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Vectors, Matr ices

Scalar (1 by 1): l

.I_I.

g
Coumn Vector (mby 1): a= a, $
%
Row Vector (1 by n): 0
(1 by n) o AN e
: H
Matr IXx (m by n): aiq1  Aoq
A=" ap; apn
Matr ix (n by m): "?113 a23
T i a a
(AT)i = (A)fi A e i
| : dz1 422
A matr iX is if A=AT '

&

di3
dp3

11

\



Addition and Scalar Mu It iplicat ion

@ Vector Addition:

a+b:_alﬁ+—b1_:_a’1+b1_
i AR5 _bz_ _a2+b2_
@ Scalar Mu ltiplication: ' (o g (
ab= a oL
b, by

o These are assciative’and'commutat ive:
A+(B+C)=(A+B)+C
AXxB=B A

@ Applyingthemt o asetof v ectors is called a

C:!1b1+!2b2+ Inbn
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Inner Product

The between vectors of the sam e length Is :
n
a'b= " abh = ajby + ayb, + &84+ a b, = "
=
The inner product is a s calar:

(e bes = 1/ (aldd
It Is ¢ ommutat ive and distr ibut ive across addit ion:
al b= a
a'(b+c=a b+ a'c
Ingeneral itisn ot a sscciative (resultis n ot a s calar):
a'(b'c)E (a'b'c

Inner product of n on-zero vectors can be zero:

2'b= () Here aandb are called



Matr Ix Mu lt iplicat ion

@ We can Opst-mulitpl yGa matr ix by a ¢ olumn vector:

! Hl = L H
¢ dip; dj2 A3 / X1 3 aI X1

AX = o1 5Ny it Eelog $ ) &) $ = agxz $
dzi1 dz2 as3 X3 a§ X3

@ We can Ope-multiplyGa matr ix by a r ow vector:
! #
0% & dip di2 adi3 0% &
XTA = Xis Xo - X3 Ao15 el gelon $ = xTal xTa2 xTa3

di; dg2 Aa3

@ In general, we can multiply matr ices A and B when the n umber

of columns In A matches the n umber of r ows In B:

e : | sl = i +
a3 aig 01 D2 i3 ap o ajbp a; b
AB = "Cay ay aspe bt T halh - asby alb,albs $
Nt B
a3; az» as3 QPR ORI 0 albr ayibp albs
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Matr Ix Mu lt iplicat ion

Matr ix multiplicat ion is asscciat ive and distr ibut ive across (+):
A(BC) = (AB)C
AB+ C)= AB + AC
In g eneral it is n ot c ommutat ive:

AB E BA

Transposing product r everses the o rder (think about dim ensions):

(AB)' = B'A'

Matr ix-vector multiplicat ion always yields a v ector:
x' Ay = x' (Ay) S SEEAVI Xy A | X

Matr ix p owers donOc hange the o rder: (AB)? = AB AB
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| dert ity Ma tr IXx

o The has 1€on the di agonal and 0G othe rwise:
g SO 0
|3 P Q A=t
Qe 1 :
o Multiplication by the | dentity matr ix of the a ppropriate size

yields the o riginal matr ix:

ImnA= A= Al,

o Columns of the | dentity matr ix are called

! H
0
_'0§
3 1

0



Triangular/ Tridiagonal

@ A diagonal matr ix has the f orm:

di i e
D =# 0 dz 0 D = diag(d)
O (e s

@ An upper tr iangular matr ix has the f orm:
Uiz Uiz Usz3
U =% 0 Uit
0 0 U33

o Offiangularity Os closed under multiplicat ion

@ A tr idiagonal matr ix has thef or m:
2 R 0

T = thI Loo tad 0
0 {32 133 7534 /

O, 5945 alan

o Offidiagonality Os | ost u nder multiplicat ion



Rank-1, Eementary Matr ix

@ The inner product be tween vectors Is a scalar, the

outer product between vectorsis a matr IX:

