

1 bn

= ! bT
1 b1

! 1 = bT
1 c/bT

1 b1

T(x) = Ax = b

T(! x + " y) = ! T(x) + ! T(y)

T(0) = A0 = 0

$x !=0 s.t. T(x) = Ax = 0

N (A) = { All x such that Ax = 0}

4

0 = ! 1b1 + ! 2b2 + . . . ! n bn ! ! i = 0 " i

1. x + y = y + x
2. x + (y + z) = (x + y) + z
3. exists a Òzero-vectorÓ0 s.t. " x , x + 0 = x
4. " x , exists an Ôadditiv e inverseÕ# x, s.t. x + (# x) = 0
5. 1x = x
6. (c1c2)x = c1(c2x)
7. c(x + y) = cx + cy
8. (c1 + c2)x = c1x + c2x

R, R2, Rn , Rmn

R(A) = { All b such that Ax = b}

bT
1 c = ! 1bT

1 b1 + ! 2bT
1 b2 + . . . ! n bT

1 bn

= ! bT
1 b1

! 1 = bT
1 c/bT

1 b1

T(x) = Ax = b

T(! x + " y) = ! T(x) + ! T(y)

T(0) = A0 = 0

$x !=0 s.t. T(x) = Ax = 0

N (A) = { All x such that Ax = 0}

R(AT ) = { All b such that xT A = bT }

N (AT ) = { All x such that xT A = 0T }

4

0 = ! 1b1 + ! 2b2 + . . . ! n bn ! ! i = 0 " i

1. x + y = y + x
2. x + (y + z) = (x + y) + z
3. exists a Òzero-vectorÓ0 s.t. " x , x + 0 = x
4. " x , exists an Ôadditiv e inverseÕ# x, s.t. x + (# x) = 0
5. 1x = x
6. (c1c2)x = c1(c2x)
7. c(x + y) = cx + cy
8. (c1 + c2)x = c1x + c2x

R, R2, Rn , Rmn

R(A) = { All b such that Ax = b}

bT
1 c = ! 1bT

1 b1 + ! 2bT
1 b2 + . . . ! n bT

1 bn

= ! bT
1 b1

! 1 = bT
1 c/bT

1 b1

T(x) = Ax = b

T(! x + " y) = ! T(x) + ! T(y)

T(0) = A0 = 0

$x !=0 s.t. T(x) = Ax = 0

N (A) = { All x such that Ax = 0}

R(AT ) = { All b such that xT A = bT }

N (AT ) = { All x such that xT A = 0T }

r = dim(R(A)) = dim(R(AT ))

n = r + (n # r ) = dim(R(A)) + dim(N (A))

m = r + (m # r ) = dim(R(AT )) + dim(N (AT ))

4

0 = ! 1b1 + ! 2b2 + . . . ! n bn ! ! i = 0 " i

1. x + y = y + x
2. x + (y + z) = (x + y) + z
3. exists a Òzero-vectorÓ0 s.t. " x , x + 0 = x
4. " x , exists an Ôadditiv e inverseÕ# x, s.t. x + (# x) = 0
5. 1x = x
6. (c1c2)x = c1(c2x)
7. c(x + y) = cx + cy
8. (c1 + c2)x = c1x + c2x

R, R2, Rn , Rmn

R(A) = { All b such that Ax = b}

bT
1 c = ! 1bT

1 b1 + ! 2bT
1 b2 + . . . ! n bT

1 bn

= ! bT
1 b1

! 1 = bT
1 c/bT

1 b1

T(x) = Ax = b

T(! x + " y) = ! T(x) + ! T(y)

T(0) = A0 = 0

$x !=0 s.t. T(x) = Ax = 0

N (A) = { All x such that Ax = 0}

R(AT ) = { All b such that xT A = bT }

N (AT ) = { All x such that xT A = 0T }

r = dim(R(A)) = dim(R(AT ))

n = r + (n # r ) = dim(R(A)) + dim(N (A))

m = r + (m # r ) = dim(R(AT )) + dim(N (AT ))

4



Inverses
Can we undo a l inear tr ansfor mat ion fr om Ax t o b?

We can Þnd the in verse if f A is square + non-singular
(othe rwise we eithe r l ose infor mat ion t o the n ull-space 
or c anÕt g et t o all b v ect ors)

In th is case, the u nique inverse matr ix A-1 sat isÞes:

Some usefu l i dent it ies regarding inverses:

aT (bT c) != (aT b)T c

aT X b = bT X T a

aT b = 0

Ax =

!

"
a11 a12 a13

a21 a22 a23

a31 a32 a33

#

$

!

"
x1

x2

x3

#

$ =

!

"
aT

1 x1

aT
2 x2

aT
3 x3

#

$

xT A =
%

x1 x2 x3
&

!

"
a11 a12 a13

a21 a22 a23

a31 a32 a33

#

$ =

!

"
xT a1

xT a2

xT a3

#

$

AB =

!

"
a11 a12 a13

a21 a22 a23

a31 a32 a33

#

$

!

"
b11 b12 b13

b21 b22 b23

b31 b32 b33

#

$ =

!

"
aT

1 b1 aT
1 b2 aT

1 b3

aT
2 b1 aT

2 b2 aT
2 b3

aT
3 b1 aT

3 b2 aT
3 b3

#

$

A(B C) = (AB )C

A(B + C) = AB + AC

AB != B A

(AB )T = B T AT

xT Ay = xT (Ay) = ! = (Ay)T x = yT AT x

(AB )2 = AB AB

I 3 =

!

"
1 0 0
0 1 0
0 0 1

#

$

I m A = A = AI n = A

eT
3 =

%
0 0 1 0

&

B A = I

A! 1A = I = AA ! 1

2

aT (bT c) != (aT b)T c

aT Xb = bT XT a

aT b = 0

Ax =

!

"
a11 a12 a13

a21 a22 a23

a31 a32 a33

#

$

!

"
x1

x2

x3

#

$ =

!

"
aT

1 x1

aT
2 x2

aT
3 x3

#

$

xT A =
%

x1 x2 x3
&

!

"
a11 a12 a13

a21 a22 a23

a31 a32 a33

#

$ =

!

"
xT a1

xT a2

xT a3

#

$

AB =

!

"
a11 a12 a13

a21 a22 a23

a31 a32 a33

#

$

!

"
b11 b12 b13

b21 b22 b23

b31 b32 b33

#

$ =

!

"
aT

1 b1 aT
1 b2 aT

1 b3

aT
2 b1 aT

2 b2 aT
2 b3

aT
3 b1 aT

3 b2 aT
3 b3

#

$

A(BC) = (AB)C

A(B + C) = AB + AC

AB != BA

(AB)T = BT AT

xT Ay = xT (Ay) = ! = (Ay)T x = yT AT x

(AB)2 = ABAB

I3 =

!

"
1 0 0
0 1 0
0 0 1

#

$

Im A = A = AIn = A

eT
3 =

%
0 0 1 0

&

BA = I

A! 1A = I = AA! 1

(A! 1)T = (AT )! 1

(! A)! 1 = ! ! 1A! 1

(AB)! 1 = B! 1A! 1

2

aT (bT c) != (aT b)T c

aT X b = bT X T a

aT b = 0

Ax =

!

"
a11 a12 a13

a21 a22 a23

a31 a32 a33

#

$

!

"
x1

x2

x3

#

$ =

!

"
aT
1 x1

aT
2 x2

aT
3 x3

#

$

xT A =
%

x1 x2 x3

&
!

"
a11 a12 a13

a21 a22 a23

a31 a32 a33

#

$ =

!

"
xT a1

xT a2

xT a3

#

$

AB =

!

"
a11 a12 a13

a21 a22 a23

a31 a32 a33

#

$

!

"
b11 b12 b13

b21 b22 b23

b31 b32 b33

#

$ =

!

"
aT
1 b1 aT

1 b2 aT
1 b3

aT
2 b1 aT

2 b2 aT
2 b3

aT
3 b1 aT

3 b2 aT
3 b3

#

$

A(B C) = (AB )C

A(B + C) = AB + AC

AB != B A

(AB )T = B T AT

xT Ay = xT (Ay) = γ = (Ay)T x = yT AT x

(AB )2 = AB AB

I 3 =

!

