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Abstract. We study the complexity of one-dimensional extrema testing:
given one input number, determine if it is properly contained in the
interval spanned by the remaining n input numbers. We assume that
each number is given as a finite stream of bits, in decreasing order of
significance. Our cost measure, referred to as the leading-input-bits-cost

(or LIB-cost for short), for an algorithm solving such a problem is the
total number of bits that it needs to consume from its input streams.

An input-thrifty algorithm is one that performs favorably with respect
to this LIB-cost measure. A fundamental goal in the design of such
algorithms is to be more efficient on “easier” input instances, ideally
approaching the minimum number of input bits needed to certify the
solution, on all orderings of all input instances.

In this paper we present an input-thrifty algorithm for extrema-testing
that is log-competitive in the following sense: if the best possible algo-
rithm for a particular problem instance, including algorithms that are
only required to be correct for presentations of this one instance, has
worst-case (over all possible input presentations) LIB-cost c, then our
algorithm has worst-case LIB-cost O(c lg min{c, n}).

In fact, our algorithm achieves something considerably stronger: if any
input sequence (i.e. an arbitrary presentation of an arbitrary input set)
can be tested by a monotonic algorithm (an algorithm that preferen-
tially explores lower indexed input streams) with LIB-cost c, then our
algorithm has LIB-cost O(c lg min{c, n}). Since, as we demonstrate, the
cost profile of any algorithm can be matched by that of a monotonic algo-
rithm, it follows that our algorithm is to within a log factor of optimality
at the level of input sequences. We also argue that this log factor cannot
be reduced, even for algorithms that are only required to be correct on
input sequences with some fixed intrinsic monotonic LIB-cost c.

The extrema testing problem can be cast as a kind of list-searching prob-
lem, and our algorithm employs a variation of a technique called hyper-

bolic dovetailing that was introduced in that context. Viewed in this light,
our results can be interpreted as another variant of the well-studied cow-
path problem, with applications in the design of hybrid algorithms.

⋆ This is an expanded version of a paper, with the same title, that will appear in
the proceedings of ISAAC 2001 (LNCS 7074; T. Asano et al., Eds.). Many of the
results appeared in a preliminary form in the first author’s B.Sc. thesis entitled
“Input Thrifty Algorithm for the Strict Containment Problem”, Computer Science
Department, U.B.C., April 2009.



1 Introduction

1.1 Input-thrifty algorithms

In many problem settings, precise inputs can be expensive to obtain. Typically,
the more precise the input is, the higher the cost incurred. For example, suppose
the input is acquired from some physical measurements. Obtaining imprecise
measurements may be cheap, but more precision may require the use of pro-
gressively more expensive technology. Similarly, even precise measurements of
smoothly time-varying data may degrade in proportion to the delay in transmit-
ting the data. Another possibility arises if the inputs are produced by a numerical
algorithm, such as quadrature or bisection. Again, acquiring more precise input
will require additional computation. In all such cases, we are motivated to solve
the underlying problem using as little input precision as possible. Algorithms
that minimize the total amount of input precision used to solve the problem are
referred to as input-thrifty algorithms.

It is clear that for some problems, full input precision is required to provide a
correct solution. Finding the sum or product of input numbers are two obvious
examples. In such cases, all algorithms are trivially input-thrifty and are not
interesting to analyze. However, for problems such as finding the maximum of a
set of numbers, some but not all problem instances require full precision of all
inputs. Thus, an important property of input-thrifty algorithms is that they are
adaptive–they perform better on easier problem instances.

Consequently, we do not measure the effectiveness of input-thrifty algorithms
by the total amount of precision required in the worst case over all problem in-
stances of some fixed size. Instead, we compare the amount of precision required
relative to the intrinsic cost of each individual problem instance - a measure of
how “hard” the instance is. Intuitively, the intrinsic cost should be the cost paid
by the best algorithm that solves the problem instance since every algorithm will
have to incur at least this cost. Analysis of an algorithm A relative to the intrinsic
cost of individual problem instances, amounts to a kind of competitive analysis,
where the A is competing against the the best possible algorithm, sometimes
most naturally modeled as an “informed” algorithm that exploits knowledge of
the input not available to A.

