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Abstract—This paper proposesnumerical algorithms for
reducingthe computational costof semi-superised and active
learning procedures for visually guided mobile robots from
O(M3) to O(M), while reducing the storage requirements
from M2 to M. This reduction in cost is essential for
real-time interaction with mobile robots. The considerable
speedups are achieved using Krylo v subspacemethods and
the fast Gauss transform. Although these state-of-the-art
numerical algorithms are known, their application to semi-
supenised learning, active learning and mobile robotics is
new and should be of interestand great value to the robotics
community. We apply our fast algorithms to interactive object
recognition on Sony's ERS-7 Aibo. We provide comparisons
that clearly demonstrate remarkable improvementsin com-
putational speed.

Index Terms— Visually guided mobile robots, interactive
robots, learning, Krylo v subspacemethods, fast Gausstrans-
form.

|. INTRODUCTION

Fig.1. Aibois aninteractiverobotthatlearnsto recaynizeobjects
using semi-supervisethput from a portable computerAibo also
usesactive learning to promptthe userfor labels.In the image
we seeAibo correctly identifying the ball and the banana.

In this paper we introduce fast algorithms for semi-
supervisedand active learning in visually guided robots
[17], [18]. Thesealgorithms make it possibleto apply
thesecomputationallyintensve learningtoolsin interactve
robotics.In particular they reducethe computationalkcost
of learningfrom O(M 2) to O(M ) andthe storagerequire-
mentsfrom M 2 to M, whereM is the numberof features.
Our applicationinvolves an ERS-7 Aibo that learnsbasic
objectdiscriminantsusing semi-supervisethput from the
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user asshowvn in Fig. 1. Thatis, the userprovideslabels
for some of the image regions obsened by Aibo. Aibo
thenlabelsthe restof theimageregionsaswell asall new
imagesin its video input. In this fashion,the userteaches
Aibo to recognizemultiple objects.

When Aibo is confusedaboutthe label of an object, it
employs the active learningalgorithms[18] to promptthe
userfor new labels.Initially, a simpleinterfaceis usedto
teachAibo to recognizea few objectsin its ervironment.
Subsequent|yAibo “asksquestions’only whenit “thinks”
theanswerscouldimprove its recognitionperformancesig-
ni cantly within a Bayesiandecisiontheoreticframework.
This application allows humansto train visually guided
entertainmentrobots in a fun and interactve way that
placesminimal burdenon the humanteacher After learn-
ing to recognizeseveral objectsin its environment, Aibo
can use some of theseobjects as navigation landmarks.
Concevably, it can also use the recognition models and
algorithmsto carry out simpletasks,suchasfetchingballs.

Il. SEMI-SUPERVISED AND ACTIVE LEARNING USING
GAUSSIAN FIELDS

We begin with a description of the semi-supervised
learning problem and the solution proposedin [17]. We
aregivenN featurevectorsx 2 R® asshavn for d = 2 in
Fig. 2. Someof the points have labels.In the gure, two
points have the labelsy' = 1 andy' = 0. The restof the
pointshave unknavn labelsy" . The goalis to computethe
unknavn labels.

Fig. 2. Input data. Two points( ) and (o) havelabelsy' = 1
andy' = 0 respectively The remaining points are unlabelled
yY =?, but their topology is essentialto the constructionof a
goodclassi er.

A humanwould classify all the pointsin the outerring
as 1 andthe pointsin the inner circle as 0. We want an
algorithmthat reproduceghis perceptuagrouping.We do
this by consideringeach point x; as a nodein a fully



connectedundirectedgraph. The edgesof the graphhave
weights correspondingo a similarity kernel. In our case,
the weight betweenpointsx; andx; is
— 1 2 .

Wi = exp —kX; Xj k )
wherek k denotesthe L, norm. Hence,points that are
closetogetherwill have high similarity (high w), whereas
pointsthat are far apartwill have low similarity.