N,
UiVvs U1Vz Uj1V3

UVT = U>Vqey UsVa UsV3 Y0
U3zVy UgVp U3V3

@ The ident ity pl us arank-1 matr ix is a c alled an
-l i

o These are Osim@Onodibcat ions of the i dertity matr ix



Orthogonal Matr ices

@ Asetofv ectorsis If:
OOl |
@ A set of o rthogonal vectors Is If:
g g =1

@ A matr ix w ith o rthonormal c olumns is called orthogonal

@ Squae orthogonal matr ices have a very useful property :

Q'Q=1=QQ"
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Linear Combina 1ons

@ Given kvectors, a |l inear combina ion of the v ectors Is:

@l 1b1+ ' 2b2+ PRt nh«,
o If a Il alpha;=0, the | Inear combinda ion Is

@ This can be re-written as a"matr$ix—vect or p roduct:

g Vo
c= b b by F ", N
ol
@ Coversely,

P - ) ' ' '
1 u( b e e o
#5 4& i —# b & u#t 5 &+ y# 4&=#p, &
P! o 2 4 bs



Linear D ependence

® A vector Is onasetofv ectorsifit
can be wr itten as a |l inear c ombina ion of them:

C:!1b1+!2b2+ Inbn

@ We say that c is Olinearly dependentOon {by, b,...,bs},
and that the se t {c ,by, ba,...,b3} is Oinearly de pendentO

@ Asetis | Inearly dependent i ff the z ero vector can be
written as a non-tr ivial combina ion:

Hoeg, St 0= "1+ "obot .00, 8 {bisby, .. b,} dependent



Linear In dependence

@ Ifase tofv ectorsis not | inearly dependert, we say it is

@ The zero vector cannot be wr itten as a non-tr ivial
combina ion of In dependernt v ectors:.

0= S48 " ol + gl st = 0 %
@ A matr Ix w ith In dependent ¢ olumns has

@ In th 1s case, Ax=0 implies that x=0



Linear | In]Dependence

@ Independence in R?:




Vector Space

o A is a set of obje cts called Qect or sO, vith
closed operat ions @ddit ionCand @calar mult iplicat ionO
sda Isfying certain axioms

X+y=y+ X

X+ (Vo) =S@ct V) o+ Z

exists a Ozero-vectorO0 s.t. V., X+ 0= X

Vy, existsan Oaditive inverseQ-x, s.t. x+ (—x) = 0
1X = X

(C1C2)X = cy(C2X)

c(X + y) = CX HEy

(C]_ + C2)X = X+ CX

o Examples; R, R?, R", R™"

00 = G Ul s EEeRiy



Subspace

@ A (non-empty) sub set of a v ector space that is ¢ losed
under a ddit ion and scalar multiplication Is a

@ Possible subspaces of R 3:
@ 0 vector (smdlest sub space and in all subspaces)
@ any |l ine or plane thr ough origin
o All of R 3

@ All I inear combina ions of a set of v ectors {al,a2,..,an}
debPne a subspace

@ We say thatthe v ectors or the
subspace, or tha t their IS the sub space



Subspace

@ Subspaces generated in R?:




Column-Space

@ The column-space (or range) of a matr ix is the sub space
spanred by its c olumns.

R(A) = {All bsud that Ax = b}

@ The system Ax=b is solvable iff b is in A® column-space



Column-Space

@ The (or ) of a matr ix Is the sub space
spanred by its c olumns:

R(A) = {All bsua that Ax = b}

@ The system Ax=b is solvable iff b is in A© column-space

@ Any product Ax (and all columns of any product AB)
must be in the ¢ olumn space of A

@ A non-singular square matr ix will have ¥A) = R™

@ We analogously dePne the
R(A") = {All bsuch that x' A = b'}



Dimension, Basis
@ The vectors that span a sub space are not u nigue

@ However, the of vectors needed to
span a subspace Is unique

® This number Is ¢ alled the or of the
subspace

@ A minimal set of v ectors that span a space Is called a
f or the spa ce

@ The vectors in a b asis must be | inearly independent
(othe rwise, we could r emove one and still span space)



Orthogonal Basis

@ Any vector In the sub space can be represerned
uniquely as a linear combina ion of the b asis

o If the b asis Is orthogonal, Pnding the u nique
coefpcients Is ea sy:

C:!1b1+!2b2+ lan
bl c="1 bl b+l ,bl by + .. .1 bih,
| o b-er/bIbl

@ The GramSchmidt procedure isaway t o congr uct an
orthonormal b asis.