1.2 The uncertainty model

The problem that we consider takes as input a sequence p0, . . . , pn of real num-
bers in the half-open interval [0, 1). An algorithm can access each such number
p =

∑
j>0 p(j)2−j via its binary representation p(1), p(2), · · · , and this happens by

examining the bits p(j) individually in order of decreasing significance, i.e. an al-
gorithm can examine bit p(j) only after it has already examined bits p(1) through
p(j−1).

Although the restriction of accessing input information one bit at a time
in order of decreasing significance is perfectly natural, one could also adopt a
more general model in which individual inputs are represented as a sequence of



nested uncertainty intervals. It turns out all of our results apply in this more
general model. Nevertheless, we choose to first develop our results in the more
restrictive, but less cumbersome, LIB-cost model.

1.3 Competitive analysis

An algorithm that knows (or guesses) the numbers in the input sequence can, at
least in principle, realize the certifying LIB-cost, defined as the minimum number
of input bits needed to certify the solution for that input. In general, however,
algorithms must deal not only with uncertainty concerning the membership of
the input set (that completely determines its certifying LIB-cost) but also the
presentation of these numbers as a sequence. For this reason, it is natural to
choose, as a basis for comparison, the behavior of algorithms aggregated over all
possible presentations of a given input set.

For a given presentation Sπ of an input set S, the LIB-cost of a deterministic
algorithm A on Sπ refers to total number of bits that A consumes from its input
streams. The maximum-LIB-cost (respectively, average-LIB-cost) of A is defined
to be the maximum (respectively, average), over all input sequences Sπ that
are presentations of S, of the LIB-cost of A on Sπ. The intrinsic maximum-
LIB-cost (respectively, average-LIB-cost) of an input set S is defined to be the
minimum, over all algorithms B that are only guaranteed to solve the problem
for inputs that are presentations of S, of the maximum-LIB-cost (respectively,
average-LIB-cost) of B over S.

With this notion of intrinsic cost in hand, it is possible to do a competitive

analysis1 with respect to the family of algorithms that are constrained to answer
correctly only when the input sequence is a presentation of S (i.e. relative to what
we have called the intrinsic LIB-cost of S). Algorithms that are competitive on all
instances are said to be instance-efficient; if the competitive ratio is a constant,
they are instance-optimal (cf. [7], [1]).

While our results can be interpreted in this light, we are able to claim some-
thing that ties more closely to the certification cost of individual input presenta-
tions. Specifically, we define a restriction on algorithms that they explore input
sequences in a monotonically decreasing fashion. Such algorithms are shown to
be universal in the sense that the LIB-cost profile (the set of all LIB-costs over all
presentations of an input set S) of an arbitrary algorithm A is exactly matched
by the LIB-cost profile of some monotonic algorithm B. We then define the
monotonic-certification LIB-cost of an input sequence Sπ to be the minimum.
over all monotonic algorithms, of the number of input bits needed to certify the
solution for that input. We demonstrate an algorithm that is log-competitive
on all presentations of all inputs with respect to the monotonic-certification
LIB-cost: if input sequence Sπ has monotonic-certification LIB-cost c, then our

1 We speak of competitive analysis by analogy with the analysis (cf. [14]) of the per-
formance of on-line algorithms (whose access to input information is restricted) in
relation to the performance of the most efficient off-line algorithm (which have full
access to the input).



algorithm has LIB-cost O(c lg min{c, n}). Furthermore, we argue that this log-
factor cannot be reduced, even for algorithms that are only required to be correct
on input sequences with fixed monotonic-certifification LIB-cost c.

1.4 Extrema testing

Our study originated with the following question posed by Leo Guibas at a
Computational Geometry Seminar held at Schloss Dagstuhl in 1993:

Given n points in the plane, does their convex hull contain the origin?
Suppose further that the points have lg n-bit coordinates. How many bits
of the input do we need to examine to answer the question, in the worst
case? More specifically, if there is a proof using only d bits, can we find
it by examining only O(d) bits?

Guibas’ origin-containment problem is a natural example of a problem that
can be addressed in our framework (where the input numbers are the coordinates
of the points in question). Furthermore, the LIB-cost of algorithms, and the
comparison with the certifying LIB-cost of the input, capture the essence of the
associated questions.