"
1 0 0
0 1 0
0 0 1

#

$

I m A = A = AI n = A

eT
3 =

%
0 0 1 0

&

B A = I

A! 1A = I = AA ! 1

(A! 1)T = (AT )! 1

(γA)! 1 = γ! 1A! 1

(AB )! 1 = B ! 1A! 1

2

aT (bT c) != (aT b)T c

aT X b = bT X T a

aT b = 0

Ax =




a11 a12 a13

a21 a22 a23

a31 a32 a33








x1

x2

x3



 =




aT

1 x1

aT
2 x2

aT
3 x3





xT A =
[

x1 x2 x3
]



a11 a12 a13

a21 a22 a23

a31 a32 a33



 =




xT a1

xT a2

xT a3





AB =




a11 a12 a13

a21 a22 a23

a31 a32 a33








b11 b12 b13

b21 b22 b23

b31 b32 b33



 =




aT

1 b1 aT
1 b2 aT

1 b3

aT
2 b1 aT

2 b2 aT
2 b3

aT
3 b1 aT

3 b2 aT
3 b3





A(B C) = (AB )C

A(B + C) = AB + AC

AB != B A

(AB )T = B T AT

xT Ay = xT (Ay) = ! = (Ay)T x = yT AT x

(AB )2 = AB AB

I 3 =




1 0 0
0 1 0
0 0 1





I m A = A = AI n = A

eT
3 =

[
0 0 1 0

]

B A = I

A! 1A = I = AA ! 1

(A! 1)T = (AT )! 1

(! A)! 1 = ! ! 1A! 1

(AB )! 1 = B ! 1A! 1

2

(assuming A-1 and B-1 exist )



Inverses of Special Matr ices
Diagonal matr ices have diagonal in verses:

Tr iangular matr ices have tr iangular in verses:

Tr idiagonal matr ices do not ha ve sparse inverses

Elementary matr ices have elementary inverses (same uvT):

The tr anspose of an o r thogonal matr ix is i ts in verse:

(AB)! 1 = B! 1A! 1

tr(A) =
n!

i =1

aii

γtr(A + B) = γtr(A) + γtr(B)

tr(AB) = tr(BA)

tr(ABC) = tr(CAB) = tr(BCA)

D =

"

#
d1 0 0
0 d2 0
0 0 d3

$

%

uvT =

"

#
u1v1 u1v2 u1v3

u2v1 u2v2 u2v3

u3v1 u3v2 u3v3

$

%

3

(AB )! 1 = B ! 1A! 1

tr (A) =
n!

i =1

aii

γtr (A + B ) = γtr (A) + γtr (B )

tr (AB ) = tr (B A)

tr (AB C) = tr (CAB ) = tr (B CA)

D =

"

#
d1 0 0
0 d2 0
0 0 d3

$

%

D ! 1 =

"

#
1/d 1 0 0

0 1/d 2 0
0 0 1/d 3

$

%

uvT =

"

#
u1v1 u1v2 u1v3

u2v1 u2v2 u2v3

u3v1 u3v2 u3v3

$

%

3

(AB )−1 = B−1A−1

tr (A) =
n!

i =1

aii

! tr (A + B ) = ! tr (A) + ! tr (B )

tr (AB ) = tr (B A)

tr (AB C) = tr (CAB ) = tr (B CA)

D =

"

#
d1 0 0
0 d2 0
0 0 d3

$

%

D−1 =

"

#
1/d 1 0 0

0 1/d 2 0
0 0 1/d 3

$

%

U =

"

#
u11 u12 u13

0 u22 u23

0 0 u33

$

%

uvT =

"

#
u1v1 u1v2 u1v3

u2v1 u2v2 u2v3

u3v1 u3v2 u3v3

$

%

3

(AB )! 1 = B ! 1A! 1

tr (A) =
n!

i=1

aii

! tr (A + B ) = ! tr (A) + ! tr (B )

tr (AB ) = tr (B A)

tr (AB C) = tr (CAB ) = tr (B CA)

D =

"

#
d1 0 0
0 d2 0
0 0 d3

$

%

D ! 1 =

"

#
1/d 1 0 0

0 1/d 2 0
0 0 1/d 3

$

%

T =

"

&
&
#

t11 t12 0 0
t21 t22 t23 0
0 t32 t33 t34

0 0 t43 t44

$

'
'
%

U =

"

#
u11 u12 u13

0 u22 u23

0 0 u33

$

%

uvT =

"

#
u1v1 u1v2 u1v3

u2v1 u2v2 u2v3

u3v1 u3v2 u3v3

$

%

E = I + " uvT

(I + " uvT )! 1 = I + #uvT , # = ! " / (1 + " uvT )

qT
i qj = 0, i "= j

qT
i qi = 1

QT Q = I = QQT

3

(! A)! 1 = ! ! 1A! 1

(AB)! 1 = B! 1A! 1

tr(A) =
n!

i =1

aii

! tr(A + B) = ! tr(A) + ! tr(B)

tr(AB) = tr(BA)

tr(ABC) = tr(CAB) = tr(BCA)

D =

"

#
d1 0 0
0 d2 0
0 0 d3

$

%

D! 1 =

"

#
1/d1 0 0

0 1/d2 0
0 0 1/d3

$

%

T =

"

&
&
#

t11 t12 0 0
t21 t22 t23 0
0 t32 t33 t34

0 0 t43 t44

$

'
'
%

U =

"

#
u11 u12 u13

0 u22 u23

0 0 u33

$

%

uvT =

"

#
u1v1 u1v2 u1v3

u2v1 u2v2 u2v3

u3v1 u3v2 u3v3

$

%

E = I + " uvT

(I + " uvT )! 1 = I + #uvT , # = −" /(1 + " uT v)

qT
i qj = 0, i "= j

qT
i qi = 1

QT Q = I = QQT

c =
(

b1 b2 b3
)

"

#
" 1

" 2

" 3

$

%

3



Outl ine
Basic Operat ions

Special Matr ices
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Matr ix Trace
The tr ace of a squa re matr ix is the su m of i ts di agonals:

It is a l inear tr ansfor mat ion:

You can reverse the o rder in the tr ace of a p roduct:

More generally, it ha s the c yclic property :

(AB )! 1 = B ! 1A! 1

tr (A) =
n!

i =1

aii

! tr (A + B ) = ! tr (A) + ! tr (B )

tr (AB ) = tr (B A)

tr (AB C) = tr (CAB ) = tr (B CA)

3

(AB )! 1 = B ! 1A! 1

tr (A) =
n!

i =1

aii

! tr (A + B ) = ! tr (A) + ! tr (B )

tr (AB ) = tr (B A)

tr (AB C) = tr (CAB ) = tr (B CA)

3

(AB )! 1 = B ! 1A! 1

tr (A) =
n!

i =1

aii

! tr (A + B ) = ! tr (A) + ! tr (B )

tr (AB ) = tr (B A)

tr (AB C) = tr (CAB ) = tr (B CA)

3

(AB )! 1 = B ! 1A! 1

tr (A) =
n!

i =1

aii

! tr (A + B ) = ! tr (A) + ! tr (B )

tr (AB ) = tr (B A)

tr (AB C) = tr (CAB ) = tr (B CA)

3



Matr ix Deter minant
The deter minant  of a squa re matr ix is a s calar n umber a ssociated with i t 
that ha s several special p ropert ies

Its a bsolute value is the v olume of the 
parallelpiped f or med fr om its c olumns

det( A) = 0 i f f A is singular

det( AB) = det( A)det(B), det(I) = 1

det( AT) = det( A), det( A-1) = 1/ det( A)

exchanging r ows changes sign of de t( A)

Diagonal/ tr iangular: deter minant is p roduct( diagonals)

deter minants c an be calculated fr om LU f act or izat ion:

A = PLU = det(P)det(L)det(U) = (+/-) prod(diags(U)) 
(sign depends on even/odd number of r ow excahnges)

columns of
matr ix

parallelpiped

area = 
|deter minant|



Eigenvalues
A scalar l ambda is an eigenvalue (and u is an eigenvect or) 
of A if:

The eigenvect ors are vect ors tha t o nly change in 
magnitu de, not dir ect ion (except sig n)

Mult iplicat ion of eig envect or b y A gives exponent ial 
growth/ decay (or stays in Ôsteady stateÕ i f l ambda = 1):

0 = ! 1b1 + ! 2b2 + . . . ! n bn ! ! i = 0 " i

1. x + y = y + x
2. x + (y + z) = (x + y) + z
3. exists a Òzero-vectorÓ0 s.t. " x , x + 0 = x
4. " x , exists an Ôadditiv e inverseÕ# x, s.t. x + (# x) = 0
5. 1x = x
6. (c1c2)x = c1(c2x)
7. c(x + y) = cx + cy
8. (c1 + c2)x = c1x + c2x

R, R2, Rn , Rmn

R(A) = { All b such that Ax = b}

bT
1 c = ! 1bT

1 b1 + ! 2bT
1 b2 + . . . ! n bT

1 bn

= ! bT
1 b1

! 1 = bT
1 c/bT

1 b1

T(x) = Ax = b

T(! x + " y) = ! T(x) + ! T(y)

T(0) = A0 = 0

$x !=0 s.t. T(x) = Ax = 0

N (A) = { All x such that Ax = 0}

R(AT ) = { All b such that xT A = bT }

N (AT ) = { All x such that xT A = 0T }

r = dim(R(A)) = dim(R(AT ))

n = r + (n # r ) = dim(R(A)) + dim(N (A))

m = r + (m # r ) = dim(R(AT )) + dim(N (AT ))

Au = #u

4

x1 =
b1 ! u13x3 ! u23x2

u33

u33x3 = b3

u22x2 + u23x3 = b2

u11x1 + u12x2 + u13x3 = b1

H = I !
1
β

wwT , β =
1
2

||w||22

A = Q! QT =
n!

i =1

λi qi qT
i

A = U" V T =
n!

i =1

σi ui vT
i

T(x) = b

det(A) =
"

i

λi

|yT x| " ||x||p||y||q (for 1/p + 1/q = 1)

QT AQ = !