® Basis in R?:




Orthogonal Subspace

o | . Two subspaces are orthogonal if
every vector in one subspace Is orthogonal to every vector
In the other

@ InR3:
@ {0} Is orthogonal t o everyth ing
@ Lines can be orthogonal t o {0}, | ines, or pl anes
@ Planes can be orthogonal t o {0}, | ines (NOT planes)

@ The set of ALL vectors orthogonal t o a subspace Is also a
subspace, called the

@ Together, the b asis for a sub space and its orthogonal
complement span R"

@ So If kis the dim ension of the o riginal subspace of R", then
the o rthogonal complement ha s dimension n-k



Outl Ine

@ Basic Operat ions
@ Special Matr ices
@ \Vector Spaces

@ Transforma ions
@ Elgenvalues

@ Norms

@ Linear Systems

@& Matr ix Factorizat ion



Matr i1ces as Transfor ma ion

@ Instead of a c ollection of s calars or ( column/row)
vectors, a matr ix can also be viewed as a
applied to vectors:

T(X) = AX
® The domain of the fu nction is R™M

@ The range of the fu nction is a subspace of R"
(the c olumn-space of A)

o If A has full column rank, the r ange is R"



Matr 1ces as Transfor m&a ion

o Many tr ansforma ion are possible, f or e xample:

scaling rotation refdection progection

@ The tr ansformaion must be | inear:
TV sty sstlies ).+ L T ('y)

@ Any linear tr ansforma ion has a matr Ix r epresertation



Null-Space
@ A linear tr ansformation can®mo ve the o rigin:
O£ 4020

@ Buif A haslinearly dependent c olumns, there are
non-zero vectors that tr ansform to zero:

$ieg. S.LA0K) = AG=U
@ A square matr iIx w ith th Is property is ¢ alled

® The set of v ectors thattr ansform to zero forms a
subspace called the of the ma tr IX:

N (A) = {All X sunh that Ax = 0}



Orthogonal Subspaces (again)

@ The null-space:

N (A) = {All x such that Ax = O}
@ Recall the r ow-space:
R(A"T) = {All bsudh that x' A = b'}

@ The row-Space Is orthogonal t o Null-Space
o Letybein ¥A"), and x be in N(A):

v X = ERAXT A =7 U= 0



Fundamental Theorem
o Coumn-space: R(A) = {All bsud that Ax = b}

@ Null-space: N (A) = {All x such that Ax = 0}
o Rov-space: R(AT) = {All bsuch that x" A = b"}

@ The describes
the r elat ionships between the se subspaces:

r = dim(R(A)) = dm(R(A"))
nN=r+ nn#r)=dm(R(A)) + dim(N (A))
@ Row-space Is orthogonal complement of n ull-space

@ Full version includes results in volving OéftOnull-space



lNn ver ses

® Can we undo a linear tr ansformaion fr om Axt o b?

@ We can Pnd the in verse iff A s square + non-singular
(othe rwise we either | ose informaion t o the n ull-space
orcanDgett o all b vectors)

@ In th Is case, the u nigque Al satisbes:

A YASEF = D
@ Some useful 1 dentities regarding inver ses:
(A! l)T £ (AT)! i
(vA) "=~ IA"Y (assuming A and B exist)
(AB)I e ! lA! i



Inverses of Sp ecial Matr ices

@ Diagonal matr ices have diagonal in ver ses:.