In general, determining the LIB-complexity of certifying geometric predicates
in two or more dimensions has proved to be quite difficult. We consider instead
the following problem that is easily seen to be equivalent to the one-dimensional
version of Guibas’ origin-containment problem: suppose we are given a set S
of real numbers in the interval [0, 1), and another real number a ∈ [0, 1), do
there exists numbers x and y in S such that a is contained in the interval (x, y)?
Clearly, solving this problem requires either (i) certifying that a is extreme in
S∪{a}, that is either a ≤ x, for all x ∈ S or a ≥ x, for all x ∈ S, or (ii) certifying
that a is not extreme, by demonstrating x and y in S such that x < a < y.

Certifying that a is extreme has basically a fixed cost, dependent on S but
independent of the presentation of S. This follows because the construction of a
certificate that a < x, for every x ∈ S, must entail the exploration of at least kx

bits, for each x ∈ S, where kx denotes the index of the first bit position at which
x and a differ. Thus, in both the worst and average cases, the intrinsic LIB-cost
of certifying that a is extreme is just

∑
x∈S kx. For this reason we hereafter focus

on the more interesting case where a is not extreme.
Note that certifying that a is not extreme entails certifying that there exists

a number x in S such that a 6= x. This simpler non-degeneracy problem has
been explored in detail in [12]. Without loss of generality, we assume such an x
exists and that x < a. So our problem reduces to that of determining whether
there exists a number y ∈ S such that a < y?

We begin by modeling our problem as a kind of signed list traversal problem
in Section 2. As we shall see in that section, the worst case can be addressed
directly by a straightforward modification of techniques for standard (unsigned)
list traversal developed in [12]. Thus we focus our attention, in Section 3, on
lower bounds for the intrinsic cost of individual presentations of the list traver-
sal problem, relative to list traversal algorithms of a structurally-restricted, but



nevertheless (from a minimum cost viewpoint) universal, normal form. In Sec-
tion 4, we prove that the cost incurred by a slightly modified hyperbolic dove-
tailing algorithm is within a logarithmic factor of this intrinsic cost on all input
presentations, and that this logarithmic factor cannot be eliminated. It follows
immediately that this modified hyperbolic dovetailing algorithm achieves an op-
timal logarithmic competitive-ratio, in both the worst and average cases, over
all presentations of any fixed input.

2 Preliminaries

2.1 Related Work

As we have already indicated the results of this paper build directly on those
of [12] where the LIB-cost model, input-thrifty algorithms and the hyperbolic
dovetailing technique were all introduced in the context of a basic list-searching
problem: given a set of lists with unknown lengths, traverse to the end of any
one of the lists with as little total exploration as possible. Hyperbolic dovetailing
was shown to provide a search cost within a logarithmic factor of the optimal
(intrinsic) search cost for all problem instances, in both the worst and average
case over all instance presentations.

A variety of other papers have dealt with the solution of fundamental com-
putational problems in the presence of imprecise input. For example, Khanna et

al. [11] analyzed how to compute common database aggregate functions such as
sum and mean of a set of numbers, and Feder et al. [8] analyzed how to compute
the median of a set of numbers. Other applications include finding the MST [6]
and the convex hull [4]. Although the fundamental issues are clearly related, it
should be noted that the framework used in these studies differs from our model
in that they assume a fixed (indivisible) cost to determine specified inputs to
(typically) full precision, whereas we insist that algorithms obtain extra precision
of inputs in an incremental fashion.

2.2 The List Traversal Model

For each element in x ∈ S, we can certify that x 6= a by obtaining some mini-
mum number kx of bits from the input stream of x (i.e. the kth

x bit is the most
significant bit on which x and a differ); if x = a we take kx as infinity. We model
the input stream for x as a list with length kx. We mark the end of the list with
a “+”, if the kth

x bit of x is greater than the corresponding bit of a, and “−”
otherwise. Thus, we can model S as a set of lists with unknown lengths, each
marked with a positive or negative sign at the end. An algorithm is allowed to
query any list at an integer position k, provided it has already queried that same
list at all lower-indexed positions. If the list is queried at its last position, the
query returns the corresponding sign. The goal is to find a + mark, at the end
of any list, using the minimum number of queries.

We model a deterministic algorithm A as a ternary tree T . At each node of
T , the index of the list to query next is specified. Depending on the outcome,



which could be either finding the end of a negative/positive list or simply dis-
covering that the end of the list has not yet been reached, we traverse down one
of the left/right/middle branches of T respectively. We make the assumption
that the algorithm terminates if it has encountered a positive sign, and it never
queries a list again if it has confirmed that the list is a negative list. Randomized
algorithms can be modeled simply as probability distributions over the set of all
deterministic algorithms.

