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We present a framework for low-latency interactiv e simulation of linear elastostatic models, and
other systems arising from linear elliptic partial di�eren tion equations, which makes it feasible to
interactiv ely simulate large-scale physical models. The deformation of the models is described
using precomputed Green's functions (GFs), and runtime boundary value problems (BVPs) are
solved using existing Capacitance Matrix Algorithms (CMAs). Multiresolution techniques are
intro duced to control the amount of information input and output from the solver th us making
it practical to simulate and store very large models. A key component is the e�cien t compressed
representation of the precomputed GFs using second-generation wavelets on surfaces. This aids
in reducing the large memory requirement of storing the dense GF matrix, and the fast inverse
wavelet transform allows for fast summation metho ds to be used at run time for responsesynthesis.
Resulting GF compression factors are directly related to interactiv e simulation speedup, and
examples are provided with hundredfold impro vements at modest error levels. We also intro duce
a multiresolution constrain t satisfaction technique formulated as an hierarchical CMA, so named
becauseof its use of hierarchical GFs describing the response due to hierarchical basis constrain ts.
This direct solution approach is suitable for hard real time simulation since it provides a mechanism
for gracefully degrading to coarser resolution constrain t approximations. The GFs' multiresolution
displacement �elds also allow for run time adaptiv e multiresolution rendering.
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1. INTRODUCTION

Interactivemulti-modalsimulationof deformableobjects,in whichausermaymanipulate
�e xible objectsandreceive immediatesensoryfeedbackvia human-computerinterfaces,
is a majorchallengefor computergraphicsandvirtual environments.Deformationis es-
sential in computeranimationfor plausibly modelingthe behavior of the humanbody,
animals,andsoft objectssuchasfurnitureupholstery, but interactive applications,suchas
computergames,have very limited computingbudgetsfor 3D physical continuumsimu-
lation. Currentvirtual prototypingandassemblyplanningapplicationsrequireinteractive
simulationsof deformableand also �e xible kinematicmodelswith complex geometry.
Deformablemodelshave a long history (seex2) and,onemight say, arewell understood
within thegraphics,scienti®candengineeringcommunities.Thechallengeaddressedhere
is thedesignof deformablemodelsthatarebothsuf®ciently realisticto capturetherelevant
physics,andsuf®ciently fastfor interactive simulation.

In recentyears,linear elastostaticGreen'sfunctionmodels(LEGFMs)havebeenshown
to strike an attractive trade-off betweenrealismandspeed. The modelsarephysically-
basedandareaccurateapproximationsof small-strainelasticdeformationsfor objectsin
equilibrium. In practice,they are an appealingmodel for simulatingdeformablemate-
rials which arerelatively stiff (with respectto appliedforces)andtendto reachequilib-
rium quickly duringcontinuouscontact.The linearity of themodelallows for theuseof
extremelyfastsolutionalgorithmsbasedon linearsuperpositionwhich supportreal-time
renderingandstableforcefeedback.Theuseof thesetechniquesin interactive simulation
wasadvancedby [Bro-NielsenandCotin1996;Cotinetal.1999;JamesandPai 1999]who
demonstratedreal time interactionwith deformablemodelsin applicationssuchasforce
feedbacksurgical simulationandcomputeranimation.Reality-basedactive measurement
techniquesalsoexist for acquisitionof LEGFMs[Pai etal. 2001].

Thekey to thefastsimulationtechniqueis a data-drivenformulationbasedon precom-
putedGreen's functions(GFs).GFsprovide a naturaldata-structurefor subsumingdetails
of modelcreationsuchasnumericaldiscretizationor measurementandestimation. In-
tuitively, GFs form a basisfor representingall possibledeformationsof an object in a
particulargeometriccon®gurationof boundaryconstrainttypes,e.g.,essential(Dirichlet),
natural(Neumann),or mixed(Robin). Thebene®tof linearity is that theresponseto any
setof boundaryvaluescanbe quickly reconstructedby a linear combinationof precom-
putedGFs. In this way, thesesolutiontechniquescanbe usedto obtainthe solutionfor
any setof appliedconstraintsby usingtheGFsin combinationwith a collectionof matrix
updatingmethods(relatedto the Sherman-Morrison-Woodbury formula) which we refer
to collectively asCapacitanceMatrix Algorithms(CMAs).

Sincegenerallinearsystemsprinciplesareexploited,theGF-basedCMA matrixsolvers
arenot just limited to LEGFMs,andcanin factbeusedto simulatenumerousothercon-
tinuousphysical systemsin equilibrium,suchasthosedescribedby linearelliptic partial
differentialequations(PDEs),e.g.,modelingelectrostatic®elds,equilibriumdiffusion,and
transportphenomena.An interestingpoint is that LEGFMs aresmall strainapproxima-
tionsof ®nite strainelasticity, however otherphysicalsystemsareaccuratelymodeledby
linear elliptic PDEs,e.g.,electrostatics.So while this paperis presentedin the context
of deformableobjectsimulation,parallelrelationshipsexist betweenphysicalquantitiesin
otherapplications.

The CMAs achieve their fast visualizationspeedat the expenseof storingO(n2) el-
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ementsof the large denseGF matriceswhich can be accessedin constanttime. This
clearly doesnot scalewell to large models;for examplethe GF matrix storedas �oats
for avertex-basedmodelwith 100verticesrequiresonly 360KB,howeveronewith 10000
vertices,suchasthe dragonmodelin Figurex8 (p. 20), would require3.6GB! For these
problemsbusandcacheconsiderationsaresigni®cantaswell. In addition,theCMA pre-
sentedin [JamesandPai 1999]requiresanO(s3) factoringof thedensecapacitancematrix,
whichscalesverypoorlyasthenumberof run-timeconstraintsincrease.

Fig. 1. Preview of Resultsfor a Complex ElasticModel: An elasticrabbitmodelwith 2562vertices,5120faces
and5 levelsof subdivisionconnectivity (L = 4), capableof beingrenderedat30FPSwith 1 kHz forcefeedback
on a PC in our Java-basedhaptic simulation. The associateddensesquareGreen's function (GF) submatrix
contained41million ¯oats(166MB) but wascompresseddown to 655thousand̄oats(2.6MB) in thisanimation
(" = :2). The depicteddeformationresultedfrom force interactionsde�ned at a constraintresolutionthat was
two levels coarser(L=2) than the visible mesh; for thesecoarselevel constraints,the GF matrix block may
be further compressedby a factorof approximately16 = 42 . Even further compressionis possiblewith �le
formatsfor storageandtransmissionof models. (Reparameterizedrabbitmodelgeneratedfrom meshcourtesy
of [Cyberware].)

In this paperwe presenta family of algorithmsfor simulatingdeformablemodelsand
relatedsystemsthatmakeGFtechniquespracticalfor very largemodels.Themultiresolu-
tion techniquesdo muchmorethansimply compressGFsto minimizestorage.As a rule,
theseapproachesarecompatiblewith andimprove theperformanceandrealtime feasibil-
ity of numericaloperationsrequiredfor the direct solutionof boundaryvalueproblems.
The algorithmsexploit the fact that thereexist several distinct, yet related,spatialscales
correspondingto
Ðgeometricdetail,
Ðelasticdisplacement®elds,
Ðelastictraction®elds,and
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Ðnumericaldiscretization.
Wedevelopmultiresolutionsummationtechniquesto quickly synthesizedeformations,and
hierarchicalCMAs to dealwith constraintchanges.Wavelet GF representationsarealso
usefulfor simulatingmultiresolutiongeometryfor graphicalandhapticrendering.For a
preview of our resultsseeFigure1.

2. RELATED WORK

Substantialwork hasappearedon physicaldeformableobjectsimulationandanimationin
computergraphicsandrelatedscienti®c®elds[Terzopoulosetal. 1987;Baraff andWitkin
1992;GibsonandMirtich 1997;Cotinetal.1999;ZhuangandCanny 2000;Debunneetal.
2001], althoughnot all is suitedfor interactive applications. Importantapplicationsfor
interactive elasticsimulationincludecomputeranimationandinteractive games,surgical
simulation,computeraideddesign,interactive path planning,and virtual assemblyand
maintenancefor increasinglycomplicatedmanufacturingprocesses.

Therehasbeenanaturalinteractivesimulationtrendtowardexplicit temporalintegration
of (lumpedmass)nonlinearFEM systems,especiallyfor biomaterialsundergoing large
strains,with examplesusingparallelcomputation[Székely etal. 2000],adaptivity in space
[ZhuangandCanny 2000] andperhapstime [Debunneet al. 2001; Wu et al. 2001] and
alsoadaptive useof linearandnonlinearelements[Picinbonoet al. 2001]. However, sev-
erallimitationscanbeovercomefor LEGFMs: (1) only severalhundredinteriornodescan
be integratedat a given time (without specialhardware),and(2) while theseareexcel-
lent modelsfor soft materials,numericalstiffnesscanmake it costly to time-stepexplicit
modelswhichare,e.g.,physically stiff, incompressibleor have detaileddiscretizations.

Implicit integration methods[Ascher and Petzold1998] (appropriatefor numerically
stiff equations)have beenrevived in graphics[Terzopoulosand Fleischer1988; Hauth
andEtzmuß2001]andsuccessfullyappliedto off-line clothanimation[Baraff andWitkin
1998]. Theseintegratorsaregenerallynot usedfor large-scaleinteractive3D modelsdue
to the costof solving a large linear systemeachtime step(however see[Desbrunet al.
1999;Kanget al. 2000] for cloth modelsof moderatecomplexity). Multirate integration
approachesareusefulfor supportinghapticinteractionswith time-steppedmodels[Astley
andHayward1998;Çavuşo�glu andTendick2000;Balaniuk2000;Debunneetal. 2001].

Modal analysisfor linearelastodynamics[PentlandandWilliams 1989] is effective for
simulatingfree vibration (as opposedto continuouscontactinteractions),and hasbeen
usedfor interactive [Stam1997],forcefeedback[Basdogan2001],andcontactsoundsim-
ulation [vandenDoel andPai 1998]by precomputingor measuringmodaldata(seealso
DyRT[JamesandPai 2002a]).Relateddimensionalreductionmethodsexist for nonlinear
dynamics[Krysl etal. 2001].

Boundaryintegralformulationsfor linearelastostaticshavewell-understoodfoundations
in potentialtheory[Kellogg1929;JaswonandSymm1977]andarebasedon,e.g.,singular
free-spaceGreen's functionsolutionsof Navier's equationfor which analyticexpressions
areknown. On theotherhand,precomputedlinearelastostaticmodelsfor real time simu-
lationusenumericallyderiveddiscreteGreen's functionsolutionscorrespondingto partic-
ular geometriesandconstraintcon®gurations,andarealsonot restrictedto homogeneous
andisotropicmaterials.Theseapproachesarerelatively new [Bro-NielsenandCotin1996;
HirotaandKaneko 1998;Cotinetal.1999;JamesandPai 1999;Berkley etal.1999;James
andPai 2001;2002b],yet usedin, e.g.,commercialsurgical simulators[K ühnapfelet al.
1999]. Prior to real time applications,relatedideasin matrix updatingfor elliptic prob-
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lemswerenot uncommon[Proskurowski andWidlund 1980;KassimandTopping1987;
Hager1989]. Our previouswork on real time Green's functionsimulation,including the
ARTDEFO simulatorfor interactive computeranimation[Jamesand Pai 1999] and real
time haptics[JamesandPai 2001], was initially inspiredby pioneeringwork in bound-
ary elementcontactmechanics[Ezawa andOkamoto1989;Man et al. 1993]. We derived
capacitancematrix updatingequationsin termsof GFs (directly from the BEM matrix
equationsin [JamesandPai 1999])usingtheSherman-Morrison-Woodbury formulae,and
provided examplesfrom interactive computeranimationandhapticsfor distributedcon-
tactconstraints.Of notablementionis thework on realtime laparoscopichepaticsurgery
simulationby the group at INRIA [Bro-Nielsenand Cotin 1996; Cotin et al. 1999], in
which point-like boundarydisplacementconstraintsareresolvedby determiningthecor-
rectsuperpositionof precomputedGF-likequantitiesis identi®ableasaspecialcaseof the
CMA. Thispaperaddressesthefactthatall of theseapproachessuffer frompoorlyscaling
precomputationandmemoryrequirementswhich ultimatelylimit thecomplexity of models
that canbeconstructedand/orsimulated.