A3 = Q! QT Q! QT Q! QT = Q!! ! QT = Q! 3QT

AAAAu = λAAAu = λ2AAu = λ3Au = λ4u

6



Computat ion (small A)
Mult iply by I , move everyth ing t o LHS:

Eigenvect or x is in the n ull-space of ( A- ! I)

Eigenvalues !  make (A- ! I) sin gular  (have a Null-space)

Computat ion (in pr inciple):

Set u p equat ion det( A- ! I) = 0 ( character ist ic poly)

Find the r oots of the p olynomial (eigenvalues)

For each r oot, solve (A- ! I) x = 0 ( eigenvect or)

Problem: In g eneral, no algebraic f or mula f or r oots

Q =
!

cos(! ) ! sin(! )
sin(! ) cos(! )

"

QT Q = I = QQT

||Qx||2 = xT QT Qx = xT x = ||x||2

(Qx)T (Qy) = xT QT Qy = xT y

b= x1q1 + x2q2 + ááá+ xn qn

qT
1 b= x1qT

1 q1 + x2qT
1 q2 + ááá+ xn qT

1 qn

x1 = qT
1 b

q1 = a/ ||a||

b! = b! (qT
1 b)q1, q2 = b!/ ||b||

c! = c ! (qT
1 c)q1 ! (qT

2 c)q2, q3 = c!/ ||c||

AT Ax = AT b, RT QT QRx = RT QT x, Rx = QT x

Ax = b, Q1Q2Q3x = Q1Q2Q3b, A = QT
1 QT

2 QT
3 R

5 Ei genvalues

Ax = " x, (A ! " I )x = 0

A =
!

0 ! 1
1 0

"
, det(A ! " I ) = " 2 + 1, " = i, ! i

S" 1AS = !

=

#

$
$
%

" 1

" 2

" 3

...

&

'
'
(

0, 1, 1, 2, 3, 5, 8, 13, ...

Fk+2 = Fk+1 + Fk

Fk+1 = Fk+1

5



Eigenvalues (Propert ies)
Eigenvect ors are not u nique (scaling)

sum(! i) = tr( A), prod(! i) = det( A), eigs(A-1) = 1/eigs(A)

Real matr ix c an have complex eig envalues (pairs)

Eg:

If tw o matr ices have the sam e eigenvalues, we say 
that the y are similar

For n on-singular W, WAW-1 is similar t o A:

Q =
!

cos(! ) ! sin(! )
sin(! ) cos(! )

"

QT Q = I = QQT

||Qx||2 = xT QT Qx = xT x = ||x||2

(Qx)T (Qy) = xT QT Qy = xT y

b = x1q1 + x2q2 + ááá+ xn qn

qT
1 b = x1qT

1 q1 + x2qT
1 q2 + ááá+ xn qT

1 qn

x1 = qT
1 b

q1 = a/ ||a||

b! = b! (qT
1 b)q1, q2 = b!/ ||b||

c! = c ! (qT
1 c)q1 ! (qT

2 c)q2, q3 = c!/ ||c||

AT Ax = AT b, RT QT QRx = RT QT x, Rx = QT x

Ax = b, Q1Q2Q3x = Q1Q2Q3b, A = QT
1 QT

2 QT
3 R

5 Ei genvalues

Ax = " x

(A ! I " )x = 0

A =
!

0 ! 1
1 0

"
, det(A ! " I ) = " 2 + 1, " = i, ! i

S" 1AS = !

5

0 = ! 1b1 + ! 2b2 + . . . ! n bn ! ! i = 0 " i

1. x + y = y + x
2. x + (y + z) = (x + y) + z
3. exists a Òzero-vectorÓ0 s.t. " x , x + 0 = x
4. " x , exists an Ôadditiv e inverseÕ# x, s.t. x + (# x) = 0
5. 1x = x
6. (c1c2)x = c1(c2x)
7. c(x + y) = cx + cy
8. (c1 + c2)x = c1x + c2x

R, R2, Rn , Rmn

R(A) = {All b such that Ax = b}

bT
1 c = ! 1bT

1 b1 + ! 2bT
1 b2 + . . . ! n bT

1 bn

= ! bT
1 b1

! 1 = bT
1 c/bT

1 b1

T(x) = Ax = b

T(! x + " y) = ! T(x) + ! T(y)

T(0) = A0 = 0

$x !=0 s.t. T(x) = Ax = 0

N (A) = {All x such that Ax = 0}

R(AT ) = {All b such that xT A = bT }

N (AT ) = {All x such that xT A = 0T }

r = dim(R(A)) = dim(R(AT ))

n = r + (n # r ) = dim(R(A)) + dim(N (A))

m = r + (m # r ) = dim(R(AT )) + dim(N (AT ))

Au = #u

AW " 1W x = #x

WAW " 1(W x) = #(W x)

4

0 = ! 1b1 + ! 2b2 + . . . ! n bn ! ! i = 0 " i

1. x + y = y + x
2. x + (y + z) = (x + y) + z
3. exists a Òzero-vectorÓ0 s.t. " x , x + 0 = x
4. " x , exists an Ôadditiv e inverseÕ# x, s.t. x + (# x) = 0
5. 1x = x
6. (c1c2)x = c1(c2x)
7. c(x + y) = cx + cy
8. (c1 + c2)x = c1x + c2x

R, R2, Rn , Rmn

R(A) = {All b such that Ax = b}

bT
1 c = ! 1bT

1 b1 + ! 2bT
1 b2 + . . . ! n bT

1 bn

= ! bT
1 b1

! 1 = bT
1 c/bT

1 b1

T(x) = Ax = b

T(! x + " y) = ! T(x) + ! T(y)

T(0) = A0 = 0

$x !=0 s.t. T(x) = Ax = 0

N (A) = {All x such that Ax = 0}

R(AT ) = {All b such that xT A = bT }

N (AT ) = {All x such that xT A = 0T }

r = dim(R(A)) = dim(R(AT ))

n = r + (n # r ) = dim(R(A)) + dim(N (A))

m = r + (m # r ) = dim(R(AT )) + dim(N (AT ))

Au = #u

AW −1Wx = #x

WAW −1(W x) = #(Wx)

4

x1 =
b1 ! u13x3 ! u23x2

u33

u33x3 = b3

u22x2 + u23x3 = b2

u11x1 + u12x2 + u13x3 = b1

H = I !
1
β

wwT , β =
1
2

||w||22

A = Q! QT =
n!

i =1

λi qi qT
i

A = U" V T =
n!

i =1

σi ui vT
i

T(x) = b

det(A) =
"

i

λi

|yT x| " ||x||p||y||q (for 1/p + 1/q = 1)

QT AQ = !

A3 = Q! QT Q! QT Q! QT = Q!! ! QT = Q! 3QT

AAAAu = λAAAu = λ2AAu = λ3Au = λ4u

Ax = λx

6



Spectr al Theorem
A matr ix w ith n independent eig envalues can be diagonalized by 
a matr ix S c ontaining its eig envect ors 

Spectr al theo rem: for an y symmetr ic matr ix:

the eig envalues are r eal

the eig envect ors can be made or thonor mal ( so S-1=ST)

The maximum eigenvalue sat isÞes:

The minimum eigenvalue sat isÞes:

The spectr al r adius is eig envalue with l argest a bsolute value

0 = ! 1b1 + ! 2b2 + . . . ! n bn ! ! i = 0 " i

1. x + y = y + x
2. x + (y + z) = (x + y) + z
3. exists a Òzero-vectorÓ0 s.t. " x , x + 0 = x
4. " x , exists an Ôadditiv e inverseÕ# x, s.t. x + (# x) = 0
5. 1x = x
6. (c1c2)x = c1(c2x)
7. c(x + y) = cx + cy
8. (c1 + c2)x = c1x + c2x

R, R2, Rn , Rmn

R(A) = { All b such that Ax = b}

bT
1 c = ! 1bT

1 b1 + ! 2bT
1 b2 + . . . ! n bT

1 bn

= ! bT
1 b1

! 1 = bT
1 c/bT

1 b1

T(x) = Ax = b

T(! x + " y) = ! T(x) + ! T(y)

T(0) = A0 = 0

$x !=0 s.t. T(x) = Ax = 0

N (A) = { All x such that Ax = 0}

R(AT ) = { All b such that xT A = bT }

N (AT ) = { All x such that xT A = 0T }

r = dim(R(A)) = dim(R(AT ))

n = r + (n # r ) = dim(R(A)) + dim(N (A))

m = r + (m # r ) = dim(R(AT )) + dim(N (AT ))

Au = #u

AW " 1Wx = #x

WAW " 1(Wx) = #(Wx)

# = max
x !=0

xT Ax
xT x

4

Q =
!

cos(! ) ! sin(! )
sin(! ) cos(! )

"

QT Q = I = QQT

||Qx||2 = xT QT Qx = xT x = ||x||2

(Qx)T (Qy) = xT QT Qy = xT y

b = x1q1 + x2q2 + ááá+ xn qn

qT
1 b = x1qT

1 q1 + x2qT
1 q2 + ááá+ xn qT

1 qn

x1 = qT
1 b

q1 = a/ ||a||

b! = b! (qT
1 b)q1, q2 = b!/ ||b||

c! = c ! (qT
1 c)q1 ! (qT

2 c)q2, q3 = c!/ ||c||

AT Ax = AT b, RT QT QRx = RT QT x, Rx = QT x

Ax = b, Q1Q2Q3x = Q1Q2Q3b, A = QT
1 QT

2 QT
3 R

5 Ei genvalues

Ax = " x

(A ! I " )x = 0

K =
!

