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Abstract

There has beenrecert interest from the computer sciencecommunity on multi-
agert systems,where multiple autonomous agerts, ead with their own utilit y
functions, act accordingto their own interests. In this thesis, we apply tech-
niques deweloped in other areasof CS to solve two computational problemsin
multiagent systems:

Action Graph Games: Action Graph Games (AGGs), rst proposed in
[Bhat and Leyton-Brown 2004],are a fully expressive gamerepreseration which
can compactly expressstrict and context-speci ¢ independenceand anonymity
structure in players' utilit y functions. We present an e cien t algorithm for com-
puting expected payo s under mixed strategy pro les. This algorithm runs in
time polynomial in the sizeof the AGG represertation (which isitself polynomial
in the number of players when the in-degree of the action graph is bounded).
We also presernt an extension to the AGG represenation which allows us to
compactly represern a wider variety of structured utilit y functions.

Learning and planning in online auction environmen ts: There is much
active researd into the design of automated bidding agerts, particularly for
ernvironments that involve multiple auctions. Thesesettings are complex partly
becausean agert's optimal strategy dependson information about other bidder's
preferences.When bidders' valuation distributions are not known ex ante, ma-
chine learning techniguescan be usedto approximate them from historical data.
It is a characteristic feature of auctions, however, that information about some
bidders' valuations is systematically concealed. This occurs in the sensethat
somebidders may fail to bid at all becausethe asking price exceedsheir valua-
tions, and alsoin the sensehat a high bidder may not be compelledto revealher
valuation. Ignoring these"hidden bids" can intro duce bias into the estimation
of valuation distributions. To overcomethis problem, we proposedan EM-base
algorithm. We validate the algorithm experimentally using agerts that react
to their environments both decision-theoretically and game-theoretically, using
both synthetic and real-world (eBay) datasets. We show that our approac esti-
matesbidders' valuation distributions and the distribution overthe true number
of bidders signi cantly more accurately than more straightforward density esti-
mation techniques. Bidding agerts using the estimated distributions from our
EM approach were able to outperform bidding agerts using the straightforward
estimates, in both decision-theoreticand game-theoretic settings.
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Chapter 1

In tro duction

1.1 Multiagen t Systems

There hasbeenrecert interest from the computer sciencecommunity on (hon-
cooperative) multiagent systems,where multiple autonomousagerts, ead with
their own utilit y functions, act accordingto their own interests. Thesesituations
can be modeled as games,and analyzed using gametheory. Game theory has
received a great deal of study, and is perhapsthe dominant paradigm in microe-
conomics. However, the computational aspects of game theory have received
relatively lessattention until recertly.

The intersection of computer scienceand gametheory includesmany exciting
topics. Oneline of researd is to apply gametheory to resourceallocation prob-
lemsin computing systems. Internet-basedsystems,dueto their distributed and
multiagent nature, are a popular areafor game-theoreticanalysis. Examplesin-
clude network routing [Roughgardenand Tardos 2004], CPU sceduling [Regev
and Nisan 1998; Waldspurgeret al. 1992], peer-to-peer le sharing [Golle et al.
2001]and seard engines'ranking systems[Altman and Tennenholtz 2005].

Another line of researd, which includes the topic of this thesis, is to ap-
ply CS techniquesto analyze and solve computational problemsin multiagent
systems. One type of problems is the computation of game-theoretic solutions
such as Nash equilibria (and restricted versionssud as pure-strategy equilibria
and social welfare maximizing equilibria) and correlated equilibria, given a de-
scription of the game. Recerily, complexity analysis from theoretical computer
sciencehas beenusedto analyzethese problems [Conitzer and Sandholm 2003;
Goldbergand Papadimitriou 2005;Daskalakis et al. 2005;Chenand Deng2005].
There are also somerecert researt on practical algorithms for computing Nash
equilibria [Koller et al. 1994;Porter et al. 2004].

The represenation of gameshas also received recert interest. Tradition-
ally, simultaneous-move gamesare represeried in normal form, and dynamic
gamesare represeried in extensive form. However, for large games,these rep-
resertations are impractically large, and any non-trivial computation on these
represerations would be intractable. Fortunately, most large gamesof any
practical interest have highly structured payo functions, thus it is possibleto
compactly represent them. One inuential approacd is to represen structure
in payo s as graphs. Al researters have used graphs to represen structure
in joint probability distributions (as Bayesnets or Markov random elds) with
great success. For multiagent systems, seweral graphical represenations have
been proposedto represen the (strict) independencebetween players' payo s;
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this includesmulti-agent in uence diagrams[Koller and Milch 2001]for dynamic
gamesand graphical games[Kearns et al. 2001]for simultaneous-move games.
Another type of graphical represenations focus on context-speci ¢ independen-
ciesin agers' utilit y functions { that is, gamesin which agens' abilities to
a ect eat other depend on the actions they choose. This includes local e ect
games[Leyton-Brown and Tennenholtz2003]and action graph games[Bhat and
Leyton-Brown 2004];the latter is the topic of Chapter 2 of this thesis.
Another type of computational problems often encourtered in multiagent
systemsare learning problems. Game-theoretic solution conceptssuch as Nash
equilibria assumethat the players have perfect knowledge about the game be-
ing played, and are perfectly rational. In practice theseconditions often do not
hold. How should agerts act in such environments? This is often cast as a
multiagent reinforcemert learning problem: instead of assumingother agerts to
be perfectly rational, assumeinstead that agert tries to learn an optimal policy
through repeated interaction with the other players. Many approaches have
been proposed[Bowling and Veloso2001; Bowling 2004; Powers and Shoham
2004]. Most of these multiagent reinforcemert learning approadces study set-
tings of repeated gameswhere players know the game being played. However,
in many situations such as auctions, eat player does not know the complete
payo function, and eac player has certain private information about the pay-
0 s. In the caseof auctions, the private information are players' valuations on
the item(s) being auctioned. If we know the joint probability distribution of
the valuations, we can formulate the situation as a Bayesiangame. Usually we
do not know the distribution of valuations; instead the bidding history of pre-
vious auctions are available, and we could try to estimate the distribution from
data. This machine learning problem is an essetial componert of the problem
of building automated bidding agerts, which has attracted interest partly due
to the Trading Agent Competitions (TAC-Classicand TAC Supply Chain Man-
agemen) [Wellman et al. 2002]. In Chapter 3 of this thesis, we look at another
auction setting with practical interest, namely online auction systemssuc as
the popular eBay. Learning the distributions in this setting preserts unique
challengesdue to the fact that not all bids are shown in the bidding history.