Wemakeextensiveuseof multiresolutionmodelingrelatedtosubdivisionsurfaces[Loop
1987;Zorin andSchr̈oder2000]andtheir displacedvariants[Lee et al. 2000]. Our mul-
tiresolutionelastostaticsurfacesplinesalsohaveconnectionswith variationalandphysically-
basedsubdivision schemes[Dyn et al. 1990; WeimerandWarren1998; 1999]. We are
mostlyconcernedwith theef®cientmanipulationof GFsde®nedon(subdivision)surfaces.
Naturaltoolsherearesubdivision wavelets[Lounsberyet al. 1997],andwe make exten-
sive useof biorthogonalwaveletsbasedon the lifting scheme[Sweldens1998;Schr̈oder
andSweldens1995a;1995b]for ef®cientGF represention,fastsummation,andhierarchi-
cal constraintbasesgeneration[Yserentant1986]. Ef®cient representionof functionson
surfaces[Kolarov andLynch1997]is alsorelatedto thelargerareaof multiresolutionand
progressivegeometricrepresentation,e.g.,see[Khodakovsky etal. 2000].

Ourwork onwaveletGFsis relatedto multiresolutiondiscretizationtechniques[Beylkin
etal. 1991b;Alpert etal. 1993]for sparserepresentionof integraloperatorsandfastmatrix
multiplication. Unlike casesfrom classicalpotentialtheorywherethe integral operator's
kernelis analyticallyknown, e.g.,free-spaceGF solutions[Jaswon andSymm1977],and
can be exploited [Greengard and Rokhlin 1987; Hackbuschand Nowak 1989; Yoshida
et al. 2001],or for waveletradiosityin which theform factorsmaybeextractedrelatively
easily [Gortler et al. 1993], herethe integral operator's discretematrix elementsarede-
®ned implicitly as discreteGFs obtainedby numericalsolution of a classof boundary
valueproblems(BVPs). Nevertheless,it is known thatsuch(GF) integral operatorshave
sparserepresentionsin waveletbases[Beylkin 1992]. Representationrestrictionsarealso
imposedby CMA ef®ciency concerns.

Finally, theobviousapproachto simulatinglargeelastostaticmodelsinteractively is to
just usestandardnumericalmethods[Zienkiewicz 1977;Brebbiaet al. 1984], andespe-
cially “f ast” iterative solverssuchasmultigrid [Hackbusch1985] for domaindiscretiza-
tions, and preconditionedfast multipole [Greengard and Rokhlin 1987; Yoshidaet al.
2001]or fastwavelet transform[Beylkin 1992]methodsfor boundaryintegral discretiza-
tions. Suchmethodsarehighly suitablefor GF precomputation,but we do not consider
themsuitablefor online interactive simulation;our experiencefor largemodelshasbeen
that thesemethodscanbeseveralordersof magnitudeslower thanthemethodspresented
herein,e.g.,seex7.6.2of [James2001] for speed-upsof over 100000times. Worsestill,
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onlinemethodsfail to provide fast(random)accessto GF matrix elements,e.g.,for hap-
tics,output-sensitive selective simulation,andthelossof theGF dataabstractiondestroys
ourability to immediatelysimulatescannedphysicaldatasets[Pai etal. 2001].

3. BACKGROUND: INTERACTIVE SIMULATION OF GREEN'S FUNCTION MOD-
ELS USING MATRIX UPDATING TECHNIQUES

3.1 Linear Elastostatic Green's Function Models

Linear elastostaticobjectsaregeneralizedthreedimensionallinear springs,andassuch
they areusefulmodelingprimitivesfor physically-basedsimulations.In thissection,back-
groundmaterialfor a genericdiscreteGreen's function(GF) descriptionfor precomputed
linearelastostaticmodelsis provided. It is not anintroductionto thetopic,andthereader
might consulta suitablebackgroundreferencebeforecontinuing[Barber1992;Hartmann
1985;Zienkiewicz 1977;Brebbiaet al. 1984]. The GFsform a basisdescribingall pos-
sible deformationsof a linear elastostaticmodelsubjectto a certainclassof constraints.
This is usefulbecauseit providesa commonlanguageto describeall discretemodelsand
subsumesextraneousdetailsregardingdiscretizationor measurementorigins.

Another bene®tof using GFs is that they provide an ef®cient meansfor exclusively
simulatingonlyboundarydata(displacementsandtractions).Thisisusefulwhenrendering
of interior datais not requiredor in caseswhereit may not even be available, suchas
for reality-basedmodelsobtainedvia boundarymeasurement[Pai et al. 2001]. While
it is possibleto simulatevariousinternalvolumetricquantities(x3.1.3),simulatingonly
boundarydatainvolveslesscomputation.This is suf®cient sincein interactive computer
graphicswe areprimarily concernedwith interactionsthat imposesurfaceconstraintsand
provide feedbackvia visiblesurfacedeformationandcontactforces.

3.1.1 GeometryandMaterial Properties.Giventhatthefastsolutionmethodis based
on linear systemsprinciples,essentiallyany linear elastostaticmodelwith physical geo-
metric andmaterialpropertiesis admissible.We shall considermodelsin threedimen-
sions,althoughmany argumentsalsoapply to lower dimensions.Suitablemodelswould
of courseincludeboundedvolumetricobjectswith variousinternalmaterialproperties,as
well asspecialsubclassessuchasthin platesandshells.Sinceonly aboundaryor interface
descriptionis utilized for specifyinguserinteractions,otherexotic geometriesmayalsobe
easilyconsideredsuchassemi-in®nitedomains,exterior elasticdomains,or simply any
setof parameterizedsurfacepatcheswith a linearresponse.Similarly, numerousrepresen-
tationsof thesurfaceandassociateddisplacementshapefunctionsarealsopossible,e.g.,
polyhedra,NURBSandsubdivisionsurfaces[Zorin andSchr̈oder2000].

Gu Fig. 2. Illustration of discrete nodal displacementsu de�ned at
nodes,e.g., vertices,on the undeformedboundary� (solid blue
line), thatresultin adeformationof thesurface(to dashedredline).
Althoughharderto illustrate,asimilarde�nition existsfor thetrac-
tion vector, p.

Let theundeformedboundarybedenotedby � . Thechangein shapeof this surfaceis
describedby thesurfacedisplacement�eld u(x), x 2 � , andthesurfaceforcedistribution
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is calledthe traction �eld p(x), x 2 � . Eachis parameterizedby n nodalvariables(see
Figure2), sothatthediscretedisplacementandtractionvectorsare

u = [u1; : : : ; un ]T (1)

p = [p1; : : : ; pn ]T ; (2)

respectively, whereeachnodalvalueis a 3-vector. Thecontinuoustraction®eld maythen
bede®nedasa3-vectorfunction

p(x) =
nX

j =1

� j (x)pj ; (3)

where� j (x) is a scalarbasisfunction associatedwith the j th node. The force on any
surfaceareais equalto the integral of p(x) on that area. We canthende®nethe nodal
forceassociatedwith any nodaltractionas

f j = aj pj where aj =
Z

�
� j (x)d� x (4)

de®nesthe areaassociatedwith the jth node. A similar spaceexists for the continuous
displacement®eld components,andis in generaldifferentfrom thetraction®eld.

Our implementationuseslinearboundaryelementmodels,for which thenodesarever-
ticesof a closedtrianglemeshmodelusingLoop subdivision [Loop 1987]. Suchsurfaces
are convenient for obtainingmultiresolutionmodelsfor renderingas well as smoothly
parameterizedsurfacessuitablefor BEM discretizationand deformationdepiction. We
describeboth the traction ®eld and the polyhedraldisplacement®eld using continuous
piecewise linearbasisfunctions:� j (x) representsa “hat function” locatedat the j th ver-
tex normalizedso that � j (x i ) = � ij : Given our implementation,we shall often refer to
nodeandvertex interchangeably. The displacementandtraction®eldsboth have conve-
nientvertex-baseddescriptions

uj = u(x j ); pj = p(x j ); j = 1: : : n (5)

wherex j is thej th vertex location.

3.1.2 DiscreteBoundaryValueProblem(BVP). At eachstepof thesimulation,a dis-
creteBVP mustbe solved which relatesspeci®edandunspeci®ednodalvalues,e.g., to
determinedeformationandforce feedbackforces. Without lossof generality, it shall be
assumedthat eitherpositionor tractionconstraintsarespeci®edat eachboundarynode,
althoughthis canbe extendedto allow mixed conditions,e.g.,normaldisplacementand
tangentialtractions. Let nodeswith prescribeddisplacementor traction constraintsbe
speci®edby themutuallyexclusiveindex sets� u and� p, respectively, sothat� u \ � p = ;
and� u [ � p = f 1; 2; :::; ng. We shall refer to the(� u ; � p) pair asthesystemconstraint
or BVPtype. Wedenotetheunspeci®edandcomplementaryspeci®ednodalvariablesby

vj =
�

pj : j 2 � u

uj : j 2 � p
and �vj =

�
uj : j 2 � u

pj : j 2 � p
; (6)

respectively. Typical boundaryconditionsfor e.g.,a force feedbackloop consistof spec-
ifying some(compactlysupported)displacementconstraintsin the areaof contact,with
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freeboundaryconditions(zerotraction)andother(oftenzerodisplacement)supportcon-
straintsoutsidethecontactzone.In orderto guaranteeanequilibriumconstraintcon®gu-
ration (henceelastostatic) we mustformally requireat leastonedisplacementconstraint,
� u 6= ; , to avoid anambiguousrigid bodytranslation.

3.1.3 Fast BVP Solutionwith Green's Functions(GFs). GFs for a singleBVP type
provide an economicalmeansfor solving that particular BVP, but whencombinedwith
theCMA (x3.2) theGFscanalsobeusedto solve otherBVPtypes. Thegeneralsolution
of aparticularBVP type(� u ; � p) maybeexpressedin termsof its discreteGFsas

v = � �v =
nX

j =1

� j �vj =
X

j 2 � u

� j uj +
X

j 2 � p

� j pj ; (7)

wherethe discreteGFsof the particularBVP systemare the block columnvectors,� j ,
assembledin theGFmatrix

� = [� 1� 2 � � � � n ] : (8)

Equation(7) maybetakenasthede®nitionof thediscreteGFs,sinceit is clearthatthej th

GFsimplydescribesthelinearresponseof thesystemto thej th node'sspeci®edboundary
value, �vj . This equationmay be interpretedas the discretemanifestationof a continu-
ousGF integral equation,e.g.,a continuousrepresentationmaybewritten, in anobvious
notation,as

v(x) =
Z

� u

� u (x ; y )u(y )d� y +
Z

� p

� p(x ; y )p(y )d� y (9)

OncetheGFshave beencomputedfor oneBVP type,thatBVP maythenbesolvedeasily
using(7). An attractive featurefor interactive applicationsis thattheentiren-vertex solu-
tion canbeobtainedin 18ns �ops1 if only s boundaryvalues(BV) arenonzero(or have
changedsincethe last time step);moreover, fewer thann individual componentsof the
solutionmayalsobecomputedindependentlyatproportionatelysmallercosts.