0 ! 1
1 0

"
, det(K ! " I ) = " 2 + 1, " =

"
! 1

S" 1AS = !

5

Q =
[

cos(θ) ! sin(θ)
sin(θ) cos(θ)

]

QT Q = I = QQT

||Qx||2 = xT QT Qx = xT x = ||x||2

(Qx)T (Qy) = xT QT Qy = xT y

b = x1q1 + x2q2 + · · · + xn qn

qT
1 b = x1qT

1 q1 + x2qT
1 q2 + · · · + xn qT

1 qn

x1 = qT
1 b

q1 = a/ ||a||

b′ = b! (qT
1 b)q1, q2 = b′/ ||b||

c′ = c ! (qT
1 c)q1 ! (qT

2 c)q2, q3 = c′/ ||c||

AT Ax = AT b, RT QT QRx = RT QT x, Rx = QT x

Ax = b, Q1Q2Q3x = Q1Q2Q3b, A = QT
1 QT

2 QT
3 R

5 Eigenvalues

Ax = λx

(A ! I λ)x = 0

A =
[

0 ! 1
1 0

]
, det(A ! λI ) = λ2 + 1, λ = i, ! i

S−1AS = !

=





λ1

λ2

λ3

...





5

λ = max
x !=0

xT Ax
xT x

λ = min
x !=0

xT Ax
xT x

! x !=0 xT Ax > 0

! x !=0 xT Ax " 0

Ax = b

A(xp + yn ) = Ax p + Ayn = Ax p + 0 = Ax p = b

||x|| " 0 (with equality i! x = 0)
||γx|| = |γ|||x||
||x + y|| # ||x|| + ||y|| (th e tri angle inequalit y)

||x||2 =

!"
"
#

n$

i =1

x2
i

||x||22 = xT x

||x||1 =
$

i

|xi |

||x||∞ = max
i

|xi |

||y $ x||22 = ||y||22 + ||x||22 $ 2||y||2||x||2 cosθ

||y $ x||22 = (y $ x)T (y $ x) = yT y $ yT x $ xT y + yT y = yT y $ 2yT x + xT x

cosθ =
yT x

||x||2||y||2

|yT x| # ||x||2||y||2

||Qx||22 = xT QT Qx = xT x = ||x||22

(Qx)T (Qy) = xT QT Qy = xT y

%

&
u11 u12 u13

0 u22 u23

0 0 u33

'

(

%

&
x1

x2

x3

'

(

%

&
b1

b2

b3

'

(

x1 =
b3

u33

5



DeÞnit eness
A matr ix is c alled posit ive deÞnit e i f a ll eig envalues 
are posit ive 

If th is case:

If the eig envalues are non-negat ive, the ma tr ix is 
called posit ive semi- deÞnit e and:

Similar deÞnit ions hold f or n egat ive [semi-] deÞnit e

If A has posit ive and negat ive eigenvalues it is 
indeÞnit e (xTAx can be posit ive or n egat ive)

0 = ! 1b1 + ! 2b2 + . . . ! n bn ! ! i = 0 " i

1. x + y = y + x
2. x + (y + z) = (x + y) + z
3. exists a Òzero-vectorÓ0 s.t. " x , x + 0 = x
4. " x , exists an Ôadditiv e inverseÕ# x, s.t. x + (# x) = 0
5. 1x = x
6. (c1c2)x = c1(c2x)
7. c(x + y) = cx + cy
8. (c1 + c2)x = c1x + c2x

R, R2, Rn , Rmn

R(A) = { All b such that Ax = b}

bT
1 c = ! 1bT

1 b1 + ! 2bT
1 b2 + . . . ! n bT

1 bn

= ! bT
1 b1

! 1 = bT
1 c/bT

1 b1

T(x) = Ax = b

T(! x + " y) = ! T(x) + ! T(y)

T(0) = A0 = 0

$x !=0 s.t. T(x) = Ax = 0

N (A) = { All x such that Ax = 0}

R(AT ) = { All b such that xT A = bT }

N (AT ) = { All x such that xT A = 0T }

r = dim(R(A)) = dim(R(AT ))

n = r + (n # r ) = dim(R(A)) + dim(N (A))

m = r + (m # r ) = dim(R(AT )) + dim(N (AT ))

Au = #u

AW " 1Wx = #x

WAW " 1(Wx) = #(Wx)

# = max
x !=0

xT Ax
xT x

" x !=0 xT Ax > 0

4
! x !=0 xT Ax > 0

! x !=0 xT Ax " 0

5



Outl ine
Basic Operat ions

Special Matr ices

Vect or Spaces

Transfor mat ions

Eigenvalues

Nor ms

Linear Systems

Matr ix Fact or izat ion



Vect or Nor m
A nor m is a s calar measure of a v ect orÕs length

Nor ms must sa t isfy thr ee propert ies:

The most imp ortant n or m is the Euclidean nor m:

Other important n or ms:

! x !=0 xT Ax > 0

! x !=0 xT Ax " 0

Ax = b

A(xp + yn ) = Ax p + Ayn = Ax p + 0 = Ax p = b

||x|| " 0 (with equality i! x = 0)
||! x|| = |! |||x||
||x + y|| # ||x|| + ||y|| (th e tri angle inequalit y)

5

! x !=0 xT Ax > 0

! x !=0 xT Ax " 0

Ax = b

A(xp + yn ) = Ax p + Ayn = Ax p + 0 = Ax p = b

||x|| " 0 (with equality i! x = 0)
||! x|| = |! |||x||
||x + y|| # ||x|| + ||y|| (th e tri angle inequalit y)

||x||2 =

!"
"
#

n$

i =1

x2
i

5

! x !=0 xT Ax > 0

! x !=0 xT Ax " 0

Ax = b

A(xp + yn ) = Ax p + Ayn = Ax p + 0 = Ax p = b

||x|| " 0 (with equality i! x = 0)
||! x|| = |! |||x||
||x + y|| # ||x|| + ||y|| (th e tri angle inequalit y)

||x||2 =

!"
"
#

n$

i =1

x2
i

||x||1 =
$

i

|xi |

||x||" = max
i

|xi |

5

! x !=0 xT Ax > 0

! x !=0 xT Ax " 0

Ax = b

A(xp + yn ) = Ax p + Ayn = Ax p + 0 = Ax p = b

||x|| " 0 (with equality i! x = 0)
||γx|| = |γ|||x||
||x + y|| # ||x|| + ||y|| (th e tri angle inequalit y)

||x||2 =

!"
"
#

n$

i =1

x2
i

||x||1 =
$

i

|xi |

||x||∞ = max
i

|xi |

5

! x !=0 xT Ax > 0

! x !=0 xT Ax " 0

Ax = b

A(xp + yn ) = Axp + Ayn = Axp + 0 = Axp = b

||x|| " 0 (with equality i! x = 0)
||! x|| = |! |||x||
||x + y|| # ||x|| + ||y|| (th e tri angle inequalit y)

||x||2 =

!"
"
#

n$

i =1

x2
i

||x||22 = xT x

||x||1 =
$

i

|xi |

||x||" = max
i

|xi |

||y $ x||22 = ||y||22 + ||x||22 $ 2||y||2||x||2 cos"

5



Cauchy-Scwartz
Apply l aw of c osines t o tr iangle f or med fr om x an d y:

Use:

To get r elat ionship between l engths an d angles:

Get Cauchy-Schwartz  inequality  because |cos(" )| ! 1:

A generalizat ion is HolderÕs inequality :