The cost incurred by a list searching algorithm depends on both the in-
put set and its presentation. The maximum cost of a deterministic algorithm,
for a particular input, is the maximum number of queries the algorithm makes
over all possible presentations of that input. The average cost of a determin-
istic algorithm is the number of queries the algorithm makes averaged over all
possible presentations. For a randomized algorithm, the maximum cost will be
the maximum number of expected queries the algorithm make over all possible
presentations. Similarly, the average cost of a randomized algorithm is the ex-
pected number of queries averaged over all possible presentations. It should be
clear that the maximum and average costs correspond directly to the maximum
and average LIB-cost of certifying that a < y, for some y ∈ S.

We will denote the list traversal problem described above as the POSI-

TIVE LIST TRAVERSAL (PLT, for short) problem. The input for the problem
is described by a set Λ = Λ+ ∪Λ−, where Λ+ is the set of positive lists, marked
with a + sign at the end, and Λ− is the set of negative lists, marked with a −
sign at the end. Let n = |Λ+ | and m = |Λ− | and denote by λ+

i (resp., λ−
i )

the length of the ith shortest list in Λ+ (resp., Λ−). Thus, λ+
1 ≤ λ+

2 ≤ . . . ≤ λ+
n

and λ−
1 ≤ λ−

2 ≤ . . . ≤ λ−
m. Since the length of the list is the only property we

are interested in, we will sometimes abuse notation, referring to the ith shortest
positive (resp., negative) list itself as λ+

i (resp., λ−
i ). When we are describing

presentations of the input, it is convenient to adopt a standard presentation

〈λ+
1 , . . . , λ+

n , λ−
1 , . . . , λ−

m〉 and describe other presentations as permutations of
this standard presentation. Specifically, if π is any permutation of 〈1, 2, . . . n+m〉
then we denote by Λπ the presentation 〈λπ(1), λπ(2), . . . , λπ(m+n)〉.

Of course, if the set Λ− is empty then the PLT problem reduces to the list
traversal problem studied in [12]. Similarly, if we are interested in the maximum
search cost, it is not hard to see that a simple generalization of the adver-
sary strategy described in Theorem 5 of [12], forces ξ(Λ) = min1≤i≤n[iλ+

i +∑
1≤j≤m min{λ−

j , λ+
i }] list probes in the worst case. Furthermore, by a modest

generalization of Theorem 8 of [12], a simple hyperbolic traversal can be shown
to achieve search cost O(ξ(Λ) lg min{|Λ|, ξ(Λ)}). Thus we focus our attention in
the remainder of this paper on a finer grained cost measure, when the set Λ− is
not empty.

3 Intrinsic cost

For a competitive analysis of algorithms for the PLT problem, it is desirable
to have some sort of intrinsic cost associated with individual problem instances



(that is, some way of distinguishing between “easy” and “hard” instances). Given
a deterministic algorithm A and a fixed input instance Λ = Λ+∪Λ−, the cost of
A on a particular presentation Λπ is denoted by cA(Λπ). With this we can define
the certification cost of Λπ to be minimum, over all deterministic algorithms A
that behave correctly on Λπ, of the cost cA(Λπ). Using the certification cost as a
notion of intrinsic cost for competitive analysis would be equivalent to comparing
a given algorithm that knows nothing about the input with a competitor that
knows not only the input instance Λ but also its presentation Λπ.

As suggested above, a more realistic notion that takes into account the uncer-
tainty associated with the given presentation can be formulated by aggregating
costs over all possible presentations of Λ. We denote the average cost of A by
cA(Λ). We can restrict our attention to deterministic algorithms since is straight-
forward to see that the average, over all presentations of Λ, of the expected cost
of any randomized list traversal algorithm, is no less than the average cost of
the best deterministic algorithm:

Lemma 1. Let Λ be any instance of the PLT problem. For any randomized

list traversal algorithm B, there exists a deterministic algorithm A such that

cA(Λ) ≤ cB(Λ).

Proof. Let X denote the set of all deterministic algorithms that solves the PLT
problem for input Λ, and for each algorithm A ∈ X denote by pA the probability
that B follows algorithm A. By definition, the average cost of B is:

cB(Λ) =
1

|Λ|!

