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1 Introduction

We consider the problem of finding the maximum likelihood (ML) estimates of the parameters of a conditional
Gaussian variable Y with continuous parent X and discrete parent @, i.e.,

1 -
p(ylz,Q =1) = c|S;| 2 exp (=4 (y — Biz — i)' ;' (y — Bix — i)

where ¢ = (2r)~%? is a constant and |y| = d. The j’th row of B; is the regression vector for the j’th
component of y given that Q = i. We consider tying and various constraints on the covariance matrix in
order to reduce the number of free parameters.

We will allow any of the variables to be hidden — we will replace observed values with expected values
conditioned on evidence, as in EM. We express all the estimates in terms of expected sufficient statistics,
whose size is independent of the number of samples. (This is different from the usual presentation, which
give the formulas in terms of the raw data matrix.) The resulting formulas can be used in the M step of all
of the following common models, which use special cases of the above equation:

e Factor analysis. @ does not exist, ¥ is assumed diagonal, X is hidden and Y is observed. (The
temporal version of this is the Kalman filter.)

e Mixture of Gaussians. X does not exist, ) is hidden, and Y is observed. (The temporal version of this
is an HMM with MOG outputs.)

e Mixture of factor analyzers. ¥; is diagonal, @ and X are hidden, Y is observed. (The temporal version
of this is a switching Kalman filter.)

We assume that we have N i.i.d. training cases {e;}, so the complete-data log-likelihood is

N Q]

log [T T[T [Pr(yelvs. Qe = i, e))

t=1i=1

where ¢i = 1 if @ has value i in the #’th complete case, and 0 otherwise. Since @, X and Y may all be
unobserved, we compute the expected complete-data log likelihood as follows (dropping terms which are
independent of the parameters of Y))

L==3> B> qlog|Sil+q¢i(y — Bixe — i)' S; (e — Biwe — pa)er
t [

By the chain rule, we can write

i i . def 4
Elgizixiled] = Elgiled Elrer|Qr = i, 6] = wiEyu[X X']



where the weights w! = Pr(Q = ile;) are posterior probabilities (responsibilities), and E;[X X'] is a con-
ditional second moment; we can rewrite the other moments similarly. In this new notation, the expected

complete-data log-likelihood becomes
L= —% Z Zwi log || — % ZZU@E& [(yt — Bz — Mi)lzi_l(yt — Bz, — Ni)}
t i t
To simplify future equations, we introduce the following expected sufficient statistics:
W; © Z wi
t
def i /
Syyri = Z w;Ey[YY)
t
def i
Sy/y)i = Z thti [Y/Y]
t
def 4
Sy)i = Z wt Eti [Y]
t
Sxxri = ZwiEti[XX’]
t
def 4
Sxi = Z wy By [ X]
t
def i /
Sxvyri = Zthti[XY]
t
def i /
Syxri = Zthti[YX]
t

Obviously . w; = N, Sxy’; = Sxy,i, etc.
The goal is to derive the equations so we can implement a function of the form
(s, X4, B;) = Mstep-clg(w;, Syv i, Syrv,i, Syi, Sxx7,i5 Sx.,i, SXY7,i)

For the no regression case, where X does not exist, we can simplify this to

(,ui, Ez) = Mstep—cond—gauss(wi, Syylﬂ', Sy/yﬂ', Syﬂ')

2 Estimating the regression matrix

2.1 Untied
Using the following identity (see e.g., [Row99],[Jor03, ch.13])

/
O((Xa+H/OXa+b) _ L o xaspya
0X
where X = —B;, a =y, b=y, — p;, C = X; ', we have
0, - _1 HR) S O B i
3B = —§Zwt-— i il(ye — Bty — i) Ty
i ¢

DI {(Z wiBu[YX')) = Bi() wiBu[XX")) — (> wiEti[X/])}

Z;l {SYX/,i — BiSXX/,’i - ,U/’LSS(,’L}

(1)



Setting %L = 0 yields
Bi = (Syxvi — puiS.:) Sxxo.q 3)
If we set u; = 0, we recognize this as the (weighted) normal equations:

-1
B, = SYX/,iSXX/)i

2.2 Tied
The derivation is similar to the above.

0 _
3_BL = Zzi 1 {Syxf,i — BSxxr;— NiSS(,i}

Unfortunately, this is hard to solve. So we will assume the covariance is also tied, leading to

0 _
8_BL =y! Z {SYX',i — BSxxri— Nisgc,i}

and hence

1
B = <Z Syxri— Z uz—Ség,l) <Z SXX/,z) (4)

3 Estimating the mean

3.1 Untied

We can estimate p; similarly to B;. Using Equation 2 where X = p;, a =1, b =y — By, C = Zi_l, we
have