! x !=0 xT Ax > 0

! x !=0 xT Ax " 0

Ax = b

A(xp + yn ) = Ax p + Ayn = Ax p + 0 = Ax p = b

||x|| " 0 (with equality i! x = 0)
||γx|| = |γ|||x||
||x + y|| # ||x|| + ||y|| (th e tri angle inequalit y)

||x||2 =

!"
"
#

n$

i =1

x2
i

||x||1 =
$

i

|xi |

||x||" = max
i

|xi |

||y $ x||22 = ||y||22 + ||x||22 $ 2||y||2||x||2 cosθ

5

! x !=0 xT Ax > 0

! x !=0 xT Ax " 0

Ax = b

A(xp + yn ) = Ax p + Ayn = Ax p + 0 = Ax p = b

||x|| " 0 (with equality i! x = 0)
||! x|| = |! |||x||
||x + y|| # ||x|| + ||y|| (th e tri angle inequalit y)

||x||2 =

!"
"
#

n$

i =1

x2
i

||x||22 = xT x

||x||1 =
$

i

|xi |

||x||" = max
i

|xi |

||y $ x||22 = ||y||22 + ||x||22 $ 2||y||2||x||2 cos"

||y $ x||22 = (y $ x)T (y $ x) = yT y $ yT x $ xT y + yT y = yT y $ 2yT x + xT x

cos" =
yT x

||x||2||y||2

|yT x| # ||x||2||y||2

5

! x !=0 xT Ax > 0

! x !=0 xT Ax " 0

Ax = b

A(xp + yn ) = Axp + Ayn = Axp + 0 = Axp = b

||x|| " 0 (with equality iff x = 0)
||! x|| = |! |||x||
||x + y|| # ||x|| + ||y|| (th e tri angle inequalit y)

||x||2 =

!"
"
#

n$

i =1

x2
i

||x||22 = xT x

||x||1 =
$

i

|xi |

||x||" = max
i

|xi |

||y $ x||22 = ||y||22 + ||x||22 $ 2||y||2||x||2 cos"

||y $ x||22 = (y $ x)T (y $ x) = yT y $ yT x $ xT y + yT y = yT y $ 2yT x + xT x

cos" =
yT x

||x||2||y||2

|yT x| # ||x||2||y||2

5

∀x !=0 xT Ax > 0

∀x !=0 xT Ax ≥ 0

Ax = b

A(xp + yn ) = Ax p + Ayn = Ax p + 0 = Ax p = b

||x|| ≥ 0 (with equality i! x = 0)
||! x|| = |! |||x||
||x + y|| ≤ ||x|| + ||y|| (th e tri angle inequalit y)

||x||2 =

!"
"
#

n$

i =1

x2
i

||x||22 = xT x

||x||1 =
$

i

|xi |

||x||" = max
i

|xi |

||y − x||22 = ||y||22 + ||x||22 − 2||y||2||x||2 cos"

||y − x||22 = (y − x)T (y − x) = yT y − yT x − xT y + yT y = yT y − 2yT x + xT x

cos" =
yT x

||x||2||y||2

|yT x| ≤ ||x||2||y||2

5

x1 =
b1 ! u13x3 ! u23x2

u33

u33x3 = b3

u22x2 + u23x3 = b2

u11x1 + u12x2 + u13x3 = b1

H = I !
1
β

wwT , β =
1
2

||w||22

A = U! U =
n!

i =1

λi ui uT
i

A = U" V T =
n!

i =1

σi ui vT
i

T(x) = b

det(A) =
"

i

λi

|yT x| " ||x||p||y||q (for 1/p + 1/q = 1)

6



Orthogonal Transfor mat ions

Geometr ically, an or thogonal tr ansfor mat ion is some 
combinat ion of r otat ions and r eßect ions 

Orthogonal matr ices preser ve lengths an d angles:

! x !=0 xT Ax > 0

! x !=0 xT Ax " 0

Ax = b

A(xp + yn ) = Ax p + Ayn = Ax p + 0 = Ax p = b

||x|| " 0 (with equality iff x = 0)
||! x|| = |! |||x||
||x + y|| # ||x|| + ||y|| (th e tri angle inequalit y)

||x||2 =

√√√√
n∑

i =1

x2
i

||x||22 = xT x

||x||1 =
∑

i

|xi |

||x||" = max
i

|xi |

||y $ x||22 = ||y||22 + ||x||22 $ 2||y||2||x||2 cos"

||y $ x||22 = (y $ x)T (y $ x) = yT y $ yT x $ xT y + yT y = yT y $ 2yT x + xT x

cos" =
yT x

||x||2||y||2

|yT x| # ||x||2||y||2

||Qx||22 = xT QT Qx = xT x = ||x||22

(Qx)T (Qy) = xT QT Qy = xT y

5

! x !=0 xT Ax > 0

! x !=0 xT Ax " 0

Ax = b

A(xp + yn ) = Ax p + Ayn = Ax p + 0 = Ax p = b

||x|| " 0 (with equality i! x = 0)
||! x|| = |! |||x||
||x + y|| # ||x|| + ||y|| (th e tri angle inequalit y)

||x||2 =

!"
"
#

n$

i =1

x2
i

||x||22 = xT x

||x||1 =
$

i

|xi |

||x||" = max
i

|xi |

||y $ x||22 = ||y||22 + ||x||22 $ 2||y||2||x||2 cos"

||y $ x||22 = (y $ x)T (y $ x) = yT y $ yT x $ xT y + yT y = yT y $ 2yT x + xT x

cos" =
yT x

||x||2||y||2

|yT x| # ||x||2||y||2

||Qx||22 = xT QT Qx = xT x = ||x||22

(Qx)T (Qy) = xT QT Qy = xT y

5
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Linear Equat ions
Given A and b, we want t o solve f or x:

This can be g iven several in t erpretat ions:

By rows: x is the in tersect ion of h yper -pl anes:

By columns: x is the l inear c ombinat ion tha t g ives b:

Transfor mat ion: x is the v ect or tr ansfor med t o b:

! x !=0 xT Ax > 0

! x !=0 xT Ax " 0

Ax = b

5

I =

!

"
1 0 0
0 1 0
0 0 1

#

$ , I A = AI = A

A =

!

"
a1,1 a1,2

a2,1 a2,2

a3,1 a3,2

#

$ , AT =
%

a1,1 a2,1 a3,1

a1,2 a2,2 a3,2

&
, (AB )T = B T AT

A = AT

A! 1A = AA ! 1 = I , (AB )! 1 = B ! 1A! 1

2 El im inat ion
%

2 ! 1
1 1

&%
x
y

&
=

%
1
5

&

3 Mo ti vati on

Y =

!

'
'
'
'
'
'
'
'
'
'
'
'
'
'
"

! 1
! 1
! 1
! 1

1
1

! 1
! 1

1
! 1

#

(
(
(
(
(
(
(
(
(
(
(
(
(
(
$

w =

!

'
'
'
'
"

?
?
?
?
?

#

(
(
(
(
$

w =

!

'
'
'
'
"

w1

0
w3

0
w5

#

(
(
(
(
$

2

I =

!

"
1 0 0
0 1 0
0 0 1

#

$ , I A = AI = A

A =

!

"
a1,1 a1,2

a2,1 a2,2

a3,1 a3,2

#

$ , AT =
%

a1,1 a2,1 a3,1

a1,2 a2,2 a3,2

&
, (AB )T = B T AT

A = AT

A! 1A = AA ! 1 = I , (AB )! 1 = B ! 1A! 1

2 El im inat ion
%

2 ! 1
1 1

&%
x
y

&
=

%
1
5

&

2x ! y = 1

x + y = 5

3 Mo ti vati on

Y =

!

'
'
'
'
'
'
'
'
'
'
'
'
'
'
"

! 1
! 1
! 1
! 1

1
1

! 1
! 1

1
! 1

#

(
(
(
(
(
(
(
(
(
(
(
(
(
(
$

w =

!

'
'
'
'
"

?
?
?
?
?

#

(
(
(
(
$

w =

!

'
'
'
'
"

w1

0
w3

0
w5

#

(
(
(
(
$

2

I =

!

"
1 0 0
0 1 0
0 0 1

#

$ , I A = AI = A

A =

!

"
a1,1 a1,2

a2,1 a2,2

a3,1 a3,2

#

$ , AT =
%

a1,1 a2,1 a3,1

a1,2 a2,2 a3,2

&
, (AB )T = B T AT

A = AT

A! 1A = AA ! 1 = I , (AB )! 1 = B ! 1A! 1

2 El im inat ion
%

2 ! 1
1 1

&%
x
y

&
=

%
1
5

&

2x ! y = 1

x + y = 5

x
%

2
1

&
+ y

%
! 1
1

&
=

%
1
5

&

3 Mo ti vati on

Y =

!

'
'
'
'
'
'
'
'
'
'
'
'
'
'
"

! 1
! 1
! 1
! 1

1
1

! 1
! 1

1
! 1

#

(
(
(
(
(
(
(
(
(
(
(
(
(
(
$

w =

!

'
'
'
'
"

?
?
?
?
?

#

(
(
(
(
$

2

u33x3 = b3

u22x2 + u23x3 = b2

u11x1 + u12x2 + u13x3 = b1

H = I !
1
!

wwT , ! =
1
2

||w||22

A = UΛU =
n!

i =1

" i ui uT
i

A = UΣV T =
n!

i =1

#i ui vT
i

T(x) = b

6



By Columns:
Find Linear Combinat ion 
of Columns

By Rows:
Find In tersect ion of 
Hyperplanes

Geometr y of Lin ear Equat ions

Hyperplane 
fr om row 1

Hyperplane 
fr om row 2

Solut ion (x)
Column 1

Column 2

b = 1.7*Column1 
+ 2.2*Column2

(so x = [ 1.7,2.2]T)



Solut ions to Ax=b
The non-singular c ase is easy:

Column-space of A is basis for Rn, so the re is a 
unique x f or e very b (ie . x = A-1b)

In g eneral, when does Ax=b have a solut ion?