Parameterizedbody forcecontributionsmay in generalalsobe includedin (7) with an
additionalsummation

v = � �v + B� ; (10)

wherethesensitivity matrixB maybeprecomputed,and� aresomescalarparameters.For
example,gravitationalbodyforcecontributionscanbeparameterizedin termsof gravita-
tionalacceleration3-vector, g.

Temporalcoherencemayalsobeexploitedbyconsideringtheeffectof individualchanges
in componentsof �v on the solutionv. For example,given a sparsesetof changesto the
constraints,� �v, if follows from (7) thatthenew solutioncanbeincrementedef®ciently,

�vnew = �vol d + � �v (11)

vnew = vol d + � � �v: (12)

1Flops convention [Golub and Loan 1996]: count both + and � . For example, the scalarsaxpy operation
y := a � x + y involves2 ¯ops,so that the 3-by-3 matrix-vectormultiply accumulate,v i := � ij �vj + vi ,
involves9 saxpy operations,or 18 ¯ops.

ACM TransactionsonGraphics,Vol. V, No. N, July2002.



Submitted to ACM Transactions on Graphics. Do not circulate. � 9

v = 0 v = � j x̂ v = � j ŷ v = � j ẑ

Fig. 3. Illustration of the j th Green's functionblock column,� j = � :j , representingthemodel's responsedue
to the threeXYZ componentsof the j th speci�ed boundaryvalue,�vj . Herethe vertex belongsto the (ªfreeº)
tractionboundary, j 2 � p , andso � j is literally the threeresponsesdueto unit tractionsappliedin the (RGB
color-coded)XYZ directions.White edgesemanatingfrom the(displaced)j th vertex helpindicatetheresulting
deformation.Notethat thevertex doesnot necessarilymove in thedirectionof theXYZ tractions.Usinglinear
superposition,theCMA candeterminethecombinationsof theseandothertractionsrequiredto moveverticesto
speci�edpositions.

By only summingcontributionsto constraintswhich have changedsigni®cantly, temporal
coherencecanbeexploitedto reduceBVP solve timesandobtainfasterframerates.

Furtherleveraginglinearsuperposition,eachprecomputedGF systemresponsemaybe
enhancedwith additionalinformationfor simulatingotherquantitiessuchasvolumetric
stress,strain and displacementdataat selectedlocations. The multiresolutionmethods
presentedlatercanef®ciently accomodatesuchextensions.

3.1.4 Green's FunctionPrecomputation.It is importantto realizethattheGF models
canhave a variety of origins. Most obvious is numericalprecomputationusingstandard
toolssuchasthe®niteelement[Zienkiewicz 1977]or boundaryelementmethods[Brebbia
et al. 1984]. In this case,theGF relationshipbetweennodalvariablesin (6-7) providesa
clearBVP de®nitionfor their computation,e.g.,oneGF scalar-columnat a time. Reality-
basedscanningtechniquesprovide a very differentapproach:empiricalmeasurementsof
real physical objectsmay be usedto estimateportionsof the GF matrix for the scanned
geometricmodel [Pai et al. 2001; Lang 2001]. Regardlessof GF origins, the GF data
abstractionnicely permitsa varietyof modelsto beusedwith this paper's GF simulation
algorithms.

3.2 Fast Global Deformation using Capacitance Matrix Algorithms (CMAs)

ThissectionpresentstheCapacitanceMatrix Algorithm (CMA) for usingtheprecomputed
GFsof a relevantreferenceBVP(RBVP) typeto ef®ciently solve otherBVP types,andis
foundationalbackgroundmaterialfor thispaper.

3.2.1 ReferenceBoundaryValueProblem(RBVP)Choice. A key stepin theprecom-
putationprocessis thechoiceof a particularBVP typefor which to precomputeGFs.We
refer to this as the referenceBVP (RBVP), anddenoteit by (� 0

u ; � 0
p), sinceits GFsare

usedin the CMA's updatingprocessto solve all otherBVP typesencounteredduring a
simulation. For interactionswith anexposedfreeboundary, a commonchoiceis to have
the uncontactedmodelattachedto a rigid support(seeFigure4). The GF matrix for the
RBVP is hereafterreferredto as� .
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0
pL

0
uLFixed Boundary;

Free Boundary;

Fig. 4. ReferenceBoundaryValueProblem(RBVP)De®nition: TheRBVPassociatedwith amodelattachedto a
¯atrigid supportis shown with boundaryregionshaving displacement(ª�x edº,� 0

u ) or traction(ªfreeº,� 0
p ) nodal

constraintsindicated. A typical simulationwould thenimposecontactson the free boundaryvia displacement
constraintswith thecapacitancematrixalgorithm.

Fig.5. RabbitmodelReferenceBoundaryValueProblem(RBVP):A RBVPfor therabbitmodelis illustratedwith
whitedotsattachedto positionconstrainedverticesin � 0

u . These(zero)displacementconstraintswerechosento
hold therabbitmodeluprightwhile userspushedonhisbelly in a forcefeedbacksimulation.

3.2.2 CapacitanceMatrix Algorithm (CMA) Formulae. PrecomputedGFs speed-up
the solutionto the RBVP, but they canalsodramaticallyreducethe amountof work re-
quiredto solve a relatedBVP whenusedin conjunctionwith CMAs. If this werenot so,
precomputingGFsfor asingleBVP wouldhave little practicaluse.

As motivation for changingBVP types, considerthe very importantcasefor force-
feedbackrenderingwherea manipulandumimposescontactdisplacementconstraints(so
thatcontactforceoutputmayberendered)in acontactzonewhichhastractionconstraints
in theRBVP. Thisnew BVP type(with contactdisplacementsinsteadof tractions)hasdif-
ferentGFsthantheRBVP, but theCMA caneffectively solvethenew BVP by determining
theparticularcombinationof contacttractions(andhencethelinearcombinationof RBVP
GFs)whichsatisfytheimposeddisplacementconstraints.

Supposethe constraint-typechanges,e.g.,displacement$ traction,with respectto the
RBVPats nodesspeci®edby thelist of nodalindices

S = f S1; S2; : : : ; Ssg: (13)

Thesolutionto thisnew BVP will thenbe

v = � new �v + Bnew � (14)
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for some“new” denseGF and body force matrices. Fortunately, using the Sherman-
Morrison-Woodbury formula, the rank-3s modi®edGF andbody force matricesmay be
written in thefollowing usefulfactoredform [JamesandPai 1999;2001]

� new =
�
I + (E + (� E))C� 1ET

� �
�( I � EET ) � EET

�
(15)

Bnew =
�
I + (E + (� E))C� 1ET

�
B (16)

whereE is ann-by-s blockmatrix

E = [I:S1 I:S2 � � � I:Ss ] : (17)

containingcolumnsof then-by-n identity block matrix, I, speci®edby thelist of updated
nodalindicesS. Postmultiplication2 by E extractscolumnsspeci®edby S. Theresulting
capacitancematrix formulaefor v are

v = v(0)
|{z}
n � 1

+ (E + (� E))
| {z }

n � s

C� 1
|{z}
s � s

ET v(0)
| {z }
s � 1

(18)

whereC is thes-by-s capacitancematrix, anegatedsubmatrixof � ,

C = � ET � E; (19)

andv(0) is theresponseof theRBVPsystemto �v,

v(0) =
�
�

�
I � EET

�
� EET

�
�v + B� : (20)

3.2.3 A CapacitanceMatrix Algorithmfor GlobalSolution. With � precomputed,for-
mulae(18)-(20)immediatelysuggestanalgorithmgiventhatonly simplemanipulationsof
� andinversionof thesmallercapacitancesubmatrixis required.An algorithmfor com-
putingall componentsof v is asfollows:

ÐFor eachnew BVP type(with adifferentCmatrix)encountered,constructandtemporar-
ily storeC� 1 (or LU factors)for subsequentuse.

ÐConstructv (0) .
ÐExtractE T v(0) andapplythecapacitancematrix inverseto it, C� 1(ET v(0) ).
ÐAdd the s columnvectors(E + (� E)) weightedby C � 1(ET v(0) ) to v(0) for the ®nal

solutionv.

Eachnew capacitancematrix inversion/factorizationinvolvesO(s3) work, afterwhich
eachsolve takes no more than O(ns) operationsgiven O(s) nonzeroboundaryvalues.
This is particularlyattractive whens � n is small, suchasoften occursin practicewith
localizedsurfacecontacts.

3.2.4 SelectiveDeformationComputation.A majorbene®tof theCMA with precom-
putedGFsis that it is possibleto evaluatejust selectedcomponentsof thesolutionvector
at runtime,with the total computingcostproportionalto the numberof componentsde-
sired[JamesandPai 2001].Thisrandomaccessis akey enablingfeaturefor hapticswhere
contactforce responsesaredesiredat fasterratesthanthe geometricdeformations.The

2Throughout,E is usedto write sparsematrixoperationsusingdensedata,e.g.,� , andlike theidentitymatrix, it
shouldbenotedthatthereis nocostinvolvedin multiplicationby E or its transpose.

ACM TransactionsonGraphics,Vol. V, No. N, July2002.



12 � Doug L. James and Dinesh K. Pai

ability to exclusively simulatethe model's responseat desiredlocationsis a very unique
propertyof precomputedLEGFMs.Selectiveevaluationis alsousefulfor optimizing(self)
collision detectionqueries,aswell asavoiding simulationof occludedor undesiredpor-
tionsof themodel.Wenotethatselectiveevalutionalreadyprovidesamechanismfor mul-
tiresolutionrenderingof displacement®eldsgeneratedusingtheCMA algorithm,however
thisapproachlacksthefastsummationbene®tsthatwill beprovidedby waveletGFs.

4. WAVELET GREEN'S FUNCTIONS

TheGreen's function(GF) basedcapacitancematrix algorithm(CMA) hasmany appeal-
ing qualitiesfor simulation,however it doessuffer inef®ciencieswhenusedfor complex
geometricmodelsor large systemsof updatedconstraints.Fortunately, theselimitations
mostlyarisefrom usingdensematrix representationsfor thediscreteGF integraloperator,
andcanbe overcomeby usingmultiresolutionbasesto control the amountof datathat
mustbemanipulated.

Displacementand traction ®elds associatedwith deformationsarising from localized
loadsexhibit signi®cantmultiscalepropertiessuchas being very smoothin large areas
away from the loadingpoint (andotherconstraints)andachieving a local maximaabout
thepoint. For this reason,freespaceGFs(or fundamentalsolutions)of unboundedelastic
mediaandour boundaryGFsof 3D objectsareef®ciently representedby multiresolution
bases.And just asthis propertyof free spacefundamentalsolutionsallows for effective
waveletdiscretizationmethodsfor awiderangeof integralequations[Beylkin etal.1991a],
it will alsoallow usto constructsparsewaveletrepresentationsof discreteelastostaticGF
integral operatorsobtainedfrom numericalsolutionsof constrainedgeometricmodelsas
well asmeasurementsof realworld objects.