∑

π

E[cB(Λπ)]

=
1

|Λ|!

∑

π

∑

A∈X

pA ∗ cA(Λπ)

=
∑

A∈X

pA

[
1

|Λ|!

∑

π

cA(Λπ)

]

=
∑

A∈X

pA ∗ cA(Λ)

We are allowed to swap the summation since there are only finitely many
deterministic algorithms. For the same reason, we can choose a deterministic
algorithm A0 such that cA0

(Λ) is lowest among all deterministic algorithms A
and pA0

> 0. Then

cB(Λ) ≥
∑

A∈X

pA ∗ cA0
(Λ) = cA0

(Λ)

⊓⊔

An even better approach that retains some of the sensitivity of certification
cost of specific presentations, without presupposing an all-knowing competitor,



is to restrict the class of algorithms to a normal form that reflects the inherent
uncertainly associated with the order of inputs. For every deterministic algo-
rithm A and every input instance Λ, we can define the associated cost profile,
which is just the multiset {cA(Λπ) | Λπ is a presentation of Λ}. We say that two
algorithms are cost-equivalent on Λ if their cost profiles are identical.

A (deterministic) algorithm A, is said to be monotonic with respect to Λπ

if at every stage in the algorithm, for any i < j, the number of queries made in
list λπ(i) is greater or equal to the number of queries made in list λπ(j), unless
λπ(i) has been confirmed to be a negative list. The algorithm is monotonic with
respect to Λ if it is monotonic with respect to all possible presentations of Λ. At
first glance monotonicity may seem overly restrictive. However, since our analysis
is with respect to all possible input presentations, it is at least intuitively clear
that, when two lists are indistinguishable, nothing is lost by exploring the lower
indexed list preferentially. The following lemma makes this intuition rigorous.

Lemma 2. For any fixed input Λ and any algorithm A, there exists a monotonic

algorithm Â that is cost-equivalent to A on Λ.

Proof. Let T be the ternary tree that models algorithm A. At each node u of
T , we store the set of presentations that lead the algorithm from the root to u
(the plausible presentation set or PP (u)) and the the number of times the list
at each position has been queried (the query profile).

The root node’s plausible presentation set will consists of all presentations
and the query profile will have 0 queries for all positions. Each path from the
root to a leaf of T represents one possible sequence of queries the algorithm will
make. At each leaf node, the algorithm has found the end of a positive list. The
plausible presentation set of the leaf node represent the presentations of Λ for
which the algorithm will make this sequence of queries and the depth of the leaf
node indicate the cost of the algorithm with respect to the presentations in the
plausible presentation set.

To show that there exists a monotonic deterministic algorithm Â that is cost-
equivalent to A on Λ, it suffices to show that we can construct a tree that is
equivalent to the tree of A in the sense that there exists a bijection f between
the nodes of the two trees satisfying:

1. u is a parent of v in the tree of A iff f(u) is a parent of f(v) in the tree of Â.
2. for any node u in the tree of A, the query profile of u is equivalent to the

query profile of f(u) up to permutations.
3. for any node u in the tree of A, |PP (u)| = |PP (f(u))|.

It is not hard to see that this is indeed an equivalence relation. To construct
the tree, we first start with the tree T . Starting from the root node and propa-
gating down the tree, we change the list to be queried at each node. If the list
queried is at position k, which currently has been queried p times, then we will
change the node to query the list at position i, where i is the smallest position
in the query profile of the current node that has been queried p times so far and
the list at position i has not been confirmed to be a negative list (i.e. in the



path from the root node to the current node, we have not queried position i and
traversed down the middle edge). After changing this node, we then go through
every node in the subtree rooted at the current node and propagate the change:
if the node queries the list at position i, we change it to k and vice versa. We
then repeat the process for every child of the node.

Since the new tree is based on T , except that queries are changed at each
step, it follows that the new tree describes an algorithm. Let Â be the algorithm
represented by the tree constructed in this way. It is clear at each node in the new
tree, the query profile has the property that for any i < j, the number of queries
made at position i is less than at position j, unless it has been confirmed that
the list at position i is a negative list. Thus, Â must be a monotonic algorithm
by definition.