When b is in the c olumn-space of A



What c an go wrong?
By Rows: 

Hyperplane 
fr om row 1

Hyperplane 
fr om row 2 Hyperplane 

fr om row 2

Hyperplane 
fr om row 1

No In tersect ion InÞnit e In tersect ion



What c an go wrong?
By Columns: 

columns of matr ix

vect or n ot in c olumn space
(no  solut ion)

column-space vect or in c olumn space
(inÞnit e solut ions)



Solut ions to Ax=b
The non-singular c ase is easy:

Column-space of A is basis for Rn, so the re is a 
unique x f or e very b (ie . x = A-1b)

In g eneral, when does Ax=b have a solut ion?

When b is in the c olumn-space of A

In g eneral, when does Ax=b have a u nique solut ion?

When b is in the c olumn-space of A, and the 
columns of A are l inear ly in dependent

Note: th is can st il l ha ppen if A is not square...



Solut ions to Ax=b

This r ectangular system has a unique solut ion

b is in the c olumn-space of A (x1 = 2, x 2 = 3)

columns of A are independent ( no null-space)

x1 =
b1 ! u13x3 ! u23x2

u33

u33x3 = b3

u22x2 + u23x3 = b2

u11x1 + u12x2 + u13x3 = b1

H = I !
1
!

wwT , ! =
1
2

||w||22

A = Q! QT =
n!

i =1

" i qi q
T
i

A = U " V T =
n!

i =1

#i ui v
T
i

T (x) = b

det(A) =
"

i

" i

|yT x| " ||x||p||y||q (for 1/p + 1/q = 1)

QT AQ = !

A3 = Q! QT Q! QT Q! QT = Q!! ! QT = Q! 3QT

AAAAu = " AAAu = " 2AAu = " 3Au = " 4u

Ax = " x

#
c 0
0 c

$

#
0 ! 1
1 0

$

#
0 1
1 0

$

#
1 0
0 0

$

%

&
1 0
0 1
1 0

'

(
#

x1

x2

$
=

%

&
2
3
2

'

(

6



Character izat ion of Solut ions
If Ax=b has a solut ion, we say i t is consistent

If i t is c onsistent, then we c an Þnd a par t icular 
solut ion in the c olumn-space

But an el ement of the n ull-space added t o the 
par t icular solut ion wil l a lso be a solut ion:

So the g eneral solut ion is:
     x = ( solÕn from col-space) + (anyth ing in null-space)

By fu ndamental theo rem, independent c olumns => 
tr ivial n ull-space (leading t o unique solut ion)

! x !=0 xT Ax > 0

! x !=0 xT Ax " 0

Ax = b

A(xp + yn ) = Ax p + Ayn = Ax p + 0 = Ax p = b

5



Tr iangular Lin ear Systems
Consider a square l inear system with an u pper 
tr iangular matr ix ( non-zero diagonals):

We can solve th is system bot t om t o t op in O(n2)

This is called back-subst itut ion 
(the re is an analogous metho d f or l ower tr iangular)

! x !=0 xT Ax > 0

! x !=0 xT Ax " 0

Ax = b

A(xp + yn ) = Ax p + Ayn = Ax p + 0 = Ax p = b

||x|| " 0 (with equality i! x = 0)
||! x|| = |! |||x||
||x + y|| # ||x|| + ||y|| (th e tri angle inequalit y)

||x||2 =

!"
"
#

n$

i =1

x2
i

||x||22 = xT x

||x||1 =
$

i

|xi |

||x||" = max
i

|xi |

||y $ x||22 = ||y||22 + ||x||22 $ 2||y||2||x||2 cos"

||y $ x||22 = (y $ x)T (y $ x) = yT y $ yT x $ xT y + yT y = yT y $ 2yT x + xT x

cos" =
yT x

||x||2||y||2

|yT x| # ||x||2||y||2

||Qx||22 = xT QT Qx = xT x = ||x||22

(Qx)T (Qy) = xT QT Qy = xT y

%

&
u11 u12 u13

0 u22 u23

0 0 u33

'

(

%

&
x1

x2

x3

'

(

%

&
b1

b2

b3

'

(

x1 =
b1

l11

x2 =
b2 $ l21x1

l22

x3 =
b3 $ l31x1 $ l32x2

l33

5

∀x !=0 xT Ax > 0

∀x !=0 xT Ax ≥ 0

Ax = b

A(xp + yn ) = Ax p + Ayn = Ax p + 0 = Ax p = b

||x|| ≥ 0 (with equality i! x = 0)
||! x|| = |! |||x||
||x + y|| ≤ ||x|| + ||y|| (th e tri angle inequalit y)

||x||2 =

!"
"
#

n$

i =1

x2
i

||x||22 = xT x

||x||1 =
$

i

|xi |

||x||" = max
i

|xi |

||y − x||22 = ||y||22 + ||x||22 − 2||y||2||x||2 cos"

||y − x||22 = (y − x)T (y − x) = yT y − yT x − xT y + yT y = yT y − 2yT x + xT x

cos" =
yT x

||x||2||y||2

|yT x| ≤ ||x||2||y||2

||Qx||22 = xT QT Qx = xT x = ||x||22

(Qx)T (Qy) = xT QT Qy = xT y

%

&
u11 u12 u13

0 u22 u23

0 0 u33

'

(

%

&
x1

x2

x3

'

(

%

&
b1

b2

b3

'

(

u33x3 = b3

u22x2 + u23x3 = b2

u11x1 + u12x2 + u13x3 = b1

5

! x !=0 xT Ax > 0

! x !=0 xT Ax " 0

Ax = b

A(xp + yn ) = Ax p + Ayn = Ax p + 0 = Ax p = b

||x|| " 0 (with equality i! x = 0)
||! x|| = |! |||x||
||x + y|| # ||x|| + ||y|| (th e tri angle inequalit y)

||x||2 =

!"
"
#

n$

i =1

x2
i

||x||22 = xT x

||x||1 =
$

i

|xi |

||x||" = max
i

|xi |

||y $ x||22 = ||y||22 + ||x||22 $ 2||y||2||x||2 cos"

||y $ x||22 = (y $ x)T (y $ x) = yT y $ yT x $ xT y + yT y = yT y $ 2yT x + xT x

cos" =
yT x

||x||2||y||2

|yT x| # ||x||2||y||2

||Qx||22 = xT QT Qx = xT x = ||x||22

(Qx)T (Qy) = xT QT Qy = xT y

%

&
u11 u12 u13

0 u22 u23

0 0 u33

'

(

%

&
x1

x2

x3

'

(

%

&
b1

b2

b3

'

(

x1 =
b3

u33

x2 =
b2 $ u23x2

u22

x1 =
b1 $ u13x3 $ u23x2

u33

u33x3 = b3

u22x2 + u23x3 = b2

u11x1 + u12x2 + u13x3 = b1

5



Gaussian Eliminat ion (square)
Gaussian eliminat ion uses elementary r ow operat ions t o 
tr ansfor m a l inear system int o a tr iangular system:

Diagonals {2,-8, 1} are called the pivots

x1 =
b1 ! u13x3 ! u23x2

u33

u33x3 = b3

u22x2 + u23x3 = b2

u11x1 + u12x2 + u13x3 = b1

H = I !
1
!

wwT , ! =
1
2

||w||22

A = Q! QT =
n!

i =1

" i qi qT
i

A = U" V T =
n!

i =1

#i ui vT
i

T(x) = b

det(A) =
"

i

" i

|yT x| " ||x||p||y||q (for 1/p + 1/q = 1)

QT AQ = !

A3 = Q! QT Q! QT Q! QT = Q!! ! QT = Q! 3QT

AAAAu = " AAAu = " 2AAu = " 3Au = " 4u

Ax = " x

#
c 0
0 c

$

#
0 ! 1
1 0

$

#
0 1
1 0

$

#
1 0
0 0

$

%

&
1 0
0 1
1 0

'

(
#

x1

x2

$
=

%

&
2
3
2

'

(

2x1 + x2 + x3 = 5
4x1 + ! 6x2 = ! 2

! 2x1 + 7x2 + 2x3 = 9

6
2x1 + x2 + x3 = 5

! 8x2 + ! 2x3 = ! 12
8x2 + 3x3 = 14

2x1 + x2 + x3 = 5
! 8x2 + ! 2x3 = ! 12

1x3 = 2

7

2x1 + x2 + x3 = 5
−8x2 + −2x3 = −12

8x2 + 3x3 = 14

2x1 + x2 + x3 = 5
−8x2 + −2x3 = −12

x3 = 2

7

add - 2 t imes Þr st r ow t o second
add 1 t imes Þr st r ow t o th ir d

add 1 t imes second r ow t o th ir d



Gaussian Eliminat ion (square)
Only one th ing can go wrong: 0 in pi vot p osit ion

2x1 + x2 + x3 = 5
−8x2 + −2x3 = −12

8x2 + 3x3 = 14

2x1 + x2 + x3 = 5
−8x2 + −2x3 = −12

x3 = 2

x1 + x2 + x3 = b1

2x1 + 2x2 + 5x3 = b2

4x1 + 6x2 + 8x3 = b3

7

2x1 + x2 + x3 = 5
! 8x2 + ! 2x3 = ! 12

8x2 + 3x3 = 14

2x1 + x2 + x3 = 5
! 8x2 + ! 2x3 = ! 12

x3 = 2

x1 + x2 + x3 = ...
2x1 + 2x2 + 5x3 = ...
4x1 + 6x2 + 8x3 = ...

x1 + x2 + x3 = ...
3x3 = ...