Onecould treattheGF matrix � asa genericoperatorto beef®ciently representedfor
full matrix-vectormultiplication,asin standardwaveletapproachesfor fastiterativemeth-
odswhich involve transformsof both matrix rows andcolumns[Beylkin 1992], but this
wouldbeinef®cient in ourapplicationfor severalreasons.Onekey reasonis thatcolumn-
basedGFoperations(suchasweightedsummationsof selectedGFcolumns)dominatethe
CMA'sfastsolutionprocess.Thisis becausesolutionscommonlyexist in low-dimensional
subspacesof theGF operator. Wavelettransformingall GF columnstogetherdestroys the
ability of the CMA solver to ef®ciently composethesesubspacesolutions. Second,GF
elementextractionmustbea relatively cheapoperationin orderfor capacitancematrices
to be obtainedcheaplyat runtime. Densematrix formatsallow elementsto be extracted
at O(1) cost,but wavelettransformedcolumnsand/orrows introduceadditionaloverhead.
Becauseof suchCMA GFusageconcerns,duringprecomputationwerepresentindividual
GF columnsof thelargeGF matrix, � , in thewaveletbasis,but wedonot transformalong
GF rows3. Instead,row-basedmultiresolutionconstraintsareaddressedin x6. Require-
mentsaffectingtheparticularchoiceof waveletschemearediscussedin x4.2.

4.1 Domain Structure of the Green's Function Matrix

EachGF column vector describesnodal traction and displacementdistributions on dif-
ferentdomainsof theboundary, bothof which have differentsmoothnesscharacteristics.
Interfacesbetweendomainsarethereforeassociatedwith discontinuitiesandtheadjacent

3Neglecting wavelet transformsof rows is not as bad as it may seem,partly becausesigni�cant speed-upis
alreadyobtainedfrom transformingcolumns.
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tractionanddisplacementfunctionvaluescanhave very differentmagnitudesandbehav-
iors. For thesereasons,multiresolutionanalysisof GFsis performedseparatelyon each
domainto achieve bestresults. From a practicalstandpoint,this alsoaids in simulating
individualdomainsof themodelindependently(x3.2.4).

Domainsareconstructedby ®rst partitioningnodesinto � 0
u and� 0

p lists for which the
GFs describetractionsand displacements,respectively. Theselists are again split into
disjointsubdomainsif theparticularwavelettransformemployedcannotexploit coherence
betweenthesenodes.Let theboundarynodesbepartitionedinto d domains

D = f D1; : : : ; Ddg with
d\

i =1

D i = ; (21)

whereD i is a list of nodesin thenaturalcoarseto ®ne resolutionorderof thatdomain's
wavelettransform.

Thed domainsintroducea naturalrow andcolumnorderingfor theGF matrix � which
resultsin aclearblockstructure

� =
dX

i;j =1

ED i � D i D j ET
D j

(22)

= [ED 1 ED 2 : : : ED d ]

2

6
6
6
6
4

� D 1 D 1 � D 1 D 2 � � � � D 1 D d

� D 2 D 1 � D 2 D 2

...
...

...
� D d D 1 � � � � D d D d

3

7
7
7
7
5

2

6
6
6
4

ET
D 1

ET
D 2
...

ET
D d

3

7
7
7
5

(23)

wherethe(i; j ) GFblock

� D i D j = ET
D i

� ED j (24)

mapsdatafrom domainD i to D j asillustratedin Figure6.

u
0LD  =2

D  = L 0
p1

1D D1
X

2
XD D1 2D DX

22
XD D

1

Fig.6. Illustrationof correspondencebetweenboundarydomainin�uencesanddomainblock structureof theGF
matrix � : Thein¯uencesbetweentwo boundarydomainsareillustratedhereby arrows; eacharrow represents
theroleof aGFblock, � D i D j , in the¯ow of informationfrom speci�edBVs ondomainD j to unspeci�edBVs
on domainD i . For example,considertheself-effectof theexposedcontactablesurface(redarrow at top) which
is of primarypracticalinterestfor deformationvisualization.Eachcolumnof � D 1 D 1 representsa displacement
�eld on D 1 which decribestheeffect of a tractionapplied(or displacementusingtheCMA) over someportion
of D 1 ; thisdisplacement�eld is ef�ciently representedusingwaveletsin x4.
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4.2 Multiresolution Analysis and Fast Wavelet Transforms

By design,variouscustommultiresolutionanalysesand fast wavelet transformscan be
usedin the framework developedhereprovided they yield interactive inversetransform
speeds(for fastsummation),goodGF compression(evenfor smallmodelsgiventhatpre-
computationcostsquickly increase),supportfor level of detailcomputations,easeof trans-
form de®nitionon user-speci®edsurfacedomainsDi , andsupportfor datafrom a wide
rangeof discretizations.

As aresultof theseconstraintsweexploit work onbiorthogonallifted fastwavelettrans-
forms basedon secondgenerationwaveletsderived from the lifting schemeof Sweldens
et al. [Sweldens1998; DaubechiesandSweldens1996; Schr̈oderandSweldens1995a],
andwe referthereaderto thosereferencesfor details;a relatedsummaryin thecontext of
LEGFMsis alsoavailablein [James2001].WealsoconsiderLinearandButterlywavelets
with asinglelifting step,i.e., thedualwavelethasonevanishingmoment.

4.2.1 MultiresolutionMeshIssues.We usemultiresolutiontrianglemesheswith sub-
division connectivity to convenientlyde®newaveletsandMR constraints(x6) aswell as
provide detailedgraphicaland haptic rendering(x9). Many of our mesheshave been
modeledusing Loop subdivision [Loop 1987] which trivializes the generationof mul-
tiresolutionmeshes.Generalmeshesmaybe reparameterizedusingapproachesfrom the
literature [Eck et al. 1995; Krishnamurthy and Levoy 1996; Lee et al. 1998; Guskov
et al. 2000; Lee et al. 2000] andalsocommerciallyavailablepackages[RaindropGeo-
magic,Inc. ; Paraform]. For our purposes,we implementedalgorithmsbasedon normal
meshes[Guskov et al. 2000;Leeet al. 2000],andhave usedthe relateddisplacedsubdi-
vision surfaceapproach[Lee et al. 2000] for renderingdetaileddeformingmodels. Ex-
amplesof modelswe have reparameterizedarethe rabbitmodel(Figures1 (p. 3) and12
(p. 27)) (originalmeshcourtesyof Cyberware[Cyberware]), thedragonmodel(Figure8,
p. 20; original meshcourtesyof the StanfordComputerGraphicsLaboratory). For the
dragonmodelsomeundesireableparameterizationartifactsarepresent,however this can
beavoidedwith morecare.

For goodwavelet compressionresults,it is desireableto have many subdivision levels
for a givenmodel. This alsoaidsin reducingthesizeof thedensebaselevel GF data,if
it is left unthresholded.In caseswherethe coarsestresolutionof the meshis still large,
reparamerizationshouldbeconsideredbut it is still possibleto considermoreexotic lifted
waveletsonarbitrarypointsets.To maximizethenumberof levelsfor modestmodels,e.g.,
for therabbitmodel,we resortedto manual®tting of coarsebaselevel parameterizations,
althoughmoresophisticatedapproachesareavailable[Eck etal. 1995;Krishnamurthy and
Levoy 1996;Leeet al. 1998;Guskov et al. 2000]. While this is clearlya multiresolution
meshgenerationissue,how to designmesheswhich optimizewavelet GF compression
(or otherproperties)is a nonobvious openproblem. Finally, adaptive meshingmustbe
usedwith caresincecoarseregionslimit the ability to resolve surfacedeformationsand
constraints.

4.2.2 Multilevel Vertex Notation. For thesemiregularmeshes,we denotemeshlevels
by 0; 1; 2; : : : ; L where0 is the coarsebaselevel, andthe ®nestlevel is L . All vertices
on a level l are denotedby the index set K(l), so that all meshverticesare contained
in K(L) = f 1; 2; : : : ; ng. Theseindex setsare nestedto describethe multiresolution
structure,so that level l + 1 verticesK(l + 1) arethe union of “even” verticesK(l) and
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“odd” verticesM (l) sothat

K(l + 1) = K(l) [ M (l); (25)

andthis is illustratedin Figure7. Consequently, the vertex domainsetsD alsoinherit a
multiresolutionstructure.

Fig. 7. Illustration of Multilevel Vertex Sets: The imageshows a simpletwo-level surfacemeshpatchon level
j + 1 (herej = 0). Thefour evenvertices(solid dots)belongto thebasemeshandconstituteK (j ), whereasthe
oddverticesof M (j ) all correspondto edge-splits(ªmidpointsº)of parentedges.Theunionof the two setsis
thesetof all verticeson level j + 1, namelyK (j + 1) = K (j ) [ M (j ).

4.3 Wavelet Transforms on Surface Domains

Considerthe forward and inversefast wavelet transform(FWT) pair, (W; W� 1), itself
composedof FWT pairs

W =
dX

i =1

ED i Wi E
T
D i

= ED (diagi (Wi )) ET
D (26)

W� 1 =
dX

i =1

ED i W
� 1
i ET

D i
= ED

�
diagi (W

� 1
i )

�
ET

D (27)

with the i th pair (Wi ; W� 1
i ) is de®nedon domainDi . For brevity we refer the reader

to [Sweldens1998;Schr̈oderandSweldens1995a]for backgroundon theimplementation
of lifted LinearandButter�y wavelet transforms;thedetailsof our approachto adapting
thelifted transformsto vertex domainsD is describedin [James2001](seex3.1.5Adapting
TransformsTo SurfaceDomains, page45).

4.4 Wavelet Green's Functions

Puttingthingstogether, thewavelettransformof theGFmatrix is then

W� = [(W� 1) (W� 2) � � � (W� n )] =
dX

i;j =1

ED i

�
Wi � D i D j

�
ET

D j
(28)

or with ashorthand“tilde” notationfor transformedquantities,

~� =
h

~� 1
~� 2 � � � ~� n

i
=

dX

i;j =1

ED i

�
~� D i D j

�
ET

D j
(29)
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Theindividualblockcomponentof thej th waveletGF ~� j = ~� :j correspondingto vertex i
on level l of domaind will bedenotedwith roundedbracket subscriptsas

�
~� j

�

( l ;i ;d)
= ~� ( l ;i ;d) j : (30)

This notationis complicatedbut no morethannecessary, sinceit correspondsdirectly to
themultiresolutiondatastructureusedfor implementation.

4.5 Tensor Wavelet Thresholding

Each3-by-3block of theGF matrix describesa tensorin�uence betweentwo nodes.The
wavelettransformof aGF(whoserow elementsare3� 3 matrixblocks)is mathematically
equivalent to 9 scalartransforms,onefor eachtensorcomponent.However, in order to
reduceruntimesparsematrixoverhead(andimprovecachehits),weevaluateall transforms
at theblock level. For this reason,our thresholdingoperationeitheracceptsor rejectsan
entire block. Whetheror not performingthe transformsat the scalarcomponentlevel
improvesmatters,despiteincreasingthesparseindexing storageandruntimeoverheadup
to a factorof nine,is asubjectof futurework.