£ G W 0 By
D) =7 A0 0y /0 D 0 Lda e
D O 0 . e 1lde

@ Triangular matr ices have tr ilangular in ver ses:

Uiz Uiz Uis
U=# 0 Uux Uuxp N
0 0 U33

@ Tridiagonal matr ices do not ha ve sparse inver ses
@ Elementary matr ices have elementary inverses (same uv'):

(I+ "' Y = e = T u )

@ The tr anspose of an orthogonal matr ix Is I ts In ver se:

Q'Q=1=QQ"
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Matr 1X Trace

@ The of a square maitr ix Is the su m of its di agonals:

! N
tr (A) = d;i
Be=ti
@ Iltisal Inear tr ansformaion:

lr(A+B)=1tr(A)+ 'tr(B)
@ You can reverse the order in the tr ace of a p rodud:
tr (AB) = tr (BA)
@ More generally, it ha s the c yclic property :

tr(ABC) = tr (CAB) = tr (BCA)



Matr 1x D eter minant

The determinant of a square matr ix is a s calar number a sscciated with i t
that ha s several special properties

Its a bsolute value iIs the v olume of the
parallelpiped f ormed fr om its c olumns

area =

det( A) =0 iff Alis singular _
|det er minant|

det( AB) = det( A)det(B), det(l) = 1

|
|
|
|
|
|
|
|
|
|
|
|
|
|
| I
|
|
v
I
e |
|
|
|

det( AT) = det( A), det( AY) = 1/ det( A)
exchanging rows changes sign of det( A)
Diagonal/ tr iangular: deter minant is p roduct( diagonals)

deter minants c an be calculated fr om LU factorizat ion:

& A =PLU =det(P)det(L)det(U) = (+/-) prod(diags(U))
(sign depends on even/odd number of r ow excahnges)



Eigenvalues

@ A scalarlambdais an cigenvalue (and uis an cigenvecton)
of A if:

AU.= #U

@ The eigenvectors are vectors that o nly change in
magnitu de, not dir ection (except sig n)

@ Multiplicat ion of eig envector by A gives exponent ial
growth/ decay (or stays in Oseady stateQf | ambda = 1):

AAAAL = AAALL T A AAL = AL S U



Canpuation (smal A)

@ Multiply by I, move everything t o LHS:
AX = ogalALFT X =]
@ Eigenvector x Is in the n ull-space of ( A-! |

@ Elgenvalues ! make (A-!1) singular (have a Null-space)
@ Canpuat ion (In principle):
@ Se u pequationdet( A-!'l) =0 ( characteristic poly)
@ Find the r oots of the p olynomial (eigenvalues)
@ For each roat, solve (A-! 1) x =0 ( elgenvector)

@ Problem: In g eneral, no algebraic f ormula f or r oots



Eigenvalues (Properties)

@ Elgenvectors are not u nigue (scaling)
o sum( ;) =tr( A), prod(! ;) = det( A), eigs(A?) = 1/ eigs(A)
@ Red matr ix can have complex eig envalues (pairs)

o Eg | |
A 2 '01 e T e 1 =

o If tw o malr ices have the sam e eigenvalues, we say
that the y are similar

@ For non-singular W, WAW- is similar t o A:
AX = XX

AW TWx = #x
WAW ~H(Wx) = #(W x)



& The maximum eigenvalue satisbPes. # = max

D

D

Spectr al Theorem

& A matr ix with n
a matr Ix S containing Its eig envectors

G S — ] &

A1

can be diagonalized by

A2
A3

for any symmetr ic matr Ix:

o the eig envalues are real

@ the eig envectors can be made orthonormal (so S'=5")

The minimum eigenvalue sat isbes:

X T AX
x=0 XTX
%! Ax

A= Min 2
X700 X' X

The IS eig envalue with | argest a bsolute value



Depniteness

@ A matr ix is c alled If all elgenvalues
are post ive

o Ifth iscase: ",.o x'Ax > 0

o If the elg envalues are non-negat ive, the matr Ix Is
called and:

I cariey Ax eh
@ Simlar dePnitions hold for n egat ive [sem-]| dePnite

o If A has posttive and negat ive eigenvalues It IS
(x"AX can be positive or n egative)
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Vector Norm

@ A normis a s calar measure of a v ector® length

@ Norms must satisfy thr ee properties.