1.2 Overview

My thesiscontains results from two researt projects on computational problems
in gametheory and multiagent systems. One is a way of compactly represerning
gamesin general,and the other is about a learning problem in a speci ¢ kind of
multiagent systems,namely online auction ervironments. The two projects may
seemto be about vastly di erent things, but a commontheme is that in both
caseswe apply techniques deweloped in other areas of CS (graphical models
and dynamic programming in the former, and the Expectation-Maximization
algorithm in the latter) to solve computational problemsin multiagent systems.

Chapter 2 is about Action Graph Games(AGGs). First proposedin [Bhat
and Leyton-Brown 2004], AGGs are a graphical represenation of gamesthat
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exploits the context-speci c independenceand anonymity structure in many
games. Using AGGs we are able to compactly represert large structured games
with many players, and furthermore e cien tly compute expected payo s under
mixed strategies, which is an essetial step in many game-theoretic computa-
tions, e.g. best response, Nash equilibria and correlated equilibria. In this
thesis, we make seweral signi cant improvemerts to to results in [Bhat and
Leyton-Brown 2004]. First we signi cantly improved the algorithm for com-
puting expected payos of AGGs. Now our dynamic programming algorithm
is able to compute expected payo s in polynomial time with respect to the
size of the represenation, whereasin [Bhat and Leyton-Brown 2004] a poly-
nomial time algorithm was found for only symmetric gameswith symmetric
strategies. Furthermore, we extendedthe AGG represetation to include func-
tion nodesin the action graph. This allows us to compactly represen a larger
classof context-speci ¢ independencestructure in games. Results of computa-
tional experiments on structured gamescon rm our theoretical predictions of
compactnessand computational speedup.

In Chapter 3 we try to solve the problem of learning bidders' valuation
and number distributions in online auction environments. There is much active
researd into the designof automated bidding agerts, particularly for environ-
merts that involve multiple auctions. Thesesettings are complexpartly because
an agert's optimal strategy depends on information about other bidder's pref-
erences.When bidders' valuation distributions are not known ex ante, machine
learning techniques can be usedto approximate them from historical data. It is
a characteristic feature of auctions, however, that information about somebid-
ders' valuations is systematically concealed. This occursin the sensethat some
bidders may fail to bid at all becausethe asking price exceedsheir valuations,
and alsoin the sensethat a high bidder may not be compelled to reveal her val-
uation. Ignoring these "hidden bids" can intro duce bias into the estimation of
valuation distributions. To overcomethis problem, we proposedan EM-based
algorithm. We validate the algorithm experimentally using agerts that react
to their environments both decision-theoretically and game-theoretically, using
both synthetic and real-world (eBay) datasets. We show that our approac esti-
matesbidders' valuation distributions and the distribution overthe true number
of bidders signi cantly more accurately than more straightforward density esti-
mation techniques. Bidding agerts using the estimated distributions from our
EM approach were able to outperform bidding agerts using the straightforward
estimates,in both decision-theoreticand game-theoretic settings.
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Action Graph Games

2.1 Intro duction

Game-theoretic' models have recertly beenvery in uen tial in the computer sci-
encecommunity. In particular, simultaneous-action gameshave received con-
siderable study, which is reasonableas these gamesare in a sensethe most
fundamental. In order to analyze these models, it is often necessaryto com-
pute game-theoreticquartities ranging from expected utilit y to Nash equilibria.

Most of the game theoretic literature presumesthat simultaneous-action
gameswill be represenied in normal form. This is problematic becausequite
often gamesof interest have a large number of players and a large set of action
choices. In the normal form represenation, we store the game'spayo function
asamatrix with oneentry for ead player's payo under ead combination of all
players' actions. As a result, the size of the represenation grows exponertially
with the number of players. Even if we had enoughspaceto store such games,
most of the computations we'd like to perform on theseexponertial-sized objects
take exponertial time.

Fortunately, most large gamesof any practical interest have highly struc-
tured payo functions, and thus it is possible to represern them compactly.
(Intuitiv ely, this is why humans are able to reasonabout these gamesin the
rst place: we understand the payo s in terms of simple relationships rather
than in terms of enormouslook-up tables.) One in uential classof represena-
tions exploit strict independenciesbetweenplayers' utilit y functions; this class
include graphical games[Kearns et al. 2001], multi-agent in uence diagrams
[Koller and Milch 2001], and game nets [LaMura 2000]. A secondapproac
to compactly represering gamesfocuseson context-sgeci ¢ independenciesin
agerts' utilit y functions { that is, gamesin which agerts' abilities to a ect each
other depend on the actions they choose. Since the context-speci ¢ indepen-
denciesconsideredhere are conditioned on actions and not agerts, it is often
natural to also exploit anonymity in utilit y functions, where each agert's utili-
ties depend on the distribution of agerts over the set of actions, but not on the
identities of the agerts. Examples include congestiongames[Roserthal 1973]
and local e ect games(LEGs) [Leyton-Brown and Tennenholtz 2003]. Both of
theserepresenations make assumptionsabout utilit y functions, and as a result
cannot represen arbitrary games. Bhat and Leyton-Brown [2004]intro duced