Our oraclefor wavelet GF thresholdingcomparesthe Frobeniusnorm of eachblock
wavelet coef®cient4 to a domainand level speci®cthresholdingtolerance,and setsthe
coef®cientto zeroif it is smaller. Thresholdingof thej th waveletGF, ~� j , onadomaind is
performedfor thei th coef®cient if f i 2 Dd, i 2 M (l) and

k~� ij kF < " l kET
D d

� j k1 F (31)

where

kET
D d

� j k1 F � max
i 2 D d

k� ij kF (32)

is a weightedmeasureof GF amplitudeon domaind, and" l is a level dependentrelative
thresholdparameterdecreasedoncoarserlevels(smallerl ) as

" l = 2l � L "; l = 1; :::; L; (33)

with " theuser-speci®edthresholdparameter. Weusuallydonotthresholdbaselevel (l = 0)
coef®cientsevenwhenthis introducesacceptableerrorsbecausethelackof response,e.g.,
pixel motion,in theseregionscanbeperceptuallybothersome.

For ourmodelswehave observedstablereconstructionof thresholdeddata,e.g.,

kET
D d

�
� j � W� 1 ~� j

�
k1 F < C"kET

D d
� j k1 F (34)

typically for someconstantC near1. Examplesareshown in x10. Although thereare
no guaranteesthatwaveletbasesconstructedon any particularmodelwill form anuncon-
ditional basis,andso the thresholdingoperationwill leadto stablereconstructions,none
of our numericalexperimentswith discreteGFshave suggestedanything to thecontrary.
Similar experienceswerereportedby thepioneersof the lifting schemein [Schr̈oderand

4TheFrobeniusnormof a real-valued3-by-3matrixa is

kakF =

s X

ij

a2
ij :
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Sweldens1995a]for waveletson the sphere.Someformal conditionson the stability of
multiscaletransformationsareprovenin [Dahmen1996].Resultsillustratingtherelation-
shipbetweenerrorandthresholdingtolerancewill bepresentedlater(in x10).

4.6 Storage and Transmission of Green's Functions

Waveletsprovide basesfor sparselyrepresentingGFs,but furthercompressionis possible
for storageandtransmissiondataformats.We notethatef®cientwaveletquantizationand
codingschemes[DeVore et al. 1992;Shapiro1993;SaidandPearlman1996]have been
extendedto dramaticallyreduce®le sizesof surfacefunctionscompressedusingthelifting
scheme[Kolarov andLynch1997],andsimilarapproachescanbeappliedto GFdata.

5. CMA WITH FAST SUMMATION OF WAVELET GFS

TheCMA is slightly moreinvolvedwhentheGFsarerepresentedin waveletbases.The
chiefbene®tis theperformanceimprovementobtainedby usingtheFWT for fastsumma-
tion of GFandbodyforceresponses.

5.1 Motivation

In additionto reducingmemoryusage,it is well known thatby sparselyrepresentingour
GFcolumnsin awaveletbasiswecanusetheFWT for fastmatrixmultiplication[Beylkin
et al. 1991a].For example,considerthecentraltaskof computinga weightedsummation
of s GFs

X

j 2 S
� j �vj ; (35)

involving sn 3� 3 matrix-vectormultiply-accumulateoperations.Quickevaluationof such
expressionsis crucial for fastBVP solution(c.f. (7)) andgraphicalrenderingof deforma-
tions,andit is requiredat leastonceby theCMA solver. Unfortunately, ass increasesthis
operationquickly becomesmoreandmorecostlyandass! n eventuallyinvolvesO(n2)
operations.By usingaFWT it is possibleto performsuchsumsmoreef®ciently in aspace
in which theGFcolumnsareapproximatedwith sparserepresentations.

TheweightedGF summationcanberewritten by premultiplying(35) with the identity
operatorW� 1W:

X

j 2 S
� j �vj = W� 1

X

j 2 S

~� j �vj : (36)

By precomputingsparsethresholdedapproximationsof thewavelettransformedGFs,~� , a
fastsummationwill resultin (36) providedthat theadvantageof sparselyrepresenting� ,
morethancompensatesfor theextra costof applyingW� 1 to thevectordata.This occurs
in practice,dueto theFWT's speedandexcellentdecorrelationpropertiesfor GFdata.

5.2 Formulae

Thenecessaryformulaeresultfrom substituting

� = W� 1W� (37)

into the CMA formulae(18-20),andusing the GF expression(29). The resultmay be
writtenas

v = v(0) +
�

E + W� 1( ~� E)
�

C� 1
�

ET v(0)
�

(38)
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C = �
�
ET W� 1�

( ~� E) (39)

v(0) = W� 1
h
~�

�
I � EET

�
�v + ~B�

i
� EET �v (40)

ET v(0) =
�
ET W� 1� h

~�
�
I � EET

�
�v + ~B�

i
� ET �v (41)

wherewehavetakentheliberty of sparselyrepresentingtheparameterizedbodyforcecon-
tributionsin thewaveletbasis.With theseformulae,it is possibleto evaluatethesolution
v usingonly oneinverseFWT evaluationandsomepartialreconstructionsET W� 1.

5.3 Selective Wavelet Reconstruction Operation

Theoperator(ET W� 1) representsthereconstructionof a wavelettransformedfunctionat
theupdatednodesS. This is requiredin atmosttwo places:(1) capacitancematrixelement
extractionfrom ~� ; (2) evaluationof (ET v

(0)
) in caseswhenthe®rst termof v(0) (in square

brackets)is nonzero.It follows from thetreestructureof thewavelet transformthatthese
extractionoperationscanbe evaluatedef®ciently with worst-caseper-elementcostpro-
portionalto the logarithmof thedomainsize. While suchapproachesweresuf®cient for
our purposes,in practiceseveraloptimizationsrelatedto spatialandtemporaldatastruc-
ture coherencecansigni®cantlyreducethis cost. For example,portionsof C areusually
cachedandso extractioncostsareamortizedover time, with typical very few entriesre-
quiredpernew BVP. Also, spatialclusteringof updatednodesleadsto theexpectedcostof
extractingseveralclusteredelementsbeingnotmuchmorethanthecostof extractingone.
Furthermore,spatialclusteringin thepresenceof temporalcoherenceallows usto exploit
coherencein asparseGFwaveletreconstructiontree,sothatnodeswhicharetopologically
adjacentin the meshcanexpectto have elementsreconstructedat very small costs. For
thesereasons,it is possibleto extractcapacitancematrixentriesata fractionof thecostof
LU factorization.Performanceresultsfor block extractionoperationsaregiven in x10.5.
The logarithmic costpenaltyintroducedby wavelet representationsis further reducedin
the presenceof hierarchicalconstraints,anda hierarchicalvariantof the fastsummation
CMA is discussedin x8.

5.4 Algorithm

An ef®cient algorithmfor computingthe entiresolutionvectorv is possibleby carefully
evaluatingsubexpressionsin thefollowing convolutedmanner:

(1) Givenconstraints,�v, andthelist of nodesto beupdated,S.
(2) ObtainC� 1 (or factorization)for this BVP type either from the cache(Cost: Free),

usingupdating(see[James2001]),or from scratch(Cost: 2s3/3 �ops).
(3) If nonzero,evaluatethesparsesummation

~g1 =
h
~�

�
I � EET

�
�v + ~B�

i
: (42)

(Cost: 18�s~n �ops from ®rst term wherewhere~n is the averagenumberof nonzero
3-by-3blocksperwaveletGFbeingsummed(in practice~n � n), and�s is thenumber
of nonupdatednonzeroconstraints.Secondbodyforcetermis similarbut ignoreddue
to ambiguity. Costcanbereducedby exploiting temporalcoherence,e.g.,see(12).).

(4) Computetheblocks-vector

ET v(0) =
�
ET W� 1�

~g1 � ET �v: (43)
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(Cost: Selective reconstructioncost(if nontrivial g1) 3sRS whereRS is theeffective
costof reconstructingascalargivenS(discussedin x5.3;expectedcostis RS = O(1),
worstcasecostis RS = O(log n)), plus3s �ops for addition).

(5) Evaluatetheblocks-vector

g2 = C� 1(ET v(0) ) (44)

(Cost: 18s2 �ops).
(6) Performthesparsesummation

~g1 += ( ~� E)g2 (45)

(Cost: 18s~n �ops).
(7) PerforminverseFWT (canbeperformedin placeonblock3-vectordata)

v = W� 1~g1 (46)

(Cost: 3CIFWT n �ops; whereCIFWT is approximately4 for lifted Linearwavelets.).
(8) Correctupdatedvaluesto obtainthe®nal solution,

v += E(g2 � ET �v) (47)

(Cost: 6s �ops).

5.5 Cost Analysis

Thetotal costof evaluatingthesolutionis

Cost = 3CIFWT n + 18(s + �s)~n + 18s2 + 3s(RS + 3) 
ops (48)

wherethe notableimprovementintroducedby fastsummationis the replacementof the
18sn densesummationcost with that of the sparsesummationand inverseFWT. This
excludesthecostof capacitancematrix inverseconstruction(or factorizationor updating),
if updatingis performed,sincethis is experiencedonly onceperBVP typeandamortized
over frames.

Two interestingspecialcasesarewhennonzeroconstraintsareeitherall updated(�s= 0)
or whenno constraintsareupdated(s = 0). In thecasewhereall nonzeroconstraintsare
updated(�s= 0), andthereforestep3 haszerog1, thetotal costof thecalculationis

Cost = 3CIFWT n + 18s~n + 18s2 + 3s(RS + 3) 
ops : (49)

Casesin which updatednodeshave zeroconstraintsareslightly cheaper. Whenno con-
straintsareupdated(s= 0) only GF fastsummationis involved,andthecostis

Cost = 3CIFWT n + 18�s~n 
ops : (50)

In practicewe have reducedthesecostsby only reconstructingthe solutionon subdo-
mains(reducesFWT cost and summationcost) whereit is required,e.g., for graphical
rendering.It clearly follows that it is possibleto reconstructthesolutionat coarserreso-
lutionsfor multiple LOD rendering,i.e.,by only evaluatingg1 andtheIFWT in step7 for
coarseresolutions,andthis issueis discussedfutherin x9.

We foundthis algorithmto bevery effective for interactive applications,andespecially
for force feedbacksimulationwith point-like contacts(small �s ands = 0). Timingsand
typical �op countsareprovidedin theResultssection(x10). For largemodelswith many
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updatedconstraints,thes~n ands2 contributions,in additionto thecapacitancematrix in-
version,canbecomecostly. This issueis addressedin thefollowing sectionby introducing
multiresolutionconstraintswhichcanfavourablyreducetheeffective sizeof s.

6. HIERARCHICAL CONSTRAINTS

TheMR GF representationsmake it feasibleto storeandsimulategeometricallycomplex
elasticmodelsby eliminatingthedominantbottlenecksassociatedwith denseGFmatrices.
However, ®nerdiscretizationscanintroducecomplicationsfor realtimesimulationswhich
imposenumerousconstraintson thesesame®ne scales:(1) even sparsefastsummation
will eventually becometoo costly as more GF columnscontribute to the sum, and (2)
updatingnumerousconstraintswith the CMA incurscostly capacitancematrix inversion
costs.