X[[" O (with equalty iI! x = 0)
L[ = [l
X+ yl| # [Ix]] + ||y]| (the triangle inequality)

@ The most imp ortant n orm is the norm:
IX]lo =2 X? HxHZ —
@ Other important n orms

P
x|+ = &€ 1X]| o = miaX\xi\



Caudy-Scwartz

@ Apply law of c osines to tr langle formed fr om x and y:
ly $ x|15 = [Iyllz + lIxII2 $ 2llyll2l|x]|2 cos?

oUse: |ly—=x|l3=(—x) (¥—x)
@ To get r elat ionship between | engths and angles:
JE
X
cos' = =
[IX]211yll2

o Ga Caudy-Schwartz inequality because |cos(" )| ! 1:
ly" ] # lzll2llyll2

@ A generalization is Holder® inequality :
ly" x| Ixllpllyllq (for /p + g = 1)



Orthogonal Transfor ma ions

o Geametr ically, an orthogonal tr ansfor ma ion is some
combinaion of r otat ions and r ef3ect ions

@ Orthogonal matr ices

2 T A T e 2
1Qx]l2 = X' Q" Qx = X" x = [|X||

(Qx)" (Qy) = x'Q'Qy=x"y



Outl Ine

@ Basic Operat ions
@ Special Matr ices
@ \Vector Spaces

@ Transfor ma ions
@ Elgenvalues

@ Norms

@ Linear Systems

@& Matr ix Factorizat ion



Linear Equat ions

@ Given A and b, we wantt o solve for x:

‘702 |1 &L70 L L701 oY%
— ' X —
@ This can be given several interpretations
o By . X IS the In tersection of h yper-planes:.
2x1 y=1
X+y=05
o By . XIsthe | Inear combiné ion that g ives b:
70 & 70 & 70 &
i SR
AR e
o . X Is the v ector tr ansformed to b:

T(X)=0Db



Geametr y of Lin ear Equat ions

3y Rows: sy Celumns:
Eind Intersection of. Fina Linear. Combind ion
Hyperplane of Columns

17*Coumnl
+ 2.2*Column?2
®(sox=[172.2]"
Solution (x)




Solutions to Ax=Db

@ The non-singular c ase Is easy:.

@ Column-space of Ais basis for R", sothereis a
unique x for every b (ie. x = A'b)

@ In g eneral, when does Ax=b have a solution?

D



What c an go wrong?

@ By Rows:

No Intersection InPnite Intersection



What ¢ an go wrong?

@ By Coumns

vector nat in ¢ olumn space
(no solution)

ector in ¢ olumn space
(inPnite solut ions)



Solutions to Ax=Db

@ The non-singular c ase Is easy:.

@ Column-space of Alis basis for R", sothereis a
unique x for every b (ie. x = A'b)

@ In g eneral, when does Ax=b have a solution?
o
@ In g eneral, when does Ax=b have a unigque solut ion?

@ When b is in the ¢ olumn-space of A, and the

@ Note: this can still happen if Alis not square...



Solutions to Ax=Db

@ This rectangular system has a unique solut ion

Lo 0 # S 2
R G R e
1 0 2 2

@ b Is In the ¢ olumn-space of A (X1=2, X2=3)

@ columns of A are independent ( no null-space)



Chaacterization of Solutions

o If Ax=b has a solution, we say it Is

@ If1 tis c onsigent, then we c an Pnd a
In the ¢ olumn-space

@ Bu an el ement of the n ull-space added t o the
particular solution will also be a solut ion:

A(Xp+ Yn) = AXp+ Ay, = AXp+ 0= AXp =D

@ So the g eneral solution is:
x = ( solOn flom col-space) + (anyth ing in null-space)