2x2 + 4x3 = ...

7

2x1 + x2 + x3 = 5
! 8x2 + ! 2x3 = ! 12

8x2 + 3x3 = 14

2x1 + x2 + x3 = 5
! 8x2 + ! 2x3 = ! 12

x3 = 2

x1 + x2 + x3 = ...
2x1 + 2x2 + 5x3 = ...
4x1 + 6x2 + 8x3 = ...

x1 + x2 + x3 = ...
3x3 = ...

2x2 + 4x3 = ...

x1 + x2 + x3 = ...
2x2 + 4x3 = ...

3x3 = ...

7

Non-Singular Case

Fix with r ow exchange

2x1 + x2 + x3 = 5
! 8x2 + ! 2x3 = ! 12

8x2 + 3x3 = 14

2x1 + x2 + x3 = 5
! 8x2 + ! 2x3 = ! 12

x3 = 2

x1 + x2 + x3 = ...
2x1 + 2x2 + 5x3 = ...
4x1 + 6x2 + 8x3 = ...

x1 + x2 + x3 = ...
3x3 = ...

2x2 + 4x3 = ...

x1 + x2 + x3 = ...
2x2 + 4x3 = ...

3x3 = ...

x1 + x2 + x3 = ...
2x1 + 2x2 + 5x3 = ...
4x1 + 4x2 + 8x3 = ...

7

2x1 + x2 + x3 = 5
! 8x2 + ! 2x3 = ! 12

8x2 + 3x3 = 14

2x1 + x2 + x3 = 5
! 8x2 + ! 2x3 = ! 12

x3 = 2

x1 + x2 + x3 = ...
2x1 + 2x2 + 5x3 = ...
4x1 + 6x2 + 8x3 = ...

x1 + x2 + x3 = ...
3x3 = ...

2x2 + 4x3 = ...

x1 + x2 + x3 = ...
2x2 + 4x3 = ...

3x3 = ...

x1 + x2 + x3 = ...
2x1 + 2x2 + 5x3 = ...
4x1 + 4x2 + 8x3 = ...

x1 + x2 + x3 = ...
3x3 = ...
4x3 = ...

7

Singular Case

CanÕt ma ke tr iangular...



Outl ine
Basic Operat ions

Special Matr ices

Vect or Spaces

Transfor mat ions

Eigenvalues

Nor ms

Linear Systems

Matr ix Fact or izat ion



LU f act or izat ion
Each el iminat ion step is equivalent t o mult iplicat ion by 
a lower tr iangular el ementary matr ix:

So Gaussian eliminat ion t akes Ax=b and pre-mult iplies 
by el ementary matr ices {E,F,G} unt il GFEA is tr iangular

2x1 + x2 + x3 = 5
! 8x2 + ! 2x3 = ! 12

8x2 + 3x3 = 14

2x1 + x2 + x3 = 5
! 8x2 + ! 2x3 = ! 12

x3 = 2

x1 + x2 + x3 = ...
2x1 + 2x2 + 5x3 = ...
4x1 + 6x2 + 8x3 = ...

x1 + x2 + x3 = ...
3x3 = ...

2x2 + 4x3 = ...

x1 + x2 + x3 = ...
2x2 + 4x3 = ...

3x3 = ...

x1 + x2 + x3 = ...
2x1 + 2x2 + 5x3 = ...
4x1 + 4x2 + 8x3 = ...

x1 + x2 + x3 = ...
3x3 = ...
4x3 = ...

EA =

!

"
1 0 0

! 2 1 0
0 0 1

#

$

!

"
2 1 1
4 ! 6 0

! 2 7 2

#

$ =

!

"
2 1 1
0 ! 8 ! 2

! 2 7 2

#

$

7

F: add 1 t imes Þr st r ow t o th ir d
G: add 1 t imes second r ow t o th ir d

E: add - 2 t imes Þr st r ow t o second

2x1 + x2 + x3 = 5
! 8x2 + ! 2x3 = ! 12

8x2 + 3x3 = 14

2x1 + x2 + x3 = 5
! 8x2 + ! 2x3 = ! 12

x3 = 2

x1 + x2 + x3 = ...
2x1 + 2x2 + 5x3 = ...
4x1 + 6x2 + 8x3 = ...

x1 + x2 + x3 = ...
3x3 = ...

2x2 + 4x3 = ...

x1 + x2 + x3 = ...
2x2 + 4x3 = ...

3x3 = ...

x1 + x2 + x3 = ...
2x1 + 2x2 + 5x3 = ...
4x1 + 4x2 + 8x3 = ...

x1 + x2 + x3 = ...
3x3 = ...
4x3 = ...

EA =

!

"
1 0 0

! 2 1 0
0 0 1

#

$

!

"
2 1 1
4 ! 6 0

! 2 7 2

#

$ =

!

"
2 1 1
0 ! 8 ! 2

! 2 7 2

#

$

U =

!

%
%
%
%
"

" # # # # # # #
0 " # # # # # #
0 0 0 " # # # #
0 0 0 0 0 0 0 "
0 0 0 0 0 0 0 0

#

&
&
&
&
$

GF E =

!

"
1 0 0
0 1 0
0 1 1

#

$

!

"
1 0 0
0 1 0
1 0 1

#

$

!

"
1 0 0

! 2 1 0
0 0 1

#

$ =

!

"
1 0 0

! 2 1 0
! 1 1 1

#

$

GF EA =

!

"
1 0 0
0 1 0
0 1 1

#

$

!

"
1 0 0
0 1 0
1 0 1

#

$

!

"
1 0 0

! 2 1 0
0 0 1

#

$

!

"
2 1 1
4 ! 6 0

! 2 7 2

#

$ =

!

"
2 1 1
0 ! 8 ! 2
0 0 1

#

$

7



LU f act or izat ion
WeÕll u se U t o denote the u pper tr iangular GFEA

Note: E-1F-1G-1U = A, weÕll u se L f or E-1F-1G-1, so A = LU

L is lower tr iangular:

inv. of el ementary is el ementary w/ sam e vect ors:

product of l ower tr iangular is l ower tr iangular:

2x1 + x2 + x3 = 5
! 8x2 + ! 2x3 = ! 12

8x2 + 3x3 = 14

2x1 + x2 + x3 = 5
! 8x2 + ! 2x3 = ! 12

x3 = 2

x1 + x2 + x3 = ...
2x1 + 2x2 + 5x3 = ...
4x1 + 6x2 + 8x3 = ...

x1 + x2 + x3 = ...
3x3 = ...

2x2 + 4x3 = ...

x1 + x2 + x3 = ...
2x2 + 4x3 = ...

3x3 = ...

x1 + x2 + x3 = ...
2x1 + 2x2 + 5x3 = ...
4x1 + 4x2 + 8x3 = ...

x1 + x2 + x3 = ...
3x3 = ...
4x3 = ...

EA =

!

"
1 0 0

! 2 1 0
0 0 1

#

$

!

"
2 1 1
4 ! 6 0

! 2 7 2

#

$ =

!

"
2 1 1
0 ! 8 ! 2

! 2 7 2

#

$

U =

!

%
%
%
%
"

" # # # # # # #
0 " # # # # # #
0 0 0 " # # # #
0 0 0 0 0 0 0 "
0 0 0 0 0 0 0 0

#

&
&
&
&
$

GF E =

!

"
1 0 0
0 1 0
0 1 1

#

$

!

"
1 0 0
0 1 0
1 0 1

#

$

!

"
1 0 0

! 2 1 0
0 0 1

#

$ =

!

"
1 0 0

! 2 1 0
! 1 1 1

#

$

GF EA =

!

"
1 0 0
0 1 0
0 1 1

#

$

!

"
1 0 0
0 1 0
1 0 1

#

$

!

"
1 0 0

! 2 1 0
0 0 1

#

$

!

"
2 1 1
4 ! 6 0

! 2 7 2

#

$ =

!

"
2 1 1
0 ! 8 ! 2
0 0 1

#

$

EE ! 1 =

!

"
1 0 0

! 2 1 0
0 0 1

#

$

!

"
1 0 0
2 1 0
0 0 1

#

$ =

!

"
1 0 0
0 1 0
0 0 1

#

$ = I

7

2x1 + x2 + x3 = 5
! 8x2 + ! 2x3 = ! 12

8x2 + 3x3 = 14

2x1 + x2 + x3 = 5
! 8x2 + ! 2x3 = ! 12

x3 = 2

x1 + x2 + x3 = ...
2x1 + 2x2 + 5x3 = ...
4x1 + 6x2 + 8x3 = ...

x1 + x2 + x3 = ...
3x3 = ...