1A version of this chapter has been submitted for publication. Jiang, A.X. and Leyton-
Brown, K. (2006) A Polynomial-Time Algorithm for Action-Graph Games. Submitted to
AAAI.
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action graph games(AGGs). Similar to LEGs, AGGs use graphs to repre-
sert the context-speci ¢ independenciesof agerts' utilit y functions, but unlike
LEGs, AGGs can represen arbitrary games. Bhat & Leyton-Brown proposed
an algorithm for computing expected payo s using the AGG represeration.
For AGGs with bounded in-degree,their algorithm is exponertially faster than
normal-form-basedalgorithms, yet still exponertial in the number of players.

In this chapter we make seeral signi cant improvemerts to resultsin [Bhat
and Leyton-Brown 2004]. In Section 2.3, we present an improved algorithm
for computing expected payos. Our new algorithm is able to better exploit
anonymity structure in utilit y functions. For AGGs with boundedin-degree,our
algorithm is polynomial in the number of players. In Section 2.4, we extend
the AGG represenation by introducing function nodes This feature allows
us to compactly represert a wider range of structured utilit y functions. We
also describe computational experiments in Section 2.6 which conrm our
theoretical predictions of compactnessand computational speedup.

2.2 Action Graph Games

2.2.1 De nition

An action-graph game(AGGQG) is aduple hN;S; ;ui. Let N = f1;:::;ng derote
the set of agerts. Denoteby S= ", S the setof action pro les, where ~ is
the Cartesian product and S; is agert i's set of actions. We denoteby s; 2 S
one of agert i's actions, and s2 S an action pro le.

Agents may have actions in common. Let S ion Si denote the set of
distinct actions choicesin the game. Let  denote the set of con gur ations of
agerts over actions. A con guration D 2 is an ordered tuple of |Sj integers
(D(s);D(sY);:::), with one integer for each action in S. For each s 2 S, D(s)
speci es the number of agerts that choseactions2 S. Let D : S7!  bethe
function that maps from an action pro le s to the corresponding con guration
D. These shared actions expressthe game's anonymity structure: agert i's
utilit y dependsonly on her action s; and the con guration D(s).

Let G bethe action graph: a directed graph having one node for eac action
s 2 S. The neighbor relation is givenby : S 7! 25. If 2 (s) there is
an edgefrom s°to s. Let D(9) denote a con guration over (s), i.e. D® isa
tuple of j (s)j integers, onefor eac action in (s). Intuitiv ely, agerts are only
counted in D if they take an action which is an elemert of (s). (9 isthe set
of con gurations over (s) given that someplayer has played s.? Similarly we
dene D® :S7! (9 which maps from an action pro le to the corresponding
con guration over (S).

The action graph expressesontext-speci ¢ independenciesof utilities of the
game: 8i 2 N, if i choseaction s; 2 S, then i's utilit y depends only on the

2|f action s is in multiple players' action sets (say players i, j), and these action sets do
not completely overlap, then it is possible that the set of con gurations given that i played s
(denoted  (Si)) is dieren t from the set of con gurations given that j playeds. (5) is the
union of these sets of con gurations.
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/l S %
Figure 2.1: AGG rep- Figure 2.2: AGG rep-
resertation of an arbi- reseriation of a 3- Figure 2.3: AGG rep-

trary 3-player, 3-action player, 3-action graph- resenration of the ice
game ical game creamvendor game

2.9 S

numbers of agerts who choseactions connectedto s, which is the con guration
D@ (s). In other words, the con guration of actionsnot in (s;) doesnot a ect

i's utilit y.
Werepresen the agerts' utilities usingatuple of jSj functionsu  (us; us’s ),
one for eadh action s 2 S. Each us is a function us : () 71 | Soif agert

i choseaction s, and the con guration over (s) is D(®, then agert i's utilit y
is uS(D(®)). Obsene that all agerts have the same utilit y function, i.e. con-
ditioned on choosing the same action s, the utilit y eath agert receives does
not depend on the identit y of the agert. For notational corvenience,we de ne
u(s;D®)  us(D®) and ui(s) u(si; DEI(s)).

2.2.2 Examples

Any arbitrary gamecanbe encaled asan AGG asfollows. Create a unique node
Si fq5 ead action available to eacth agert i. Thus8s2 S; D(s) 2 f0;1g, and
8i; g2 D(s) must equal 1. The distribution simply indicates eat agert's
action choice,and the represenation is no more or lesscompactthan the normal
form (seeSection 2.2.3for a detailed analysis).

Example 1. Figure 2.1 showsan arbitrary 3-player, 3-action game encded
as an AGG. As always, nodes represent actions and directed edgesrepresent
memtership in a node's neightorhood. The dotted boxesrepresent the players'
action sets: player 1 has actions 1, 2 and 3; etc. Observethat there is always
an edgebetween pairs of nodeshbelongingto di er ent action sets, and that there
is never an edge between nodesin the same action set.

In a graphical game [Kearns et al. 2001]nodes denote agerts and there is
an edgeconnecting eadh agert i to ead other agert whoseactions can a ect
i's utilit y. Each agert then has a payo matrix represerning his local game
with neighboring agerts; this represertation is more compactthan normal form
whenewer the graph is not a cliqgue. Graphical gamescan be represerted as
AGGs by replacing ead node i in the graphical gameby a distinct cluster of
nodes S; represeting the action set of agert i. If the graphical game has an
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edgefrom i to j, create edgessothat 8s; 2 S;;8s; 2 §;; si 2 (sj). The
resulting AGG represernations are as compact as the original graphical game
represerations.