@ By fu ndamental theo rem, independert c olumns =>
tr ivial null-space (leading t o unigue solut ion)



Triangular Linear Systems

@ Cosider a square linear system with an u pper
tr langular matr ix (non-zero diagonals):

70 70 70

Uiz Uiz Ui3 X1 ol
& 0 Uoo> Uo3 ( & X2 ( & 0, (
(s O .7 Usg X3 03

@ We can solve th is system bottom to top in O(n?)

s
UaaXa = XA et s
33X3 = I3 i
o U-o2 X
UooXo + UxsX3 = Iy X5 = D % UzaXz
U2o
Ui1X1 + U1pX2 + UigXz = Iy b $ uzxz $ ussxo

X1 =
U33

@ This Is called
(there is an analogous method for | ower tr 1angular)



Gaussian Eliminat ion (squae)

@ Gaussian eliminat ion uses to
tr ansform a linear system into a tr langular system:

2X1  + Xy - Xag = 5
4x1 + | 6X5 = D
| 2X1 + X2 + 2X3 9

add -2 times brstr ow t o second
add 1 times brstr owtothird

211 =k St F3: i 5
1585 & e e Zop o i S ] 2
OLg 3xg = 14

add 1 times secondrowtothird
2X 1 Xo Xoge s 5
—8Xo -+ e
X3 = 2

Diagonals {2,-8, 1} are called the



Gaussian Eliminat ion (square)

@ Only one th ing can go wrong: O In pivot p osition

Non-Singular Case Singular Case
X1igs X o i Xgs ol Kgis. Xo Fitk X3 =
2X1 + 2% e GE e U ek e GRSy S
Ax1  +isBXs 0+ e SRy e L Xy g OX3 =
X1 EoiEXossek SEnE P My O Ly

3X3 = e
2Xo +  4X3 = S
- p 4:133 —

Fix with r ow exchange CarOmake tr iangular...
X1 ¢ = Ky Fsr 0l S

2Xo o - dXaeee

3X3
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LU factorizat ion

@ Each elimination step Is equivalent t o multiplicat ion by

a
E:add-2times brstr ow t o second
: # | oo #
e 0.0 e IR
EA LT L oTNRG OibE. 4 L G 8 g8 9
02 i 1 B . e 7 2

@ So Gauwssian eliminat ion takes Ax=b and pre-multiplies
by elementary matr ices {E,FG} unt il GFEA Is tr langular

F:add 1times brstr owtothird
G:add 1 times secondrowtothird

| # | # #1 Bl #
1 “O8 1 3041 1 400 D e 1 20 |

GFEA=" 0 1 0% 0f'1 e o s S A e =g | 2 5
00 1 5 oo D04 IRDR SN ) Oy k]



LU factorizat ion

o WeD use Uto denote the u pper tr iangular GFEA
® Note: E'FIGIU= A, wedluse L for EFIGL, so A= LU

o L Is lower tr langular:

o Inv. of el ementary Is el ementary w/ sam e vectors.
| # | & #
200 L Boll 094
EE'1=" 1.28"1 @0 BEsgs " glial g 1 D@t |
@ 051 g0 0404

@ product of | ower tr langular is | ower tr langular:

! # | # | TS
108 120050 1 T R s

E'lIF!1G 1= 2 1720 9 S0 i e e D
040 1L 61 0.l 1 ¥4

e

el B

0
0
1

7
$



LU for Non-Singular

@ So we have A=}, and linear systemis | . 'x = b

o After compue L and U, we can solve a non-singular system:

o x = U (L b) (where OQneans back-substitution)

o Cast: ~(1/3)n° for f actorization, ~n? f or sub stitution

@ Solve for different bOx = LU (I bO)1o re-factorization)

o If the pi votis O we p erf orm arow exchange with a

L (02(_ 3 4
S ] 3.4 B2

1
0



Notes on LU

@ Diagonals of | are 1 but di agonals of '/ are nat:

o f actorization: divide pivots out of 't o get
diagonal matr ix [ (A= IS U nique)
o If Ais symmetr ic and postive-debnite: | =T
o factorization (A= 11T isfaster: ~(1/6)n°