We provide a practicalsolutionto this problemwhich canalsooptionally reducepre-
computationcosts.Our approachis to reducethenumberof constraintsby imposingcon-
straintsatacoarserresolutionthanthegeometricmodel(seeFigure8). Thiseliminatesthe
aforementionedbottleneckswithoutsacri®cingmodelcomplexity. Combinedwith wavelet
GFswhich enabletruemultiresolutionBVP simulationandsolutionoutput,multiresolu-
tion constraintsprovide theBVP's complementarymultiresolutioninput control. Suchan
approachis well-suitedto the CMA which effectively works by updatingconstraintsde-
®nedover®nite areas;in thecontinuouslimit, asn ! 1 andscalingfunctionmeasuresgo
to zero,theareaaffectedby theuniresolution®nite-rank-updatingCMA alsogoesto zero
andtheCMA wouldhave noeffect.

Fig. 8. MultiresolutionConstraint Parameterizations: Two dragonmeshes(L=3) with coarserconstraintpa-
rameterizationsindicatedfor differentresolutionsof the Green's function hierarchy; (left) constraintson level
0, and(right) on level 1. In this way, interactive tractionconstraintscanbe appliedon the coarsescalewhile
deformationsarerenderedusing�ne scaledisplacement�elds. (Reparameterizeddragonmodelgeneratedfrom
meshcourtesyof StanfordComputerGraphicsLaboratory.)

Themultiresolutionconstraintsaredescribedby nestedspaceswith nodeinterpolating
basisfunctionsde®nedoneachdomain.Usinginterpolatingscalingfunctionsallowshier-
archicalconstraintsto coexist with nodalconstraintdescriptions,which is usefulfor de®n-
ing thehierarchicalversionof theCMA (in x8). For our piecewise linear functionspaces
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thesescalingfunctionscorrespondto hierarchical basisfunctions5 [Yserentant1986]and
the interpolation®lters arealreadyavailablefrom the unlifted portion of the linear FWT
usedfor theMR GFs.

Let thescalarhierarchicalbasisfunction

� [l ;k ;d] = � [l ;k ;d](x); x 2 � ; (51)

correspondto vertex index k belongingto level l anddomainD d. Herethesquaresubscript
bracket is usedto indicateanhierarchicalbasisfunction;recall(equation30) thatrounded
subscriptbracketsareusedto refer to row componentsof wavelet transformedvectorsor
matrix columns.In thisnotation,thetraditional“hat functions”on the®nestscaleare

� k (x) = � [L;k ;d](x); k 2 Dd: (52)

In bracketnotation,there®nementrelationsatis®edby theseinterpolatingscalingfunctions
is

� [l ;k ;d] =
X

j 2K ( l +1)

h[l ;k ;j ;d] � [l +1 ;j ;d] ; (53)

whereh is the(unlifted) interpolatingre®nement®lter. As aresult,thesurfacehierarchical
basisfunctionsareunit normalized

� [l ;i ;d](x ( l ;j ;d) ) = � ij (54)

where� ij is the Kronecker deltafunction. The re®nementrelationfor hierarchicalbasis
functionsimpliesthathierarchicalconstraintboundaryvalueson®nerconstraintscalesare
givenby interpolatingsubdivision,andsosatisfythere®nementrelation

�v[l ;:;:] = HT
l �v[l +1 ;:;:] ; (55)

wherewe have useda brief operatornotation(equivalentto (53) exceptit relates3-vector
elementsinsteadof scalars),or simply

�v[l ] = HT
l �v[l +1] : (56)

As weshallnow see,while thehierarchicalconstraintsaredescribedatacoarseresolution,
thecorrespondingdeformationresponseinvolvesall scales.

7. HIERARCHICAL GREEN'S FUNCTIONS

TheGF responsescorrespondingto eachhierarchicalconstraintbasisfunctionarenamed
hierarchical GFs. From a GF matrix perspective, the coarseningof the constraintscales
is associatedwith a reductionin GF columns(seeFigure9). A graphicalillustration of
hierarchicalGFsis givenin Figure13 (p. 29).

7.1 Notation

ThehierarchicalGFsareidenti®edusingthesquarebracketnotationintroducedfor HBFs:
let

� [l ;k ;d] = � :;[l ;k ;d] (57)

5 In aslightabuseof terminology, hereafterwecollectively useªhierarchicalbasisfunctionsºto denotetheinter-
polatingvertex-basedhierarchicalscalingfunctionsevenif thefunctionspaceis not piecewise linear, e.g.,such
asButter¯y.
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Fig. 9. Illustration of Hierarchical WaveletGF Matrix Structure: Sparsitypatternsandconstraintparameter-
izationsof the coarselevel 2 (L=2) rabbit model's threelevel GF hierarchy for the main � 0

p ªfree-boundaryº
self-effect block � � 0

p � 0
p

(illustratedin Figure6). This modelhas160 vertices,with the lifted linear FWT de-

�ned on a domainof 133verticespartitionedinto threelevelswith sizes(9,25,99).Thematricesare:(left) �nest
scaleGF squarematrix block (# nonzeroblocks,nnz=4444),(middle)once-coarsenedconstraintscaleGF block
(nnz=1599),(right) twice-coarsenedconstraintscaleGF block (nnz=671).In eachcase,sparsityresultingfrom
thresholdingthe wavelet transformedGF columnsclearly illustratesthe wavelet transform's excellentdecorre-
lation ability. The multiresolutionstructureof the wavelet coef�cients is apparentin eachmatrix asa resultof
multiresolutionreorderingof rowsandcolumns;noticethedenseunthresholdedbaselevel coef�cients in thetop
mostrows. Perhapssurprisingfor sucha small model,modestcompressionratiosarealreadybeingobtained:
here" = 0:10 andthelargeblockhasretainednnz=4444elementsor 25% of theoriginal size.

denotethehierarchicalGF associatedwith thek th vertex containedon level l anddomain
Dd. Therefore

� [0;k ;d]; � [1;k ;d] ; : : : ; � [L;k ;d] (58)

areall hierarchicalGFsassociatedwith thek th vertex herecontainedon thebaselevel of
thesubdivision connectivity mesh.ThehierarchicalwaveletGFs(illustratedin Figure9)
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areeasilyidenti®edby botha tilde andsquarebrackets,e.g.,

~� [l ;k ;d] = ~� :;[l ;k ;d] : (59)

7.2 Re�nement Relation

HierarchicalGFsandhierarchicalbasisfunctionssharethe samere®nement®lters since
eachhierarchicalGF is expressedin termsof a linearcombinationof GFson ®ner levels
by

� [l ;k ;d] =
X

j 2K ( l +1)

h[l ;k ;j ;d] � [l +1 ;j ;d] (60)

or in operatornotation

� l = � l +1 HT
l : (61)

This follows from thehierarchicalGFansatz

� l �v[l ] = � l +1 �v[l +1] ; (62)

for a level l hierarchicalconstraint�v[l ], aftersubstitutingthehierarchicalboundarycondi-
tion subdivisionequation(56),

�v[l ] = HT
l �v[l +1] : (63)

Figure9 providesintuitivepicturesof theinducedGFhierarchy,

� [L; � ;d] ; : : : ; � [1;� ;d] ; � [0;� ;d] : (64)

7.3 Matrix BVP De�nition

While the re®nementrelation(61) canbe usedto computecoarsescalehierarchicalGFs
from®nerresolutions,it isalsopossibletocomputethemdirectlyusingthede®nitionof the
accompanying hierarchicalboundaryvalueconstraints.For example,thethreecolumnsof
thehierarchicalGF� [l ;k ;d] canbecomputedusingablack-boxsolver, e.g.,FEM,by solving
threeBVPs correspondingto i th vertex scalarconstraint� [l ;k ;d](x i ) separatelyspeci®ed
for x, y andz components(with othercomponentssetto zero;analogousto Figure3). This
providesanattractiveapproachto hierarchicallyprecomputingvery largemodels,andwas
usedfor thelargedragonmodel.

8. HIERARCHICAL CMA

It is possibleto usethehierarchicalGFsto producevariantsof theCMA from x3.2. The
key bene®tsobtainedfrom usinghierarchicalGFsarerelatedto thesmallernumberof con-
straints(seeFigure11): (1) anacceleratedfastsummation(sincefewer weightedcolumns
needbesummed),(2) smallercapacitancematrices,and(3) improvedfeasibilityof caching
potentialcapacitancematrix elementsat coarsescales.Dueto the4-fold changein vertex
countper resolutionlevel, theexpectedimpactof reducingtheconstraintresolutionby J
levelsis

(1) 4J reductionin constraintcountandnumberof GFsrequiredin CMA summations,
(2) 16J reductionin numberof capacitancematrixelements,
(3) 64J reductionin costof factoringor directly invertingcapacitancematrix,
(4) 4J � 64J reductionin CMA cost.
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Fig. 10. Examplewhere Hierarchical GFs are Useful: A �nger pad in contactwith a ¯at surfaceis a good
exampleof wherehierarchicalGFsarebene�cial,asis any casewherenumerousdensesurfaceconstraintsoccur.
Although the traction�eld may containlittle information,e.g.,smoothor nearlyconstant,large runtimecosts
can result from the numberof GFsbeingsummedand/orby the numberof constraintsbeingupdatedwith a
CMA. Whetherthedeformationis computedwith the�nger pad's freeboundaryconstraintsmodeledby theuser
specifyingtractionsdirectly, or indirectly usingdisplacementsanda CMA, in bothcaseshierarchicalGFsresult
in smallerboundableruntimecosts.

An illustration of a situationwherethe hierarchicalCMA can be bene®cialis given in
Figure10.

It is relatively straight-forwardto constructanonadaptivehierarchicalCMA thatsimply
limits updateddisplacementconstraintsto ®xed levels of resolution. This is the easiest
mechanismfor providing gracefuldegradationwhenlargesetsof nodesrequireupdating:
if too many constraintsarebeingtoo denselyappliedthey may simply be resolved on a
coarserscale. This is analogousto usinga coarserlevel model,with the exceptionthat
thesolution,e.g.,displacements,areavailableat a ®nerscale.We have foundthis simple
approachworks well in practicefor maintaininginteractivity during otherwiseintensive
updatingcases.Onedrawbackof thenonadaptiveapproachis thatit canleadto “popping”
when changingbetweenconstraintresolutions,and the investigation of adaptive CMA
variantsfor which thisproblemis reducedarefuturework.

8.1 Hierarchical Capacitances

Similar to the nonhierarchicalcase,hierarchicalcapacitancematricesaresubmatricesof
the hierarchicalGFs. We can generalizethe capacitancenodelist de®nition to include
updatednodalconstraintscorrespondingto hierarchicalbasisfunctionsatdifferentresolu-
tions. We ®rst generalizethenotationof theoriginal (®nescale)capacitancenodelist and
capacitancematrixelementsas

S = (k1; k2; : : : ; ks) (65)

= ([L; k1; d1]; [L; k2; d2]; : : : ; [L; ks; ds]) (66)

Cij = � � k i [L;k j ;dj ]: (67)

Hierarchicalconstraintsthenfollow by replacingL with theappropriatelevel. TheCMA
correspondingto coarsenedconstraintscalesfollows immediately, aswell asthefact that
hierarchicalcapacitancematrix inversescanbeupdatedto addanddeletehierarchicalcon-
straints.Furthermore,it is alsopossibleto mix constraintscalesandconstructtrue mul-
tiresolutionupdatesusingthegeneralizedde®nition

S = ([l1; k1; d1]; [l2; k2; d2]; : : : ; [ls; ks; ds]) (68)
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Cij = � � k i [l j ;k j ;dj ]: (69)

Suchadaptivity canreducethenumberof constraintsrequired,which in turn reducesboth
thenumberof GFssummed,andthesizeof thecapacitancematrix. However, dueto the
additionalcomplexity of specifyingadaptive multiresolutionconstraintsat runtime,e.g.,
for aninteractive contactmechanicsproblem,we have not yet exploitedthis CMA solver
functionalityin practice.Finally, dueto thereducednumberof constraints,therearefewer
andsmallercapacitancematrices,andthis improvestheeffectivenessof cachingstrategies
(seeFigure11).