Example 2. Figure 2.2 showsthe AGG representation of a graphical game
having three nodes and two edgeshbetween them (i.e., player 1 and player 3 do
not directly a ect each others' payos). The AGG may appear more complex
than the graphical game;in fact, this is only because players' actions are made
explicit.

The AGG represeriation becomeseven more compact when agers have
actions in common, with utilit y functions depending only on the number of
agerts taking theseactions rather than on the identities of the agerts.

Example 3. The action graphin Figure 2.3 representsa setting in whichn ven-
dors sel chaolate or vanilla ice creams, and must chaose one of four locations
along a beach. There are three kinds of vendors: nc chacolate (C) vendors, ny
vanilla vendors, and ny vendorsthat can sel both chacolate and vanilla, but
only on the westside. Chacolate (vanilla) vendorsare negatively a e cted by the
presene of other chacolate (vanilla) vendorsin the same or neighloring loca-
tions, and are simultaneously positively a e cted by the presene of nearby vanilla
(chocolate) vendors. Note that this game exhibits context-speci ¢ independene@
without any strict independene, and that the graph structure is independent of
n.

Other examplesof compact AGGs that cannot be compactly represerted as
graphical gamesinclude: location games,role formation games,trac routing
games,product placemen gamesand party a liation games.

2.2.3 Size of an AGG Representation

We have claimed that action graph gamesprovide a way of represeriing games
compactly. But what exactly is the size of an AGG represenation? And how
does this size grow as the number of agerts n grows? From the de nition of
AGG in Section 2.2.1, we obsene that we need the following to completely
specify an AGG:

The set of actions S.
Each agert's action setS;  S.

The action graph G. The setof nodesis S, which is already speci ed. The
neighbor relation  can be straightforwardly represerted as neighbor lists:
for eath node s 2 S we specify its list of neighbors (s) S. The space
requiredis  _,5j (s)j, which is boundedby jSjl , wherel = maxsj (s)j,
i.e. the maximum in-degreeof the action graph.
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For ead action s, the utilit y function us: () 71 . We needto specify
a utilit y value for eac distinct con guration D) 2 (8}, The set of
con gurations (%) can be derived from the action graph, and can be
sorted in lexicographical order. So we do not needto explicitly specify

(): we can just specify a list of j (9)j utilit y values that correspond
to the (ordered) set of con gurations.® j (9], the number of distinct
con gurations over (s), in generaldoesnot have a closed-formexpression.
Instead, we considerthe operation of extending all agerts' action setsvia
8i : Sj 7' S. Now the number of con gurations over (s) is an upper
bound on j )j. The bound is the number of (ordered) combinatorial
compositionsof n 1 (sinceoneplayer hasalready chosens) into j (s)j+ 1

nonnegative integers, which is % Then the total spacerequired
(n 1+1)!

for the utilities is bounded from above by ijW.

Thereforethe sizeof an AGG represenation is dominated by the sizeof its utilit y
functions, which is bounded by ij%. If I is bounded by a constart as
n grows, the represenation size grows like O(jSjn' ), i.e. polynomially with
respect to n.

The AGG represenation achieves compactnessby exploiting two types of

structure in the utilities:

1. Anon ymit y: agert i's utilit y depends only on her action s; and the
con guration (i.e. number of players that play ead action), but not on
the identities of the players. Since the number of cen gurations j j is
usually lessthan the number of action proles jSj = ", jS;ij and is never
greater, we needfewer numbersto represen the utilities in AGG compared
to the normal form.

2. Context-sp ecic indep endence: for ead nodes 2 S, the utilit y func-
tion us only needsto be dened over (). Sincej (9j is usually less
than j j and is never greater, this further reducesthe numbers we need

to specify.

For each AGG, there exists a unique induced normal form represenation
with the sameset of players and jS;j actions for ead i; its utilit y function is a
matrix that speci es ead playeri's Payy for eadh possibleaction prole s2 S.
This implies a spacecomplexity of n i”:l iSij. When S S for all i, this
becomesnjSj", which grows exponertially with respectto n. The number of
payo values stored in an AGG represenation is always less or equal to the
number of payo valuesin the induced normal form represenation. This is
becausefor eacth entry in the normal form which represerts i's utilit y under
action prole s, there exists a unique action prole s in the AGG with the

3This is the most compact way of represerting the utilit y functions, but does not provide
easy random accessof the utilities. Therefore, when we want to do computation using AGG,
we may convert each utilit y function uS to a data structure that e cien tly implements a
mapping from sequencesof integers to (oating-p oint) numbers, (e.g. tries, hash tables or
Red-Black trees), with space complexity in the order of O(1j (9j).
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corresponding action for ead player. This sinducesa unique con guration D(Ss)
over the AGG's action nodes. By construction of the AGG utilit y functions,
D(s) together with s; determines a unique utilit y us (D) (s)) in the AGG.
Furthermore, there are no ertries in the AGG utilit y functions that do not
correspond to any action prole (sj;s i) in the normal form. This meansthat
there existsa many-to-one mapping from entries of normal form to utilities in the
AGG. Of course,the AGG represenation hasthe extra overheadof represering
the action graph, which is bounded by jSjl . But asymptotically, AGG's space
complexity is never worsethan the equivalent normal form.