It remains to show that the two trees are equivalent. Note that we have not
changed the tree structure of A in the new tree, so there is an obvious bijection
f between the two trees and it is clear that f satisfies condition 1. To prove
condition 2 and 3, we show that after updating node u in the new tree, the
subtree rooted at u is equivalent to the subtree rooted at f(u). Since updating
the node u only affects the nodes in the subtree rooted at u, proving the claim
shows that the trees are equivalent after updating a single node. By transitivity,
we can conclude that the resulting tree is equivalent to the tree representation
of A.

Suppose that we are updating node u and instead of querying the list at
position k, we query the list at position i. Let σ be the permutation that swaps
position k and i and leaves everything else unchanged. To prove that condition
2 is met, simply note that for every node in the subtree, the query profile has
simply been permuted by σ. Let v be a node in the subtree rooted at u, we
introduce the notation PP (v) to be the plausible presentation set of v before
updating and PP ′(v) to be the set after updating. The following claim demon-
strates that condition 3 is met:

Claim: For every node v in the subtree rooted at u, Λπ ∈ PP (v) ⇔ Λπσ ∈
PP ′(v).

Proof. For the case v = u, note that by our algorithm for updating, the number
of queries made at position k and i is the same (denote this number by p). Thus,
at this point in the algorithm, we know that the list at position k and i are
both longer than p. This means that if we swap λπ(i) and λπ(k) while keeping
everything else the same, the algorithm will not be able to distinguish the new
presentation from Λπ. So the algorithm will take the same path from the root
to u and Λπσ ∈ PP ′(v).

Now suppose v is the left child of u and Λπ ∈ PP (v). This means that
λπ(k) = p + 1 and λπ(k) is a positive list. However, by the observation above, we
know that the presentation Λπσ ∈ PP ′(u) and that λπσ(i) = λπ(k) = p+1 and is a
positive list. Thus, Λπσ ∈ PP ′(v). Similarly, we can prove that if Λπσ ∈ PP ′(v),
then Λπ ∈ PP (v) by noting σ−1 = σ. This proves the claim for the case v is the



left child of u. The case where v is the middle or right child of u can be shown
similarly.

We will use induction on the depth of v relative to u. The base case is when
the depth is 1 and v is a child of u. We have already shown the result above. Now,
let v have depth l and denote the path from u to v by u, v1, . . . , vl−1, v. Let Λπ ∈
PP (v), then Λπ ∈ PP (vl−1) and Λπσ ∈ PP ′(vl−1) (by induction hypothesis).
Now, if vl−1 queries at position j, where j 6= k, i, then since λπσ(j) = λπ(j), the
algorithm will receive the result of the query and will not change after updating
u. So Λπσ ∈ PP ′(v). Otherwise, suppose vl−1 queries at position k. Once again,
we will receive the same result from the query after updating, vl−1 will query
position i after updating and λπσ(i) = λπ(k). The same argument applies if vl−1

queries at position i. So Λπ ∈ PP (V ) implies Λπσ ∈ PP ′(v). A parallel argument
using the fact σ−1 = σ in the reverse direction completes the proof. ⊓⊔

We are now in a position to provide a more robust definition of intrinsic cost
that coincides with the aggregated certification costs described earlier but is
more realistic at the level of individual presentations. We define the monotonic-

certification cost of Λπ, denoted ξ(Λπ) to be minimum, over all deterministic

monotonic algorithms Â that behave correctly on Λπ, of the cost c bA
(Λπ).

Lemma 3. ξ(Λπ) = min
1≤i≤n

∑π−1(i)
p=1 min{λπ(p), λi}.

Proof. Suppose that algorithm Â terminates after discovering the end of list λ+
k

at position π−1(k) in the input presentation. Then, by the monotonicity of Â,

c bA
(Λπ) ≥

π−1(k)∑

p=1

min{λπ(p), λ
+
k } ≥ min

1≤i≤n

π−1(i)∑

p=1

min{λπ(p), λi}

But if i∗ satisfies
∑π−1(i∗)

p=1 min{λπ(p), λi∗} = min
1≤i≤n

∑π−1(i)
p=1 min{λπ(p), λi}

then the monotonic algorithm that explores lists, in order, to depth λ+
i∗ realizes

the minimum possible cost on Λπ. ⊓⊔

4 Hyperbolic Dovetailing

For the problem where every list is marked with a positive sign, Kirkpatrick [12]
proposed a hyperbolic dovetailing algorithm whose cost is only a logarithmic
factor more than the aggregated intrinsic cost. In this section, we extend the
hyperbolic dovetailing algorithm to solve the current problem. We first recall
the hyperbolic dovetailing algorithm. A phase of the algorithm involves iterating
through every list and extending the exploration up to a depth determined by
the list index and the phase number. We define the rank of the tth position on
the ith list as

∑i

j=1 min{λπ(j), t}. At the completion of phase r ≥ 1 all list
positions of rank at most r have been explored.