2x2 + 4x3 = ...

x1 + x2 + x3 = ...
2x2 + 4x3 = ...

3x3 = ...

x1 + x2 + x3 = ...
2x1 + 2x2 + 5x3 = ...
4x1 + 4x2 + 8x3 = ...

x1 + x2 + x3 = ...
3x3 = ...
4x3 = ...

EA =

!

"
1 0 0

! 2 1 0
0 0 1

#

$

!

"
2 1 1
4 ! 6 0

! 2 7 2

#

$ =

!

"
2 1 1
0 ! 8 ! 2

! 2 7 2

#

$

U =

!

%
%
%
%
"

" # # # # # # #
0 " # # # # # #
0 0 0 " # # # #
0 0 0 0 0 0 0 "
0 0 0 0 0 0 0 0

#

&
&
&
&
$

E ! 1F ! 1G! 1 =

!

"
1 0 0
2 1 0
0 0 1

#

$

!

"
1 0 0
0 1 0

! 1 0 1

#

$

!

"
1 0 0
0 1 0
0 ! 1 1

#

$ =

!

"
1 0 0
2 1 0

! 1 ! 1 1

#

$

GF EA =

!

"
1 0 0
0 1 0
0 1 1

#

$

!

"
1 0 0
0 1 0
1 0 1

#

$

!

"
1 0 0

! 2 1 0
0 0 1

#

$

!

"
2 1 1
4 ! 6 0

! 2 7 2

#

$ =

!

"
2 1 1
0 ! 8 ! 2
0 0 1

#

$

EE ! 1 =

!

"
1 0 0

! 2 1 0
0 0 1

#

$

!

"
1 0 0
2 1 0
0 0 1

#

$ =

!

"
1 0 0
0 1 0
0 0 1

#

$ = I

7



LU f or Non-Singular
So we have A=LU, and l inear system is LUx = b

Af ter c ompute L and U, we can solve a non-singular system:

x = U\ (L\ b) (where Ô\ Õ means back-subst itut ion)

Cost: ~(1/ 3)n3 f or f act or izat ion, ~n2 f or subst itut ion

Solve f or di f f erent bÕ: x = U\ (L\ bÕ) (no re-fact or izat ion)

If the pi vot is 0 we p erf or m a r ow exchange with a 
per mutat ion matr ix:

2x1 + x2 + x3 = 5
! 8x2 + ! 2x3 = ! 12

8x2 + 3x3 = 14

2x1 + x2 + x3 = 5
! 8x2 + ! 2x3 = ! 12
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#
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" # # # # # # #
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0 0 0 0 0 0 0 0
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&
&
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#
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!

"
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#

$

!

"
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#
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!

"
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#

$
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#
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=
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Notes on LU
Diagonals of L are 1 but di agonals of U are not:

LDU f act or izat ion: divide pivots o ut of U t o get 
diagonal matr ix D ( A=LDU is u nique)

If A is symmetr ic and posit ive- deÞnit e: L=UT

Cholesky f act or izat ion (A = LLT) is f aster: ~(1/6)n3

Often the f astest c heck tha t sym metr ic A is 
posit ive- deÞnit e

LU is f aster f or b and-diagonal matr ices: ~w 2n 
(diagonal: w= 1, tr i- digonal: w = 2)

LU is n ot o pt imal, cur rent be st: O( n2.376)



QR Fact or izat ion
LU f act or izat ion uses lower tr iangular el ementary 
matr ices t o make A tr iangular

The QR fact or izat ion uses or thogonal el ementary 
matr ices t o make A tr iangular

Householder tr ansfor mat ion:

Because or thogonal tr ansfor mat ions preser ve length, 
QR can give more numer ically stable solut ions

u33x3 = b3

u22x2 + u23x3 = b2

u11x1 + u12x2 + u13x3 = b1

H = I !
1
!

wwT , ! =
1
2

||w||22

6



Spectr al Decomposit ion
Any symmetr ic matr ix c an be wr it t en as:

Where U contains the o r thonor mal eig envect ors and 
Lambda is diagonal w ith the eig envalues as elements

This can be used t o ÔdiagonalizeÕ the ma tr ix:

It is a lso usefu l f or c omput ing powers:

x1 =
b1 ! u13x3 ! u23x2

u33

u33x3 = b3

u22x2 + u23x3 = b2

u11x1 + u12x2 + u13x3 = b1

H = I !
1
!

wwT , ! =
1
2

||w||22

A = Q! QT =
n∑

i =1

" i qi qT
i

A = U" V T =
n∑

i =1

#i ui vT
i

T(x) = b

det(A) =
∏

i

" i

|yT x| " ||x||p||y||q (for 1/p + 1/q = 1)

QT AQ = !

A3 = Q! QT Q! QT Q! QT = Q!! ! QT = Q! 3QT
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Spectr al Decomposit ion and SVD
Any symmetr ic matr ix c an be wr it t en as:

Where U contains the o r thonor mal eig envect ors and 
Lambda is diagonal w ith the eig envalues as elements

Any matr ix c an be wr it t en as:

Where U and V have or thonor mal c olumns and Sigma is 
diagonal w ith the ÔsingularÕ values as elements
(square r oots of eig envalues of ATA)

u33x3 = b3

u22x2 + u23x3 = b2

u11x1 + u12x2 + u13x3 = b1

H = I − 1
β

wwT , β =
1
2

||w||22

A = U! U =
n!

i =1

λi ui uT
i

A = U" V T =
n!

i =1

σi ui vT
i
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∏
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Singular/ Rectangular System
The general solut ion t o Ax=b is g iven by tr ansfor ming A t o 
echelon f or m:

1. Solve with fr ee var iables 0: xpart  (one solut ion t o Ax=b)

If th is f ails, b is n ot in the c olumn-space

2. Solve with fr ee var iables ei: xhom(i) (basis for n ullspace)

3. Full set of sol ut ions: x = xpart  + #$ixhom(i)

(any solut ion) = (one solut ion) + (anyth ing in null-space)

Basic Var iables
(pivot )

Free Var iables
 (no pivot )

2x1 + x2 + x3 = 5
! 8x2 + ! 2x3 = ! 12

8x2 + 3x3 = 14

2x1 + x2 + x3 = 5
! 8x2 + ! 2x3 = ! 12

x3 = 2

x1 + x2 + x3 = ...
2x1 + 2x2 + 5x3 = ...
4x1 + 6x2 + 8x3 = ...

x1 + x2 + x3 = ...
3x3 = ...

2x2 + 4x3 = ...

x1 + x2 + x3 = ...
2x2 + 4x3 = ...

3x3 = ...

x1 + x2 + x3 = ...
2x1 + 2x2 + 5x3 = ...
4x1 + 4x2 + 8x3 = ...

x1 + x2 + x3 = ...
3x3 = ...
4x3 = ...

EA =

!

"
1 0 0

! 2 1 0
0 0 1

#

$

!

"
2 1 1
4 ! 6 0

! 2 7 2

#

$ =

!

"
2 1 1
0 ! 8 ! 2

! 2 7 2

#

$

U =

!

%
%
%
%
"

" # # # # # # #
0 " # # # # # #
0 0 0 " # # # #
0 0 0 0 0 0 0 "
0 0 0 0 0 0 0 0

#

&
&
&
&
$
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Pseudo-In verse
When A is non-singular, Ax=b has the u nique solut ion 
x=A-1b

When A is non-square or singular, the sys tem may be 
incompat ible, or the sol ut ion might n ot be u nique

The pseudo-inverse matr ix A+, is the u nique matr ix 
such tha t x=A +b is the v ect or w ith m inimum ||x||2 tha t 
minimizes ||Ax-b||2

It c an be computed fr om the SVD:

If A is non-singular, A+ = A-1

yT x = zT Ax = zT (Ax ) = zT 0 = 0

A+ = V! UT , ! = diag(ω), ωi =

!
1/ σi if σi != 0
0 if σi = 0
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Inversion Lemma
Rank-1 Matr ix: uv T   ( all r ows/cols are l inear ly dependent )

Low-r ank r epresentat ion of m �Gm matr ix: B = UCV

Sher man-Mor r ison-Woodbury Matr ix in version Lemma:

(A + UCV)-1 = A-1 - A-1U(C-1 + VA-1U)-1VA-1

If y ou know A-1, inver t ( n�Gn) instead of (m �Gm)

(ie. usefu l i f A is diagonal o r o r thogonal)

m�Gnm�Gm

n�Gmn�Gn

B U C V



Some t opics not c overed

Pertu rbat ion theo ry, condit ion number, least squares

Dif f erent iat ion, quadrat ic fu nct ions, Wronskians

Comput ing eigenvalues, Krylov subspace metho ds

Deter minants, general v ect or spaces, inner -product spa ces

Special matr ices (Toeplitz , Vander monde, DFT)

Complex matr ices (conjugate tr anspose, Her mit ian/unitar y)