2.3 Computing with AGGs

One of the main motivations of compactly represeriing gamesis to do e cien t
computation on the games. We have introduced AGG as a compact represen-
tation of games; now we would like to exploit the compactnessof the AGG
represertation when we do computation. We focus on the computational task
of computing expected payo s under a mixed strategy pro le. Besidesbeing
important in itself, this task is an essetial componert of many game-theoretic
applications, e.g. computing best responses,Govindan and Wilson's cortin u-
ation methods for nding Nash equilibria [Govindan and Wilson 2003; Govin-
dan and Wilson 2004], the simplicial subdivision algorithm for nding Nash
equilibria [van der Laan et al. 1987], and nding correlated equilibria using
Papadimitriou's algorithm [Papadimitriou 2005].

Besidesexploiting the compactnessof the represenation, we would also like
to be able to exploit the fact that quite often the mixed strategy pro le given
will have small supprt. The support of a mixed strategy ; is the set of pure
strategies played with positive probability (i.e. i(si) > 0). Quite often games
have Nash equilibria with small support. Porter et al. [2004] proposed algo-
rithms that explicitly seard for Nash equilibria with small support. In other
algorithms for computing Nash equilibria such as Govindan-Wilson and sim-
plicial subdivision, quite often we will also be computing expected payo s for
mixed strategy pro les with small support. Our algorithm appropriately ex-
ploits strategy pro les with small supports.

2.3.1 Notation

Let ' (X) denote the set of all probability distributions over a set X. De ne
the set of mixedétrategiesfor ias ; ' (S), and the setof all mixed strategy
proles as ion i- Wedenote an elemert of ; by ;, an elemen of
by , and the probability that i plays action s as (S).

De ne the expected utilit y to agert i for playing pure strategy s;, given that
all other agerts play the mixed strategy prole |, as

X
Ve (i) ui(si;s i)Pr(s ij i) (2.1)
s i2S
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Q

where Pr(s ij i) = isi j(sj) is the probability of s ; under the mixed
strategy .

The set of i's pure strategy best responsesto a mixed strategy pro le i
is arg max Vi (i), and hencethe full setof i's pure and mixed strategy best
responsesto  ; is

BRi( i) ' (argmaxVq( )): (2.2)
S
A strategy prole is a Nash equilibrium i

8i 2 N; iZBRi( i): (2.3)

2.3.2 Computing Vi( 1)

Equation (2.1) is a sum overépe setS ; of action pro les of players other than
i. The number of terms is iei iSjj, which grows exponertially in n. Thus

Equation (2.1) is an exponertial time algorithm for computing VS‘i( i). If we
were using the normal form represenation, there really would be jS ;j dierent
outcomesto consider,eat with potentially distinct payo values,soevaluation
Equation (2.1) is the best we could do for computing Vsii .

Can we do better using the AGG represenation? Since AGGs are fully
expressie, represerting a game without any structure as an AGG would not
give us any computational savings comparedto the normal form. Instead, we
are interested in structured gamesthat have a compact AGG represeration.
In this sectionwe presert an algorithm that givenany i, s; and ;, computes
the expected payo Vsii( i) in time polynomial with respect to the size of the
AGG represenation. In other words, our algorithm is e cien t if the AGG is
compact, and requires time exponertial in n if it is not. In particular, recall
that for classesof AGGs whosein-degreesare boundedby a constan, their sizes
are polynomial in n. As a result our algorithm will be polynomial in n for such
games.

First we considerhow to take advantage of the context-speci ¢ independence
structure of the AGG, i.e. the fact that i's payo when playing s; only depends
on the con gurations in the neighborhood of i. This allows us to project the
other players' strategies into smaller action spacesthat are relevant given s;.
This is illustrated in Figure 2.4, using the ice cream vendor game (Figure 2.3).
Intuitiv ely we construct a graph from the point of view of an agert who took a
particular action, expressinghis indi erence betweenactions that do not a ect
his chosenaction. This canbethought of asinducing a context-speci ¢ graphical
game. Formally, for every action s 2 S de ne areducedgraph G(®) by including
only the nodes (s) and a new node denoted; . The only edgesincluded in G($)
are the directed edgesfrom ead of the nodes (s) to the node s. Playerj's

action s; is projected to a node sj(s) in the reducedgraph G® by the following

mapping:
e S s 2 (s) . 2.4)
J ;S 62(s) '
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Figure 2.4: Projection of the action graph. Left: action graph of the ice cream
vendor game. Right: projected action graph and action setswith respect to the
action C1.

In other words, actions that are not in (s) (and therefore do not a ect the
payo s of agerts playing s) are projected to ;. The resulting projected action

set Sj(s) has cardinality at most min(jS;j;j (s)j + 1).
We de ne the set of mixed strategies on the projected action set Sj(s) by

]_(s) ' (Sj(s)). A mixed strategy ; on the original action set S; is projected
to j(s) 2 j(s) by the following mapping:
(
j(s)(sj(s)) p iS5 Jgs) T (2.5)

s02Sin (s) | (SO) Sj J

Sogivens; and , we can compute (S{) in O(njSj) time in the worst case.
Now we can operate entirely on the projected space,and write the expected
payo as
, X
Vi( )= u(si; D (si;s 1)) Pr(s™’j <)

S(Sii )2 S(Sii )

where Pr(s®®)j )y = Qjéi j(si)(sj(s‘)). The summation is over S©, which in
the worst casehas(j (si)j+ 1) Y terms. Sofor AGGs with strict or cortext-
speci ¢ independencestructure, computing Vsii( i) this way is much faster
than doing the summation in (2.1) directly. However, the time complexity of
this approad is still exponertial in n.