HYPERBOLIC-DOVETAIL(Λπ)
r← 1;
while (end of a positive list has not been encountered)

for (i = 1; i ≤ m + n; ++i)
continue exploration of list π(i) up to the last position of rank

at most r
r ← r + 1;

Theorem 1. Given a fixed input sequence Λπ, the cost of the hyperbolic dove-

tailing algorithm is O(ξ(Λπ) lg min{ξ(Λπ), n + m}).

Proof. Suppose the hyperbolic dovetailing terminates with r = α. We consider
the total number of queries by considering how many lists has been queried at
least once, twice, etc. By the definition of rank, the number of lists that has been
queried h times is at most min{α/h, n + m}. Thus, the total number of queries
is:

α∑

h=1

min{
α

h
, n + m} = O(α lg min{α, n + m}).

It suffices to sum up to α since no list will be queried more than α times by
the definition of rank. Finally, note that hyperbolic dovetailing will terminate
successfully when r = ξ(Λπ). ⊓⊔

Thus hyperbolic dovetailing algorithm achieves the monotonic-certification
cost of every presentation of every input instance, up to at most a logarith-
mic factor. It is not hard to see that this logarithmic factor cannot be avoided.
In particular, if there are no negative lists the problem reduces to the stan-
dard list searching problem studied in [12]. In that setting, a family of lists was
described that force a logarithmic competitive ratio. In our setting, this same
family shows that any deterministic monotonic algorithm that is only required
to be correct on input presentations whose monotonic-certification cost is c, has
cost c lg min{c, n + m} for at least one such sequence.

5 Conclusion

This paper has investigated the problem of determining if a given number is
extreme with respect to a given set S of numbers. We recast the problem as
a signed list-search problem. One of the main results is the specification of a
notion of intrinsic cost (monotonic-certification cost) for all presentations of all
instances of this problem. This is made possible by a normal-form result that
shows that every algorithm that is tailored to a specific problem instance has a
cost-equivalent monotonic algorithm for that instance. Our second contribution
is a simple modification of the hyperbolic dovetailing algorithm of [12], that can
be shown to solve the signed list-search problem within a logarithmic factor of
the monotonic-certification cost of every presentation of every problem instance.
Finally, we argued that this log-competitiveness cannot be improved, even by
algorithms that know the monotonic-certification cost of their input sequence.



The question investigated in this paper has several natural generalizations.
Foremost, it still remains to settle Guibas’ original origin-containment problem,
the problem that motivated the investigation in this paper, in two or higher
dimensions. It should be noted that although the list traversal model was devel-
oped to model the LIB-cost of certain fundamental problems defined on integers
presented as a stream of bits, it can also be used to model the more general sit-
uation where inputs are presented as a sequence of nested uncertainty intervals.
For our problem it suffices to interpret a positive (resp., negative) sign in the
tth position of list i as an assertion that the tth uncertainty interval associated
with the ith input xi is disjoint from and larger (resp., smaller) than the tth

uncertainty interval associated with the number a. Under this interpretation, all
of our results extend to this more general uncertainty model.

Finally, we remark that the signed list-search problem has applications that
go beyond the realm of graph search. For example, following a similar idea pre-
sented by Kao [10], suppose we wish to solve a generally intractable problem
and we have at our disposal several heuristics, demonstrated to be effective for
certain classes of problem instances. On a particular problem instance, some
heuristics might perform well, while others will not help at all. The problem
then it to determine, without knowing the nature of the problem instance, how
we should dovetail among the available heuristics. This can clearly be modeled
by the list-traversal problem, where each list represents the full computation
associated with one heuristic, and the depth of traversal at any point in time
corresponds to the resource allocated to the associated heuristic. A positive list
represent a heuristic that completes successfully and a negative list represents a
heuristic that completes unsuccessfully.
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