It is sensibleto minimize the following error functionto

computethe unknawvn labelsyY:
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wherelL is the setof labelledpointsand U is the set of
unlabelledpoints. If two points are closethenw will be
large. Hence,the only way to minimize the error function
is to make thesetwo nearbypoints have the samelabel y.
Let usintroducethe adjaceng matr,i:;(W with entriesw;
andlet D = diag(d;) whered; = i Wi Thatis, D is
a diagonalmatrix whosei-th diagonalentry is the sum of
the entriesof row i of W . Let the vectory, containall
the unknown labelsyY andsimilarly let y, containall the
labelsy'. Then,the error function canbe written in matrix
notationas follows:

E(yu)= yz(Duu W uu)Yu 2)/lTVVuI)/u"'B/lT(DII Wi)yi;

whereW ,, denotesthe entriesw; with i;j 2 U. Differ-
entiatingthis error function and equatingto zero, givesus
our solutionin termsof a linear systemof equations:

(Duwu Wuw)yu=Wuyi; 1)

where0 yY 1. A naive solutionwould cost O(M 3),
whereM = jUj is the numberof unlabelledpoints, since
jLj is signi cantly smallerthanjUj.

Oncewe have labelsfor all N pointsin thetrainingdata,
a new point Xy in the testsetdatais classi ed using the
following classicalkernel discriminant

P N
Yk = _PIZI\iLM (2)
i=1 Wik

As showvn in [18], onecanuseBayesiandecisiontheory
to extend this semi-supervisedearning approachto the
active learning domain. In this approach,the class pos-
terior probabilitiesp(y{'jy; x) are approximatedwith the
estimatesd y' 1, yielding the following expression
for the posteriorrisk of the Bayesclassi er:

R(yu) =  min(yi;1 y'):
i=1

To decidewhich unlabelledpoint x; requiresa labely;,
we rst solwe the linear system(1) to obtainy,. Adding

the new label y; to the training set forcesus to have to
solve (1) again. Fortunately we can recomputethe labels
efciently using the matrix inversion lemma as outlined
in [18, AppendixB]. Let the eld obtainedby addingthe
point (x; ;y;) bedenotedby y ¥ ¥, Then,the posterior
risk is:
1

min yi+(><1 il q yi+(><i Yi)
i=1
Of course,before queryingthe user we do not know the
labely; , sowe have to usethe expectedposteriorrisk:

ER(y; ¥ = (1 y)R(y,919) + y'R(y i)

After computingthis expressionwe pick the index j that
minimizesit and askthe userto entera label for x;. The
pseudo-codés shavn in Fig. 3. Its applicationto a simple
syntheticdatasets shavn in Fig. 4.

R(yj( Xj1Yj )) =

Input: L, U andW
WHILE morelabelsarerequired:
Computey,, using(1).
Find the bestqueryj usingthe expectedposterior
risk.
Querypoint x; andreceire answery; .
Add (x;;y;) to L andremove x; from U.

Fig. 3. Theactivelearning algorithm proposedin [18].
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Fig. 4. Active learning: The top-left plot showsthe initial data
X, whee only two points have beenlabelled. Note that a naive
supervisectlassi er that usesonly the labelled data would most
likely producethe wrong discriminantboundary By running the
active learning algorithm, the computerasksthe user to enter
the label for a point that could minimizethe Bayesrisk the most
(the squae in the top-right plot). Theprocessis thenrepeatedn

the bottom-leftplot. The nal classi cation usingonly thesefour
labelsis perfectas shownin the bottom-rightplot.

Onekey thingto noteis thattheactive learningalgorithm
still requiresthat we solve the systemof equations(1).



In this paper we will shav that the O(M 2) cost can be
dramaticallyreducedto O(M ). The storagerequirements
(usingthe FGT asdescribedn SectionlV) arealsoreduced
fromM? to M.

The rst thing to notice when trying to speedup the
algorithm is that equation(1) can be solved in O(M ?)
stepsper iterationusingthe following x ed point updates:

i

yEJHl) = Duu1 Wuuy&t) + Wulyl

This updateis similar to the Jacobi and Gauss Seidel
iterations[5]. The problemwith thesestratgjiesis thatthe
new estimateonly dependson the previous estimateand,
hence,it might take too mary iterationsto corverge. It

is well acceptedin the numericalcomputation eld that
Krylov methods[5], which male useof the entire history
of solutions,cornverge at a fasterrate. We introducethese
methodsin the following section.