Next we want to take advantage of the anonymity structure of the AGG.
Recall from our discussionof represenation size that the number of distinct
con gurations is usually smallerthan the number of distinct pure action pro les.
Soideally, we want to compute the expected payo Vsii (i) asasum over the
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possiblecon gurations, weighted by their probabilities:

) X
Ve (i) = ui(si;DE)Pr(De)j ) (2.6)
D(si)2 (siii)
where ) (s;; ©)) and
X A
Pr(D()j ) = i(s) 2.7)

s:D(si)(s)= D (i) j=1

which is the probability of D () giventhe mixed strategy pro le (51). Equation
(2.6) is a summation of sizej (Si1)j, the number of con gurations given that
i played s;, which is polynomial in n if | is bounded. The dicult task is to
compute Pr(D()j () for all D(8) 2 (sii1) | je. the probability distribution
over (i) inducedby (). We obsenethat the sumin Equation (2.7) is over
the set of all action pro les corresponding to the con guration D (), The size
of this setis exponertial in the number of players. Therefore directly computing
the probability distribution using Equation (2.7) would take exponertial time
in n. Indeed this is the approac proposedin [Bhat and Leyton-Brown 2004].
Can we do better? We obsene that the players' mixed str@ﬁegies are inde-
pendert, i.e. is a product probability distribution (s) = 7, i(si). Also,
ead player a ects the con guration D independertly. This structure allows us
to use dynamic programming (DP) to e cien tly compute the probability dis-
tribution Pr(D()j (s1)). The intuition behind our algorithm is to apply one
agert's mixed strategy at a time. In other words, we add one agert at a time

to the action graph. Let ﬂ denote the projected strategy pro le of agerts

f1;:::;kg. Denote by (ks‘ )’ the set of con gurations induced by actions of

agerts f1;:::;kg. Similarly denoteD{*’ 2 (%), Denote by Py the probability
distribution on  (* inducedby (%), and by P[D] the probability of con gu-
ration D. At iteration k of the algorithm, we compute P from P, ; and ,‘f‘).
After iteration n, the algorithm stops and returns P,. The pseudaode of our
DP algorithm is shown as Algorithm 1.

Each D,‘f‘) is represerted as a sequenceof integers, so Py is a mapping from
sequence®f integersto real numbers. We needa data structure to manipulate
such probability distributions over con gurations (sequence®f integers) which
permits quick lookup, insertion and enumeration. An e cient data structure
for this purposeis a trie. Tries are commonly usedin text processingto store
strings of characters, e.g. as dictionaries for spell cheders. Here we use tries
to store strings of integers rather than characters. Both lookup and insertion
complexity is linear in j (sj)j. To achieve e cien t enumeration of all elemens
of a trie, we store the elemers in a list, in the order of their insertions.
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Algorithm 1 Computing the induced probability distribution Pr(D(s)j (s1)),
Algorithm  ComputeP
Input : s, ()
Output : Py, which is the distribution Pr(D(s)j (1)) represened as a trie.
D& = (0;:::;0)
Po[D&]= 1:0// Initialization: ) = fD{g
for k= 1to ndo
Initialize Py to be an empty trie
for all D{®) from Py ; do
for ?Il)s(ksi) (2 )S,(f‘) such that  (*(s)) > 0 do
Si) — Si
D" =Dy
if s°) 6 ; then
D& (sl += 1/ Apply action s
end if
if Pc[D{>)] doesnot exist yet then
P[D]= 0:0
end if
PDE1 += P 1D ) (s)
end for
end for
end for
return Pp

2.3.3 Pro of of correctness

It is straightforward to seethat Algorithm 1 is computing the following recur-
rencein iteration k:

8D 2 ; Pu[Di]= § P 1Dk 1] ()
D 1D (Dk 1isy)= Di
(2.8)
where D) (D 1;s(k5‘)) denotesthe con guration resulting from applying k's
projected action s{®” to the con guration Dy ;2 &,

(si

On the other hand, the probability distribution on ) induced by 1.k is
by de nition

X W
Pr(Dkj 1:k) = i (Sj ) (2.9)
1 kD) (51 )= Dy 1 =1
Now we want to provethat our DP algorithm is indeedcomputing the correct
probability distribution, i.e. Pyx[Dk] as de ned by Equation 2.8 is equal to
Pr(ij 1:::k)-
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Theorem 1. For all k, and for all Dy 2 (ks‘), Pk[Dk] = Pr(Dkj 1:k)-

Proof by induction on k. Base case: Applying Equation (2.8) for k = 1, it is

straightforward to verify that P;[D1] = Pr(D31j 1) for all D3 2 (15‘).
Inductiv e case: Now assumePy 1[Dx 1] = Pr(Dk 1j 1:x 1)forallDy 12

(si)
k 1*
X
Px[Dk] = P« 1[Dk 1] «k(s«) (2.10)
Dk 158k :
D(Dk 1;sk) = Dk
0 1
X X Ry 1
= (s) @ i (s)A
Dk 1,8k - S1uk 1:D(S1zk 1)= Dk 171
D(Dk 1;sk) = Dk
2.11
. (2.11)
X X K
= @ j(Sj )A (212)
Dk 1;8k:D(Dk 1:5k)=Dk  Simk 1:D(S1mk 1)= Dk 1J=1
X X X YK
= 1o 1= D] LD (sisk 1)=Dic 1l i(s)
S1mk 1 Sk Dy 1 j:1
2.13
0 1 ( )
X X A YK
= @ Lo, ss0=04 1D =Dyl i(sj) (2.14)
S1:k Dk 1 j=1
X YK
= Ip(sizi=0dd  i(S) (2.15)
S1:k j=1
X Y
= i(sp) (2.16)
S1zk D(S1zk )= Dk j=1
= Pr(ij l:::k) (2.17)

Note that from (2.13) to (2.14) we use the fact that given an action pro-
le s;..k 1, there is a unique con guration Dy 1 2 (ks‘)l such that Dy 1 =
D(si)(sl:::k 1)- O