L�1 L�2L L L�1 L�2
Fig. 11. Hierarchical CapacitanceMatrices: (Left) As in Figure9, thematrixview of hierarchicalGF indicates
anapproximatelyfour-fold reductionin columnsateachcoarserconstraintresolution.As a result,thenumberof
possiblecapacitancematrix elementsarereducedaccordingly, asrepresentedby thebluematrix blocks. (Right)
An illustrationof thecorrespondingspatialhierarchy for thesupportof acoarselevel (extraordinary)ªlinearhatº
scalingfunction. Circles indicatethe vertex nodes(andbasisfunctions)requiredto representthe coarselevel
scalingfunctionateachlevel.

8.2 Graceful Degradation

For real time applications,hierarchicalcapacitancesplay an importantrole for resolving
constraintson coarserconstraintscales(or adaptively in general).Considera simulation
with constraintsresolvedon level H . If it encountersa capacitancematrix inverseupdate
taskwhich requirestoo muchtime it canabortandresortto resolvingthe problemat a
coarserconstraintresolution,e.g.,H � 1 or lower. In thisway it is possibleto ®ndacoarse
enoughlevel atwhich thingscanproceedquickly.

As with all variantsof the CMA, thesedirect matrix solutionalgorithmsprovide pre-
dictableoperationcounts,which may be usedto choosean effective real time solution
strategy.

9. DETAILED GRAPHICAL AND HAPTIC RENDERING

At somescale,thereis little practicalbene®tin seekinghigherresolutionelasticmodels,
andgeometricdetailcanbeintroducedby localmapping.

9.1 LOD and Multiresolution Displacement Fields

ThefastsummationCMA with waveletGFs(x5) immediatelyprovidesanobviousmecha-
nismfor realtimeadaptive level-of-detail(LOD) rendering[Xia etal. 1997].Thisprocess
is slightly complicatedby the fact that the geometryis deforming,therebyreducingde-
pendenceon statically determinedgeometricquantities,e.g., visibility. While we have
not exploredreal time LOD in our implementation,it wasan importantalgorithmdesign
consideration.It alsoprovidesanextra mechanismfor real time gracefuldegradationfor
dif®cult CMA constraintproblems.
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9.2 Hierachical GFs and Geometric Detail

A favourableexploitation of spatialscalesis obtainedby using hierarchicalGFs, since
interactionsresolved on relatively coarseconstraintsscalesnaturallyallow visualization
of ®ne scalegeometryanddisplacement®elds. Even whencoarselevel constraintsare
used,®nerscaledisplacement®eldsarestill available–possiblycomputedfrom anhighly
accuratediscretization.

Thereis however an interestingtransitionat somespatialscalefor which the GF dis-
placement®eldscontainlittle moreinformationthanis obtainedby displacementmapping
a geometricallycoarserresolutionmodel.By evaluatingGF displacement®eldsonly to a
suitabledetail level, thedeformedgeometrycanthenbemappedto ®nerscalesvia bump
and/ordisplacementmapping,possiblyin graphicshardware.Wehaveuseddisplacedsub-
division surfaces(DSS)[Lee et al. 2000] to illustratethis, partly becausethey work well
with deformingmeshes.

Onesigni®cantconcernwhendisplacementmappingcoarsemodelsis that it canlead
to inexact displacementconstraints.This problemis exaggeratedby DSSeven for small
changesdue to mapping,becausethe Loop subdivision stepconverts our interpolating
constraintscalingfunctionsinto noninterpolatingones. Intuitively, this occursbecause
adjacentvertex displacementscomputedby CMA for thecoarsecontrolmeshareaveraged
duringthesubdivisionprocess,thusleadingto inexactconstraintvalues.This is in contrast
to the interpolatingconstraintsachieved with hierarchicalGFs. Nevertheless,for ®nely
meshedmodelsthemismatchcausedby displacementmappingis reduced.

One settingfor which we have found DSS to be still very useful is for haptic force
feedbackapplicationsinvolving point-like contacts.Hereperceptualproblemsrelatedto
surfacepenetrationdueto inaccuratesurfacedisplacementconstraintsarecommonlyover-
comeby a “god-objectapproach”[Zilles andSalisbury 1994] in which a proxy for the
object in contactwith the surfaceis alwaysdrawn on the surface(the “god” object) re-
gardlessof whetheror not penetrationoccurs. We have successfullyusedthis in several
point-likecontactinteractive forcefeedbacksimulations,e.g.,seeFigure12.

9.3 Force Feedback Rendering of Detail

In addition to graphicalrendering,surfacedetail may alsoenhanceforce feedbackren-
deringby usingnormalmapsto modulatepoint contactfriction forces[Morgenbesserand
Srinivasan1996]asis donein commercialforcefeedbacksystems,e.g.,[Reachin]. In this
way, the hierarchicalGFsparameterizethe coarsescaleforce responseof the compliant
surface,while thenormalmapsrendersurfacedetail.

10. RESULTS

In additionto theimagesandexamplesalreadypresented,resultspresentedhereillustrate
theeffectivenessof methodspresentedfor waveletGF compression,fastsummation,and
hierarchicaltechniques.An accompanying video illustratesour modelsusedin a force-
feedbacksimulation.

All multiresolutionanalysisis performedon the � 0
p domain,and GF compressionis

concernedwith the� � 0
p � 0

p
GF self-effectblock,sinceit is of greatestpracticalimportance

in simulations.As a reminder, this GF block describessurfacedisplacmentson � 0
p dueto

tractionsappliedto � 0
p. Severalmodelshave beenanalyzedandaredescribedin TableI.
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Fig. 12. ElasticallyDeformedDisplacedSubdivisionSurfaces:Displacedsubdivision surfacesprovide a natural
extensionto an hierarchy of elasticspatialscales. In this example,a level 2 elasticrabbit model is rendered
on level 5 using displacementmapping(computedin software). In addition to providing exact displacement
constraintsondetailed(or just subdivided)surfaces,hierarchicalGFsallow greaterelasticcontentto bedepicted
thansimpledisplacementmappingof coarsegeometry. In eithercase,suchapproachescaneffectively transfer
theruntimesimulationburdenalmostentirelyto graphicalrendering.

A fair estimate6 of thenumberof tetrahedrain correspondinguniform tetrahedralizations
arealsostated.

Model Tetra Face Vertex,n jDomainj jM (l)j MB
Rabbit2 872 320 162 133 (9,25,99) .64
Rabbit3 6903 1280 642 537 (9,26,101,401) 10
Rabbit4 54475 5120 2562 2145 (9,26,100,404,1606) 166
Dragon3 176702 19840 9920 7953 (123,372,1495,5963)2277

Table I. Propertiesof rabbit and dragon modelsusedin multiresolutionexperiments.
Columnsareprovided for the numberof trianglesandverticeson the boundary, an es-
timateof thenumberof tetrahedrafor a uniform tetrahedralization,andthesizeof the� 0

p
domainalongwith its partitionedlevel structureon which thewaveletGFsareanalyzed.
For comparison,the lastcolumnindicatesthememorysize(in MB) of theotherwiseun-
compresseddense� � 0

p � 0
p

matrixof 32-bit �oats.

6 Tetrahedracounts are basedon dividing the volume of the model, V , by the volume of a regular
tetrahedron,Vtet , with trianglefaceareaequalto themesh'smeanfacearea,a:

Vtet =
192

1
4

9
a

3
2 ) #T etrahedra � d

V

0:4126a
3
2

e:
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10.1 Note on Java Timings

Timingsarereportedlaterfor precomputation(TableII), elementextraction(TableIII) and
fastsummation(Figure17). All timings werecomputedon a PentiumIII-450MHz ma-
chinewith 256MB,runningWindows 98 andtheSunJDK 1.2.2JVM. Basedon theaver-
ageperformanceof therepresentative3-by-3blockedmatrix-vectormultiplication(18*537
�op in 0.19ms) this Java computingenvironmentis approximatelyratedat a modest51
MFlops. Signi®cantlybetterperformance(tenfold improvements)arepossibleusingcur-
renthardwarewith optimizedlinearalgebralibraries.

10.2 Wavelet GF Compression and Error Examples

This sectionshows that substantialGF compressioncan be obtainedat the cost of in-
troducingvery practicallevels of approximationerror. The practicalconsequenceis that
specifyingthe level of simulationerror allows thespeedupof our interactivesimulations
to bedirectlycontrolled, andthis is extremelyusefulfor realtimeapplications.

10.2.1 Measuresof Error. For agivenlevel of compression,wegive two measuresof
the error in the reconstructedGF matrix block �̂ � 0

p � 0
p

relative to the exact value� � 0
p � 0

p
.

The®rst errorestimateis basedon therelativeFrobenius(or Euclidean)normof theerror,
herecalledthe“RMS” error:

RM S =
k�̂ � 0

p � 0
p

� � � 0
p � 0

p
kF

k� � 0
p � 0

p
kF

; (70)

and is a robust estimateof the averageGF matrix elementerror. The secondestimate
providesa measureof themaximumrelative blockwiseerrorover all GFs,herecalledthe
“MAX” error:

M AX = max
j 2 � 0

p

kET
� 0

p

�
�̂ j � � j

�
k1 F

kET
� 0

p
� j k1 F

(71)

wherek � k1 F is de®nedin (32,p. 16).

10.2.2 RabbitModel. Compressionresultsfor the ®ve (L = 4) level rabbit modelof
Figure1 (p. 3) areshown in Figure14. An imageof the compressedGF matrix for the
smallerL = 2 rabbit modelwasalsoshown earlier in Figure9 (p. 22)). In general,the
resultsindicatea trendtowardgreatercompressionratiosfor largermodels(this is charac-
terizedfurtherin x10.3). In orderto illustratetheperformancebene®tof lifting theLinear
andButter�y wavelets,resultsobtainedusingtheunlifted basesarealsoshown for refer-
ence.To avoid clutter in our plots,thegenerallylesseffective unlifted wavelet resultsare
plottedin a lighter color for clarity. Graphicaldepictionof theerrorsassociatedwith GF
compressionareshown in Figure13. Somerepresentative precomputationtimesfor the
rabbitBEM modelsareshown in TableII.

Therelationshipof relativeRMSandMAX errorsto therelative thresholdingtolerance,
" , for variouswavelets,is shown in Figure15(L = 4). Interestingly, thebehavior of errors
for Linear and Butter�y waveletsare nearly identical for respective lifted and unlifted
types.
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" = 0:01 " = 0:05 " = 0:20

Fig. 13. Rabbit model (L = 4) approximatewaveletGF reconstructionsfor lifted Linear waveletsat three
thresholds," = (0:01; 0:05; 0:20), correspondingto compressionfactorsof (8:4; 25; 68). Threehierarchical
GFsareshown with constraintlevels2 (top row),3 (middlerow) and4 (bottomrow), andwerecomputedusing
there�nementrelationfrom �ne scale(level 4) thresholdedGFs.Relativeerrorsproportionalto thethresholdare
visible,especiallyin theneighbourhoodof therabbit'snosewhereanexaggeratednormaldisplacementconstraint
hasbeenappliedto eachmodel.
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Fig. 14. Rabbitmodel(L = 4): WaveletGF error versuscompression
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Fig. 15. Rabbitmodel(L = 4): WaveletGF error versusthresholdingtolerance: (Left) Linearwavelets;(Right)
Butter¯ywavelets.