9 1 i -1

ot T 2 > owi =257 Eul(ye - Bizy — pa)]

t

= 3! {(Z wEn[Y]) = Bi() wiEn[X]) — (D wil)}

= X' {Sy;— BiSxi— pw;}

Setting B%»L = 0 yields

N Sy,i — BiSx.i
fi = 2 2o X (5)

wj

3.1.1 No regression

If B; = 0, this yields the familiar special case

. Sy.i _ Y, wiEGY

i i 6
Wi Do W ©
3.2 Tied
9 1
a_ML =X zl: {Syv.i — BiSx,i — piw; }
50 5, (Svi — BiSx.a)
/l _ i Y,lN P X0 (7)



3.2.1 No regression

If B =0, this yields

= v ©

4 Estimating the regression matrix and the mean simultaneously

Since the equation for B; depends on p; and vice versa, if they are both to be estimated (as opposed to
being clamped to fixed values), we must estimate them jointly. We can do this by appending p; as the last
column to B; to create A;, and appending a 1 to the last component of X to create Z. Then the likelihood
becomes

1 -
p(ylz,Q = 1) = c|Si| 2 exp (—3(y — 4;2)'S; (y — Aiz))

We use the equations from Section 2, with p; = 0 and replacing Sxx-; with Szz ; and Sy x; with Szy s,
defined below. Specifically, .
A= SyziS7h, (9)

The substitutions are

S0
S Sxxri Sx
ZZ" i — SfX,z w;
Also,
X XYy’
E,ZY' = Ey; (1) Y' = Ey ( v’ )
SO

5 Estimating a full covariance matrix

We assume the mean (whether estimated or clamped) is appended to A;, and that a 1 is appended to Z, to
simplify notation.

5.1 Untied
Using the identities

81(;1)|(X| =(X)'and In|X|=—In|X Y
we have
N Y )
0%; 0%;
Also, using the identity )
5(2)?((17) o

where @’ =b = (y; — A;2¢) and X = Ei_l, we have

0

FL = %(Z w})%; — %ZwiEti(yt — Aize)(ye — Aizt)
[ t t
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Hence

Ntlﬂ>
Il

1 .
— N wEq (YY' Y Z'A,— AZY' + A, ZZ' A})
w;

t

1
= — (Syyri—Syz A, — AiSzyr i+ AiSzz i AL) (10)

If A; = Ai in Equation 9, we have
AiSzz A = (SYZ/,isgé/ﬂ-) Szz. (Sgélﬂ-SZY',i) = Syz/ iA;

so the above simplifies further to
1

3= — (Syyr,i — AiSzy ) (11)
5.1.1 No regression
If A; = p;, Equation 10 simplifies to
= L (Syyii— S .4 "
= — (Syvr,i — Sy,ipts — piSy i + pif)

If in addition p; = f1; = SUJL from Equation 6, then

5 = SYTil — pips; (12)
5.2 Tied
We have 9
82*1]“ - %(; ;wt -3 ; ;“&Etz yr — Aize)(ye — Aizt)’
Hence ) )
5= 5 2 (Svvri = Syzidi = AiSzyri + AiSzziA) (13)
If A; = Ai, then
5 = %Z (Syyri — AiSzy1;) (14)

5.2.1 No regression

If A; = p;, Equation 13 simplifies to
- 1
=N > (Svyri = Sviitty — piSy; + pagsh)

K

from Equation 6, then

= ZSYY/' Zuzuz (15)

If in addition p; = fi; = 25X

6 Estimating a diagonal covariance matrix

Proceed as in estimating a full matrix, but then set all off-diagonal entries to 0.



7 Estimating a spherical covariance matrix

7.1 Untied

If we have the constraint that ¥; = 21 is isotropic, the conditional density of Y becomes

p(ylz,Q = i) = co; “exp (=407 ?|ly — Aiz|[?)

Hence
:—dZZthtl logUz— 2||y Aiz|?)
SO
D1- ~a 3 wior !+ o7 utBully — A =
and
o2 = i/d (szEnHyt Awtll)
Now

lye — Aszel|® = (ye — Aize) (ye — Aize) = yyye + 2, A5 Aize — 2y, A2y

To compute the expected value of this distance, we use the fact that «’Ay = tr(z’Ay)
Elz' Ay] = tr(AE[yz']). Hence

Z wiByi(yr — Aize) (ye — Aize) = tr(z wiE;Y'Y) + tr(z wiALA B 27 — 2tr(z wiA; By ZY")
¢ ¢ t ¢

Now tr(A) + tr(B) = tr(A + B), so

K2

1/d
ol = / tr (Syrv,i + AjAiSzz i — 2457y ;)
w;

7.1.1 No regression
If A; = p; and 2z, = 1,

> wiBu(ye — Aize) (ye — Aiza) = Y wiEy (Y'Y + i — 2Y"1;)
t t

If i = iy = Zf Y as in Equation 5, this becomes

9 1 ( Sy ,
9% = — M
W;

7.2 Tied
If 02 is tied, we get
2 _ 1/d
g —tr Z Sy/Yz + A A SZZ’ 1 2AiSZY’7i)

7.2.1 No regression

For the tied case, we get

Ld (Z Syryv,i + Z wiﬂ;ﬂi)

tr(Ayz’), so

(17)

(18)



8 MAP estimates

You may encounter numerical problems when estimating CLG distributions, especially with small data sets
or with mixture components that have low reponsibility (and hence little data assigned to them). A simple
solution to this is to put a prior on the parameters, and compute maximum a posterior (MAP) estimates
instead of maximum likelihood (ML) estimates.