2.3.4 Complexit y

Our algorithm for computing Vsii( i) consistsof rst computing the projected
strategiesusing (2.5), then following Algorithm 1, and nally doing the weighted
sum givenin Equation (2.6). Let (Si)( ;) denotethe set of con gurations
over (sj) that have positive probability of occurring under the mixed strategy
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(si; i). In other words, this is the number of terms we needto add together
when doing the weighted sum in Equation (2.6). When ; has full support,
(si)( ;) = ), Sincelooking up an entry in a trie takestime linear

in the size of the key, which is j (si)j in our case,the complexity of doing the
weighted sum in Equation (2.6) is O(j (si)ji ™ ( j).
Algorithm 1 requires n iterations; in iteration k, we look at all possible

combinations of D,(fi)l and s(ksi), and in ead casedo a trie look-up which costs

O (si)j). SincejS®™j j (s)j+ 1,andj &j j 0], the complexity
of Algorithm 1 is O(nj (s))j%j i)( ;)j). This dominates the complexity

of summing up (2.6). Adding the cost of computing (si), we get the overall

complexity of expected payo computation O(njSj+ nj (s)j%j S D).
Sincej D D)) j ©®Dj j GDjandj () is the number of payo

values stored in payo function us', this meansthat expected payos can be
computedin polynomial time with respectto the sizeof the AGG. Furthermore,
our algorithm is able to exploit strategieswith small supports which lead to a
smallj (). Sincej ()] is boundedby =1 this implies that
if the in-degreeof the graph is bounded by a constart, then the complexity of
computing expected payo s is O(njSj + n' *1).

Theorem 2. Given an AGG representation of a game, i's expected payo
Vsii( i) can be computed in polynomial time with resmct to the representa-
tion size, and if the in-degree of the action graph is bounded by a constant, the
complexity is polynomial in n.

2.3.5 Discussion

Of courseit is not necessaryto apply the agerns' mixed strategiesin the order
1:::n. In fact, we can apply the strategiesin any order. Although the number
of con gurations j () (  ;)j remains the same, the ordering does a ect the

intermediate con gurations (ks‘). We can usethe following heuristic to try to
minimize the number of intermediate con gurations: sort the players by the
sizesof their projected action sets, in ascendingorder. This would reduce the
amount of work we do in earlier iterations of Algorithm 1, but doesnot change
the overall complexity of our algorithm.

In fact, we do not even have to apply one agert's strategy at a time. We
could partition the set of players into sub-groups, compute the distributions
induced by ead of thesesub-groups,then combine thesedistributions together.
Algorithm 1 can be straightforwardly extendedto deal with suc distributions
instead of mixed strategies of single agerts. In Section 2.5.1 we apply this
approach to compute Jacobianse cien tly.

Relation to Polynomial Multiplication

We obsenethat the problem of computing Pr(Dj (%)) canbe expressedasone
of multiplication of multiv ariate polynomials. For ead action nodes 2 (sj),
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let x5 be a variable corresponding to s. Then considerthe following expression:
0 1

y (s)) X
@ S0;)+ k(SK)Xs A (2.18)
k=1 sk2Sk\ (si)

This is a multiplication of n multiv ariate polynomials, eat corresponding to one

player's projected mixed strategy. This expressionexpandsto a sumofj (5]

terms. Each term can beidentied by the tuple of exponerts of the x variables,

(D(s);D(sY;:::). In other words, the set of terms corresponds to the set of

con gurations (1), The coe cien t of the term with exponerts D 2 (5ii) s
I

X !
(si) (S(kSi ))

S(si):D(si)(s(Si)): D k=1

which is exactly Pr(Dj (1)) by Equation (2.7)! Sothe whole expression(2.18)
evaluatesto %

Pr(Dj (Si)) XE(S)
D2 (sii) s2 (si)

Thusthe problem of computing Pr(Dj (%)) is equivalert to the problem of com-
puting the coe cien ts in (2.18). Our DP algorithm correspondsto the strategy
of multiplying one polynomial at a time, i.e. at iteration k we multiply the
polynomial corresponding to player k's strategy with the expandedpolynomial
of 1:::(k 1) that we computed in the previous iteration.

2.4 AGG with Function Nodes

There are gameswith certain kinds of context-speci ¢ independencestructures
that AGGs are not able to exploit. In Example 4 we shaw a classof gameswith
one such kind of structure. Our solution is to extend the AGG represertation
by introducing function nodes, which allows us to exploit a much wider variety
of structures.

2.4.1 Motiv ating Example: Coee Shop

Example 4. In the Co e e ShopGame there are n players; each player is plan-
ning to open a new co e e shopin an downtown area, but hasto decide on the
location. The downtown area is representel by ar ¢ grid. Each player can
chaoseto open the shopat any of the B rc blacks, or decide not to enter the
market. Conditioned on player i choosing some location s, her utility depends
on:

the number of playersthat chosethe sameblack,

the number of playersthat choseany of the surrounding blocks, and
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the number of playersthat choseany other location.

The normal form represenation of this game has size njSj" = n(B + 1)".
Sincethere are no strict independenciesin the utilit y function, the size of the
graphical gamerepreseration would be similar. Let us now represer the game
as an AGG. We obsene that if agert i choosesan action s corresponding to
one of the B locations, then her payo is aected by the con guration over
all B locations. Hence, (s) would consist of B action nodes corresponding to
the B locations. The action graph hasin-degreel = B. Sincethe action sets

completely overlap, the represenation sizeis O(jSjj 9j) = O(B %). If

wehold B constart, this becomesO(Bn®), which is exponertially more compact
than the normal form and the graphical gamerepresenation. If we instead hold
n constart, the sizeof the represeration is O(B"), which is only slightly better
than the normal form and graphical gamerepresenations.