I1l. KRYLOV SUBSPACE ITERATION

The intuition behindKrylov subspacenethodsis to use
the history of whatwe have alreadylearned We formulate
this intuition in terms of projecting an M -dimensional
probleminto alower dimensionakubspaceGivena matrix
(Dw W) andavectorb , W ,vy,, the associated
Krylov matrix is:

K=[b (Dw W )b i ]

The Krylov subspacesare the spacesspannedby the
columnvectorsof this matrix.

In order to nd a new estimate of yff) we could
projectonto the Krylov subspaceHowever, K is a poorly
conditioned matrix. (As in the power method, (D
W, )th is converging to the eigervector corresponding
to the largesteigevalueof (Dy, Wy ).) We therefore
need to constructa well-conditioned orthogonal matrix
QW = [q®  gM] thatspansthe Krylov space Thatis,
theleadingt columnsof K andQ spanthe samespacelt
is not hardto shav thatthis canbe done,in Gram-Schmidt
fashion,usingthe following recurrencg5], [6]:

Ot = (D, Wy )g® @ Dgt D

WUU)b (DUU

CRIOR

where () is the normalizingconstantat iterationt. Since
the g's are orthonormal, multiplying both sides of our

recurrenceyields an estimate
= q(t)T (Duw Wuu)q(t):

This is essentiallythe Lanczositeration, which produces
the augmentedSchuurfactorization

(D Wu)Q®W =t g,

where® (V) is the tridiagonalHessenbey matrix:
0 @ () 0 0
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The eigervalues of the smaller (t + 1)
matrix approximatethe eigervaluesof (D
increases.

To solwe the systemof equations(1), we adopt the
MINRES algorithm [5], [6]. We could use conjucate gra-
dients as our matrix is positive de nite, but in order to
treatmoregeneralmatrices(symmetric,but not necessarily
positive de nite) in the future we useMINRES. At stept,
we approximatethe solution by the vectorin the Krylov
subspacey” 2 K® that minimizes the norm of the
residual:r® |, b (Duw v

t Hessenbey
W ) ast

W u)y®: sincey is
in the Krylov subspacejt can be written as a linear
combinationof the columnsof the Krylov matrix K (V. Our
problemthereforereducedo nding thevectorc 2 R! that
minimizes

k(D uu

W )K®c bk

As before, stability considerationgorce us to usethe QR

decompositiorof K (U, That is, insteadof using a linear

combination of the columns of K(®, we use a linear

combinationof the columnsof Q). So our leastsquares
problembecomes

mink(Dy, Ww)QWe bk
Cc
Since(Dyw W )Q® = Q) B we only needto

solve a problemof dimensiong(t + 1) t:
min kQ*Y 8¢ bk:

Keepingin mind that the columnsof the projectionmatrix
Q areorthonormalwe canrewrite this leastsquaregprob-
lem asminc kB¢ QD Tphk: We startthe iterations
with g@ = b=kbk andhenceQ(*V) Tb = kbke;, where
e; is the unit vectorwith a 1 in the rst entry The nal
form of our leastsquaregproblemat iterationt is:

min B¢  kbke;

with solutiony" = Q®c¢. The algorithm is shawn in
Fig. 5. At eachstep,MINRES minimizesthe norm of the

Initialization: © = 0,q©® = 0, q® = b=kbk

FORt = 1;2;3;:::
V= (DUU Wuu)q(t)
n=q0Tv
V=V (t 1)q(t 1) (t)q(t)

n = kvk andqtd = v=
Find ¢ to minimize B¢

yi’ = QWe

kbke; and set

Fig. 5. MINRESalgorithm.
residual over all vectorsyff) 2 KM, The least squares
problemof size(t + 1) t to computec canbe solvedin
O(t) stepsusing Givensrotations[5].