Model Tetra Face Vertex,n jDomainj Precomp Sim(ms)

Rabbit2 872 320 162 133 1.8min 0.07
Rabbit3 6903 1280 642 537 40min 0.33
Rabbit4 54475 5120 2562 2145 9 hours� 1.3

TableII. Green'sFunctionprecomputationandsimulationtimes for rabbitBEM models.Only GFscorrespond-
ing to moveablefreevertices(in � 0

p ) wereprecomputed,andrepresentative timesarelisted(Precomp).Thelast
columnindicatesthat(sub)millisecondgraphics-loopcomputations(Sim)arerequiredto determinethepoint-like
contactdeformationresponseof eachmodel's freeboundary, e.g.,for force feedbacksimulations.(*Note: The
rabbit4 modelwasprecomputedonan8-wayPIII-450MHzmachine.)

10.3 Dependence of GF Compression on Model Complexity

To betterunderstandhow compressionor fastsummationspeedupratesdependon the� 0
p

domainresolutionof a model,the ratio of fastsummationspeedupfactorsfor modelsof
adjacentresolutions,(L + 1) andL , areshown in Figure16 asa functionof relative RMS
error. Givena modelwith m verticesin its � 0

p domain,thefastsummationspeedupfactor
is de®nedastheratio of thenumberof denseGF elements,m2, to thenumberof nonzero
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waveletGFblocks,nnz, or

speedup(m) =
m2

nnz(m; " )
: (72)

Theratioof speedupfor two adjacentlevelswith m and4m verticesis therefore

speedup(4m)
speedup(m)

=
(4m)2

nnz(4m; ")
nnz(m; " )

m2 =
16nnz(m; " )
nnz(4m; ")

: (73)

To provideintuition, lineardependenceof thenumberof nonzeros,nnz(m; " ), onm would
yield a ratioof 4, whereasfor nnz(m; " ) = C" m log� m, � � 0, onewouldobtain

speedup(4m)
speedup(m)

=
4log� (m)
log� (4m)

� 4: (74)

While the limited informationin Figure16 doesnot allow us to con®dentlyestimatethe
exact dependenceof nnz on m, it doesprovide a very usefulobservation regardingthe
dependenceof theratio of fastsummationspeedupson error: in practicethereis little im-
provementin relativespeedupbetweenresolutionsoncetheRMSerrorlevel hasincreased
to acertainlevel.
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Fig. 16. Rabbitmodel:Dependenceof GF compressiononmodelresolution

10.4 Veri�cation of Fast Summation Speedup

Fastsummationspeedupsaredirectly relatedto thecompressionachievedusingwavelets.
Experimentalevidencefor the lineardependenceof fastsummationspeedupon GF com-
pressionis illustratedin Figure17. Ourruntimesimulationsexperiencedcloseto apropor-
tional speed-up,with the inverselifted Linear wavelet transformbeingapproximatelyas
costlyasanextranormalcomputation.WedonotuseButter�y waveletsfor our interactive
simulationbecausethe negligible compressionbene®ts(if any) do not outweighthe in-
creasedcostof theinversewavelettransform7. As thenumberof constraintsincreasesand
GF responsesummationsdominatethe graphicssimulationcost,speedupsfrom wavelet
fastsummationdirectlytranslateinto speedupsfor interactivesimulations.

7Butter¯y subdivision requiresaveragingof 4 times as many valuesas Linear, however it can be ef�ciently
implementedto beonly twiceascostly.
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Fig. 17. Fast summationcostper GF summed: Comparisonof wavelet GF fastsummationtimings (in mil-
liseconds)of a rabbit model(L = 3, 537 vertex domain)with denseGF matrix multiplication (horizontalline,
time=0.19ms/GF)for full matrixmultiplication.ThelineardependenceonnonzeroGFmatrixelementscon�rms
the costanalysisof x5.5 (equation50, p. 19): fastsummationcostsaredirectly proportionalto the numberof
nonzerowavelet GF elements.Timings arefor the lifted Linear wavelets,for which the inverseFWT requires
0.38ms.

10.5 Timings of Selective Wavelet Reconstruction Operations, (ET W� 1)

Theperformanceof inverseFWT operationsfor theextractionof GFblockelements(x5.3)
areshown in TableIII for an unoptimizedrecursive elementreconstructionimplementa-
tion usingLinearwavelets.Theimplementation's reconstructionof eachelementinvolves
redundantcalculationoverheadof approximatelya factorof two. Nevertheless,thesepes-
simistictimesaresuf®ciently fastfor practicaluseandcanbeoptimizedfurtherusingthe
approachesmentionedin x5.3.

# Levels 2 3 4
Time/block,� sec 8 20 36

TableIII. Pessimistictimingsofselectivereconstructionoperationsfor GF3-by-3blockelementextraction.Block
extraction timesare listed asa function of the numberof resolutionlevels (# Levels) that mustbe adaptively
reconstructedto obtaintheelement.

10.6 Wavelet Compression of Hierarchical Green's Functions

Waveletcompressionresultsareshown in Figure18 for hierarchicalGFscorrespondingto
the rabbit model. Compressionbehaviors for eachlevel of the GF hierarchy areapprox-
imately the same,althoughthe coarserand thereforesmootherGF levels result in only
slightly bettercompressionfor a givenRMS error, with this beingmoreapparentfor the
smootherlifted Butter�y basis.Figure19displaysRMSreconstructionerrorversusthresh-
oldingtolerancefor eachlevel of thehierarchy. Theapproximatelyequivalentcompression
ratesfor GFsacrossconstraintscalesimplies that a fourfold reductionin constraintsper
coarsenedconstraintlevel resultsin approximatelya fourfold speedupin fastsummation
for agivenlevel of error.

Thefour-level dragon(L = 3) is our largestmodel,with 19840faces,9920vertices,and
7953verticesin the� 0

p domainpartitionedacrossfour levelsof sizes(123; 372; 1495; 5963).
In order to reducethe precomputationtime, we only computedhierarchicalGFs at the
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Fig. 18. Rabbitmodel(L = 4): Hierarchical waveletGF error versuscompression:(Left) Lifted Linear;(Right)
Lifted Butter¯y.
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Fig. 19. Rabbitmodel(L = 4): Hierarchical waveletGF error versusthresholdingtolerance: (Left) Lifted
Linear;(Right)Lifted Butter¯y.

coarsest(l = 0) constraintscale(illustratedin Figure8, p. 20), resultingin 123GFspre-
computedinsteadof 7953.Thedeformationsassociatedwith thesecoarselevel constraints
arevery smooth(shown in Figure22 (p. 35), andfor this reasonthegoodcompressionis
achieved(seeFigures20and21).

11. SUMMARY AND CONCLUSIONS

This paperhasoutlineda multiresolutionframework for interactive simulationof large-
scaleGreen's function (GF) basedphysical modelswhich is a signi®cantimprovement
over previously known approaches.Our contribution builds on CapacitanceMatrix Algo-
rithm (CMA) approachesfor simulatingprecomputedGF modelsassociatedwith discrete
approximationsof linearelliptic partialdifferentialequations,suchasfor elastostaticob-
jects. The numerousmultiresolutionenhancementspresentedhere(hierarchicalwavelet
GFs,fastsummationCMA, multiresolutionconstraints)offer dramaticimprovementsin
theoveralleffectivenessof theCMA, andgreatlyextendthecomplexity of modelsthatcan
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Fig. 20. Dragonmodel(L = 3): Hierarchical waveletGF error versuscompression:
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Fig. 21. Dragon model(L = 3): Hierarchical waveletGF error versusthresholdingtolerance: (Left) Linear
wavelets;(Right)Butter¯ywavelets.

be interactively simulatedandalsoprecomputed.In particular, the fastsummationsimu-
lation enhancementswhich exploit wavelet GF compressionwerehighly successful:we
have shown that hundredfoldreductionsin interactive simulationcostsfor geometrically
complex elasticmodels(dragonL = 3) canbeachievedat acceptablelevelsof error (5%
RMS), andthatsimilar compressionratesarein factpossiblefor a wide rangeof wavelet
schemes.With theseimprovementsin ef®ciency andextensionsfor large-scalesimulation,
interactive GF-basedmodelswill be of muchgreaterusein interactive computergraph-
ics, computerhaptics,andrelatedapplicationssuchasvirtual prototyping,video games,
characteranimation,surgical simulation,andinteractiveassemblyplanning.

11.1 Future Work

Therearea numberof promisingdirectionsfor future researchwith perhapsthe largest
areabeingthesimulationandvisualizationof otherphysicalsystemsnotdirectlyrelatedto
elastostatics,e.g.,thermostatics,hydrostatics,electrostatics,etc.For elasticity, wearealso
investigating extensionsfor geometricandmaterialnonlinearitieswhich canstill exploit
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Fig. 22. Deformeddragon model(L = 3) shown in a force feedbacksimulation,contactedby a small white
ball (force direction indicatedby arrow). The undeformedmodel is shown in the top left image,while other
imagesillustratehierarchicalGFdeformationsdueto forcesresolvedonconstraintlevel 0. Thisvery largemodel
compressesextremelywell (approx.factorof 100at5%RMSerror)andis thereforesuitablefor interactive force
feedbacksimulation.

aspectsof thefastprecomputedGFsimulationapproach.
Thebene®tof otherwaveletschemesshouldbestudiedfor compressionimprovements

andpracticalconcernssuchas the accommodationof commondiscretizationsandde®-
nitions on irregular (base)meshes.Other issuesrelatedto smoothnessof discretization
spaces,largermodels,andhigh accuracy tolerancesshouldalsobeconsidered.Recently
it hasbeenshown thatsmoothwaveletsbasedon Loop subdivision canachieve excellent
compressionratiosfor complicatedgeometries[Khodakovsky et al. 2000] at the costof
anexpensive (but hereaffordable)forward transform,andtheseschemeswould have de-
sireablepropertiesherefor compression,summationand visual smoothness,as well as
storageandtransmission(thecentralmotivationin [Khodakovsky et al. 2000]).This is an
avenuefor future research,however we notethat our resultsdo not initially suggestthat
suchwaveletswill providesigni®cantimprovement.

Thecompressionof GF matrix blocksotherthanthefreesurfaceself-effect (illustrated
in Figure 6, p. 13) shouldbe investigated; preliminary studiesindicatethat this is also
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effective. Algorithms for adaptive multiresolutionapproximationsof contactconstraints
for real time simulationare needed. Collision detectionfor deformableobjectscan be
optimizedfor LEGFMsgiven theef®cient accessto statevaluesandsensitivities. Issues
relatedto thestablesimulationof modelswhichcontainerrorsneedtobebetterunderstood;
this is centrallyrelatedto thesimulationof wavelet compressedmodelsandalsomodels
acquiredwith physicalmeasurement.Lastly, themethodspresentedherearesuitablefor
hardrealtimesimulationenvironmentsandcouldbefurtherstudiedin suchacontext.
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