Minka [Min00] discusses conjugate priors for the case of linear regression (including ridge regression, etc.)
To extend these formulas to the current case, it would be necessary to derive the conditioning on @, and to
consider the partially observed case.

Most of the formulas needed for the no regression case have been derived in [HC95]; We summarize the
results for the full-covariance, untied case below.! The tied and diagonal cases are similar. The details for
the spherical case are not given, since regularization of a single scalar parameter is less important.

We put a Normal-Wishart prior on each Gaussian mixture component

P(pi, $i) = P(pi) P(Si|pi) = N (s mi, 77 a) x W(Si|pas Ai, ;)

where
W(Sil i Asy ) o [ 8]~ D/2 exp(—1r(A %))

The mode of the Wishart is ¥, = (a; —d)A; !, and the mean is X; ' = a;A; ', Either of these can be used
as initial estimates for X;.
We can compute the MAP estimates by setting the derivative of the unnormalized log posterior to zero:

aL]WAP

(Mi; mg, Ti)

[Z thtz IOgN(Y;h s EZ)

Opi

[Z wi By Yy Mz)] — 27 (i — i)

o
GMAP Timi + >, wi By
' i+ 3o, wh
im; + Sy,
_ mimit Sva (20)
T + w;
Similarly,
9L MAP 9
S Zthn SR log N (Y i, i) | + n—T log W(X;)
i / a; — d Ti / 1
= Zth“? — (Y = i) (Ve — 1)) | + 5 i — E(Mi —mi) (i —mi) — 50
o
gmap At il —ma) (i —ma) + 3 wiBu (Ve — ) (Ve — pa)'
' o —d+ 30, w
Ai + 7i(pi —ma) (s — ma)' + Syyri — wiptis
= (21)
Q; — d + w;
If we don’t put a prior on p; (by setting the precision 7; = 0), this simplfies to
- Ai + Syyri — wipip
E:LZWAP — + YY 5 w /’L /’Lz (22)
Q; — d —+ w;

1We use slightly different notation. Specifically, we use u; as a parameter and m; as a hyperparameter, whereas they use
the opposite; we use the covariance matrix 3; instead of the precision matrix r;l, and denote the prior covariance u; by A;.
Note that 7; is an inverse variance (scalar). Also, we use the expected value of Y.



A simple choice of hyper-parameters is A; = s;I; and «; = d, where s; is some scaling factor, e.g., 0.01. (This
can be implemented by simply replacing Syy+; with Syy-;+A; in all the equations above.) Essentially this
just regularizes the covariance estimate and avoids problems with singular matrices.

9 Deterministic annealing

EM is notorious for getting stuck in local optima. One approach is to use deterministic annealing [Ros98,
UN98], slowly lowering a “temperature” parameter.
Brand [Bra99b, Bra99a] suggests optimizing

oMAP — argméixlog P(D|0) — ZH(9)

where —H (0) is a minimum entropy prior, Z = To—T, and T is a temperature; he calls this “prior balancing”.
In the case of (unconditional) Gaussians, this becomes

SMAP = Syy/ /(N + 2)

Initially, T" is a large positive number, so Z is a large negative number, which “inflates” SMAP We reduce
the temperature until Z = 1, the minimum entropy solution. (Z = 0 corresponds to maximum likelihood,
and Z = —1 corresponds to maximum entropy.)

A similar approach can be applied to the more conventional Wishart prior: we start with s; large, forcing
all covariances to be broad, and hence all mixture components to receive a lot of support; then we gradually
reduce the noise level.

10 Acknowledgments

Thanks to Rainer Deventer for careful proof-reading.

References

[Bra99a] M. Brand.  Pattern discovery via entropy minimization. In AI/Stats, 1999.  uncer-
tainty99.microsoft.com/brand.htm.

[Bra99b] M. Brand. Structure learning in conditional probability models via an entropic prior and parameter
extinction. Neural Computation, 11:1155-1182, 1999.

[HC95] Qiang Huo and Chorkin Chan. Bayesian adaptive learning of the parameters of hidden Markov
model for speech recognition. ITEEE Transactions on Speech and Audio Processing, 3(5S):334-345,
1995.

[Jor03] M. I. Jordan. An introduction to probabilistic graphical models, 2003. In preparation.
[Min00] T. Minka. Bayesian linear regression. Technical report, MIT, 2000.

[Ros98] K. Rose. Deterministic annealing for clustering, compression, classification, regression, and related
optimization problems. Proc. IEEE, 80:2210-2239, November 1998.

[Row99] S. Roweis. Matrix  identities. Technical —report, U. Toronto,  1999.
www.cs.toronto.edu/ roweis/notes/matrixid.pdf.

[UN98] N. Ueda and R. Nakano. Deterministic annealing EM algorithm. Neural Networks, 11:271-282,
1998.