IV. THE FAST GAUSS TRANSFORM

The expensve step in the MINRES algorithm is the
operationv = (Dy, W 4 )q®. This steprequiresthat
we solve two O(M 2) kernel estimates:

X 1
d = lexp  —kxi x;k?
j=1
and
X
g = q(t) exp Ekxi x; k2
j=1
fori = 1;2;:::;M. Theseexpressionsalso appearwhen

computingthe kernel discriminant(2). Both of theseex-
pressionscan be written in the genericform:

X
fi = fj exp
j=1

1 .
“kxi k2 i=1:2:0M:

It is possibleto reducethe storageand computationakost
to O(M) at the expenseof a small speci ed error , say
10 8, usingthefastGausstransform(FGT) algorithm[10],
[11], [1]. This algorithm is an instanceof more general
fastmultipolemethoddor solvingM -bodyinteractiong9].
We presenta brief overview of this algorithmsubsequently
anddirectthe readerto [3] for a more detailedtutorial on
fast multipole methodsand the fast Gausstransform.The

integration of Krylov methodsand a simpler O(N logN)
versionof the FGT hasbeenpreviously studiedin [2].

X, Xz
%XS
>zEs
X6
X
Xy ©

Fig. 6. lllustration of the fast Gausstransform.The contribution
of points X1:3 in box B is summarizedby a single Hermite
expansionabout Xg . This expansionis then translatedto Xc
and Taylor expandedto X4:7 .

The intuition behindthe FGT is illustrated by Fig. 6.
To evaluate the interaction betweenM points, we rst
partition the space.Then insteadof consideringthe indi-
vidual contrikution of eachpoint in a partition, we only
considera single aggreated contritution at the centroid
of the partition. In this way, if thereis a clusterof points
far away, this clustercan be interpretedas a single point
summarizinghe contritution of all the pointsin thecluster
As shavn in Fig. 6 the partition could be a squaregrid.
This is acceptabléf the problemis low dimensional say
xx 2 R3. However, to attack larger dimensionsone can
adoptclustering-basegartitionsas shavn in [15].

More precisely the FGT works by carrying out a Her
mite expansionabout the centroid in each partition and
then transferringthe aggreated effect to other partitions
via a Taylor seriesexpansionHence at eachsourcebox B,
we expandthe Gaussianeld with a multivariate Hermite
seriesof p terms:

Ne

fg(x) = f; exp 1 x; k2
j=1
X X Xp
= A (B)h —p— +0O();
p
where is a multidimensionalindex, h () is a Hermite

basisfunction, Ng is the numberof pointsin partition B,
Xg is thecentroidof partitionB andA (B) aretheseries
coefcients given by

We canprecomputeheseHermiteexpansiondor all boxes
in O(p®N) operationsusing the original algorithm or
O(dPN) operationsusing the algorithmin [15], whered
is the dimensionof x andp is the numberof termsin the
expansion.The assumptiorof a single varianceparameter

canbe easilyrelaxed [15].

For eachtagetbox C, we transformthe Hermite expan-
sionsinto a single Taylor expansion:

X Xe 1
fi = fiexp “kxi x;k?
B j=1
X %
=" ¢ HpZc 4o
p
i X X v, ¥
where C = l? A (B)h . lBpXc

B p

Evaluating theseTaylor seriestakes again O(dPN) oper

ations.Furthersubstantiacomputationalgains can be ob-
tainedby makinguseof the factthat Gaussiarinteractions
decay exponentially fast [15], [8]. The improvementsin

[15] enableus to usethe fast Gausstransformfor up to

10 dimensionsFor larger dimensionswe conjecturethat
metric trees[13] anddual treerecursiong7] will resultin

more ef cient solutions.

V. EXPERIMENTS

In orderto run the semi-supervisedearning algorithm
on Aibo, we extendedthe CMU Tekkotsu application
availableat http://www-2.cs.cmu.eduteklotsu/inde.html
Using the semi-supervisedalgorithms, Aibo learns nen
objectsand identi es themin different settings.The user
is ableto train Aibo by interactingwith the framecaptured
by Aibo's camera.The userteachesAibo new objectshy
highlighting someregionsof the objectandthe background
imagein theframeto provide positive andnegative training
examples,as shavn in Fig. 7 and Fig. 8. In this simple
setting,we usethe 3D averagecolour of pixels in square



Fig. 7. By typing “ball’, as the nameof a new object, in the
entry eld and selecting“GO,” the application createsa new
classi er andopensup the“Learning Window”. In the“Learning
Window’ the user highlights someparts of the image and labels
the highlighted points by selecting“In  Object” and “Not in
Object: Afterlabellingtraining examplestheuseris ableto open
“Object DetectionWindow” and observehow Aibo identi es the
objectin the video stream.

patchesas features. The sizes of the patchescan be
modi ed for different levels of accurag. Our focus thus
far has beenon improving computationalef ciency and
reducing storagerequirementsbut having accomplished
this, our algorithms will allow us to easily incorporate
richer features suchas SIFT [12].