@ Oftenthe f astest ¢ heck that symmetr ic A Is
posit ive-debPnite

o LU is faster f or b and-diagonal matr ices: ~w “n
(diagonal: w= 1, tr I-digonal: w = 2)

o LUisnotoptimal, current be st: O( n%37°)



QR Factorization

o LU factorization uses lower tr 1angular el ementary
mar ices to make A tr langular

@ The QR factorization uses orthogonal elementary
mér ices to make A tr langular

® Householder tr ansfor ma ion:

1 1
H =11 I—wa,! -~ éuwug

@ Because orthogonal tr ansfor ma ions preser ve length,
QR can give more numerically stable solutions



Spectr al Decompostt ion

@ Any symmetr ic matr Ix can be wr itten as.

N
A=QIQ" =) "igq
=1
@ Where U contains the orthonormal eig envectors and
Lambda is diagonal w ith the eilg envalues as elements

@ This can be used t o @iagonalizeQhe martr ix:
QFAQ =
@ Itisa Iso useful f or compu ing powers:
A=QQ'QIQ'QrQ' = Qi 1 Q' = Q!°qQ’



Spectr al Decompost ion and SVD

@ Any symmetr ic matr Ix can be wr itten as.

N
A=QIQ" =) "igq
=1
@ Where U contains the orthonormal eig envectors and
Lambda is diagonal w ith the eilg envalues as elements

@ Any matr ix can be wr itten as:
! N

A= UL =g S
=1
@ Where U and V have orthonormal columns and Sigma Is
diagonal w ith the OsingularOvalues as elements

(square roots of eig envalues of ATA)



Singular/ Rectangular System

@ The general solution to Ax=b is given by tr ansforming Ato
echelon f orm:

SR Y () Gl T
0 " :
? 0 el o] (| # g Free Variables
USea® 0.0 0] " a1 *# :
70
%o S0 tol o ST Lok (no pivot)
0 0 |0l O10F oK IBR" -0
\—/ Wi g e il
@ 1 Solve with fr ee variables O: (one solution t o Ax=Db)

o Ifth Isfalls, bis notinthe c olumn-space
@ 2. Solve with fr ee variables e;j: (basis for n ullspace)

@ 3. Full set of sol utions x = + #$
(any solution) = (one solution) + (anyth ing in null-space)



Pseudo-In ver se

@ When A Is non-singular, Ax=b has the u nigue solut ion
x=A"b

@ When A Is non-sguare or singular, the system may be
iIncompd ible, or the sol ution might n ot be u nique

@ The pseudo-inverse matr ix A", Is the u niqgue mar Ix
such that x=A *b Is the v ector w ith m inimum |[[x||2 that
minimizes ||Ax-Dbl|-

@ It c an be compued fr om the SVD:
Flirow o o E ()

AT =VvIU" I =dia e
AR TR

o If Alis non-singular, A* = At



Inversion Lemma

@ Rank-1 Matr ix: uv' (all r ows/cols are linearly dependert)

@ Low-rank represerntation of m Gm madr Ix:

. InGn .

mGm mGn
@ Sherman-Morrison-Woodbury Matr ix inversion Lemma:

a (A+UCV)L=Al- AIUC!+ VAIU)LVAL

o If y ou know A, invert (n Gn) instead of (m Gm)
(le. useful If Als diagonal or orthogonal)



Some t opics not ¢ overed

@ Perturbation theory, condition number, least squares

o Differentiation, quadratic fu nctions, Wronskians

o Canpuing eigenvalues, Krylov subspace metho ds

@ Determinants, general vector spaces, inner-product spaces
@ Special matr ices (Toeplitz , Vander monde, DFT)

o Camplex matr ices (conjugate tr anspose, Her mit ian/unitary)