As shown in Fig. 9, the systemallows for the userto
createmultiple objectcategories.WhenAibo is “confused”,
thatis it needsmore data, it usesthe interactve learning
componentto prompt the user for labels on the laptop
interfaceasshowvn in Fig. 10. Here,the Aibo wastrainedto
recognizea red ball, but was not given labelsfor the dark
orangering, whichis closeto theball in colourspaceAibo
recognizeshe ball withouta problembut is confusedabout
thering, soit promptsthe userto enterlabelsfor this new
object.

Fig. 8. Aibo is able to identify the objectin different settings.

To demonstrat¢he ef ciency of the MINRES algorithm
with the FGT (MINRES-FGT) over other approaches,

Fig. 9. Aibo can learn several objectsand classifythemat the
sametime In this picture, Aibo learns“book” as a new object
and identi es the bookand ball.

Fig. 10. Interactivelearning Here Aibo wastrainedto recaynize
the ball. As shownon the right handimage, Aibo recanizesthe
ball without a problem (bladk patdes),but it is confusedabout
a new object (ring) that is closeto the ball in featue space It
therefore automatically promptsthe user to enter labels (using
the white patches)for this new objectin the scene

we comparedthe MINRES-FGT MINRES, and NAIVE

O(M ) algorithmsin Matlab usingimageswith different
numbers of patches.Fig. 11 summarizesthe resulting
training times: both MINRES and MINRES-FGT perform
dramaticallyfastereven in small datasetswith lessthan
50 points. The MINRES-FGTalgorithmoutperformaviN-

RESin datasetswith morethan2000datapoints.Although
the error given by the error functionin Section2 is lower
in the naive method,MINRES andMINRES-FGTresultin

lessthan0.02RMS error. Moreover, the differencebetween
the MINRES and MINRES-FGT estimatesis less than
0.0001.

We also comparedthe algorithmsdirectly on the Aibo
platform (implementedin C). Table | shows that for a
reasonablylarge training set of 960 patches,MINRES-
FGT is a factor of 10 times fasterthan MINRES, while
it becomescomputationallyprohibitive to run the nawve
algorithmsfor more than 480 patches Again, we empha-
size that MINRES-FGT has a storagerequirementof M
insteadof M 2. Table Il shaws that the FGT also leads
to signi cant speed-ups$n the kernel discriminantapplied
to test setimages.For reasonablayrid sizes,say 4160 or
8320, MINRES-FGT is the only methodthat can provide
fastenoughsolutionsfor real-timeinteraction.

VI. CONCLUSION

In this paper we presentedpowerful numerical algo-
rithms for semi-supervisednd active learningthat reduce
the computationatostfrom O(M %) to O(M ) andthe stor
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Fig. 11. MINRES-FGT provides a dramatic improvementin

computationatime as the data setincreasedn size Thetop plot
compaes the 3 methodswhile the bottomplot providesa zoom
in view of the MINRESand MINRES-FGTmethods.

agerequirementfrom M 2 to M . We hopethat bringing
thesetechniguedo the attentionof the roboticscommunity
will leadto fastey real-timesolutionsto otherproblemsin

robotics. It is clear that the techniquesare immediately
applicableto other problemssuchas image segmentation
[14], SLAM, Gaussiarprocessesjimensionalityreduction
[4] andranking problems[16]. Our experienceshows that
ef cient semi-supervisedndactive learningalgorithmscan
resultin compellinginteractive ervironmentsfor entertain-
mentrobotics.In thefuture,we planto presentesultsusing
SIFT featureq12] anda comparisorbetweerthe FGT and
the dual tree recursionmethodsof [8].
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