Intuitiv ely, the AGG represenation is only able to exploit the anonymity
structure in this game. However, this game'spayo function doeshave context-
speci ¢ structure. Obserwe that us dependsonly on three quartities: the num-
ber of players that chosethe same block, the number of players who chose
surrounding blocks, and the number of players who chose other locations. In
other wgyds, u® can he written as a function g of only 3 integers: us(D®) =
9g(D(S); copsoD(8Y;  corps0D (YY) where SO is the set of actions that sur-
rounds s and S%the set of actions corresponding to the other locations. Because
the AGG represertation is not able to exploit this context-speci ¢ information,
utilit y valuesare duplicated in the represeration.

2.4.2 Function Nodes

In the above example we shoved a kind of context-speci ¢ independencestruc-
ture that AGGs cannot exploit. It is easyto think of similar examples,where
us could be written as a function of a small number of intermediate param-
pters. One example is a \parit y game" where u® depends only on whether

92 (s) D(s% is evenor odd. Thus u® would have just two distinct values,but
the AGG represenation would have to specify a value for every con guration
D),

This kind of structure can be exploited within the AGG framework by in-
troducing function nodes to the action graph G. Now G's vertices consist of
both the set of action nodes S and the set of function nodes P. We require
that no function node p2 P can be in any player's action set,i.e. S\ P = fg,
so the total number of nodesin G is jSj + jPj. Each node in G can have ac-
tion nodesand/or function nodes as neighbors. For each p 2 P, we introduce
a function f, : ® 71 whereD® 2 () denotescon gurations over p's
neighbors. The con gurations D are extended over the entire set of nodes, by
dening D(p) fp(D®). Intuitiv ely, D(p) are the intermediate parameters
that players' utilities depend on.

To ensurethat the AGG is meaningful, the graph G restricted to nodesin P
is required to be a directed acyclic graph (DAG). Furthermore it is required that
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every p 2 P has at least one neighbor (i.e. incoming edge). These conditions
ensurethat D(s) for all s and D(p) for all p are well-de ned. To ensurethat
every p 2 P is\useful", we alsorequire that p has at least one out-going edge.
As before, for eact action node s we de ne a utilit y function us : (9 71
We call this extended represeration (N;S;P; ;ffpgy2p;u) an Action Graph
Game with Function Nodes(AGGFN).

2.4.3 Representation Size

Given an AGGFN, we can construct an equivalent AGG with the sameplayers
N and actions S and equivalent utilit y functions, but represeried without any
function nodes. We put an edgefrom s°to s in the AGG if either there is an edge
from s®to s in the AGGFN, or there is a path from s°to s through a chain of
function nodes. The number of utilities stored in an AGGFN is no greater than
the number of utilities in the equivalent AGG without function nodes. We can
show this by following similar argumerts as before, establishing a many-to-one
mapping from utilities in the AGG represenation to utilities in the AGGFN. On
the other hand, AGGFNSs haveto represer the functions f ,, which can either be
implemented using elemenary operations, or represerted as mappings similar
to uS. We could construct exampleswith huge number of function nodes, such
that the spacecomplexity of represering ff,g,2p would be greater than that
of the utilit y functions. In other words, blindly adding function nodeswill not
make the represertation more compact. We want to add function nodes only
when they represen meaningful intermediate parametersand hencereducethe
number of incoming edgeson action nodes.

Consider our co ee shop example. For eat action node s corresponding to
a location, we intro duce function nodesp? and pQ® Let (p?) consistof actions
surrounding s, and (pdy consist of actions for the other locations. Then we
modify (s) sothat it has3nodes: (s) = fs;pg; gy, asshown in Figure 2.5. For
all function nodesp2 P, wedene fy(D®) =",  D(m). Now eah D)

is a con guration over only 3 nodes. Sincef, is a summation operator, | (s);

is the number of compositions of n 1 into 4 nonnegative integers, % =

n(n+ 1)(n+ 2)=6 = O(n®). We must therefore store O(Bn?) utilit y values. This
is signi cantly more compact than the AGG represenation without function

nodes, which had a represenation size of O(B %).

Remark 1. One property of the AGG represenation asde ned in Section2.2.1
is that utilit y function u® is shared by all players that have s in their action
sets. What if we want to represen gameswith agert-speci c utilit y functions,
where utilities depend not only on s and D(®), but also on the identity of the
player playing s? We could split s into individual player's actionss;, s; etc., so
that ead action node hasits own utilit y function, howewver the resulting AGG
would not be able to take advantage of the fact that the actionss;, s; a ect the
other players' utilities in the sameway. Using function nodes, we are able to
compactly represen this kind of structure. We again split s into separateaction
nodess;, s;, but alsointroduce a function node p with s;, s; asits neighbors,
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Figure 2.5: A5 6 Coee Shop Game: Left: the AGG represenation without
function nodes(looking at only the neighborhood of the a node s). Middle: we
intro duce two function nodes. Right: s now hasonly 3 incoming edges.

and de ne f, to be the summation operator f (D) = P m2 pD(m). This
way the function node p with its con guration D(p) acts asif s; and s; had
beenmergedinto one node. Action nodescould then include p instead of both
si and s; as a neighbor. This way agerts can have dierent utilit y functions,
without sacri cing represenational compactness.

2.4.4 Computing with AGGFNs

Our expected-payo algorithm cannot be directly applied to AGGFNs with

arbitrary f,. First of all, projection of strategiesdoesnot work directly, because
aplayerj playing an action s; 62 (s) could still a ect D (%) via function nodes.
Furthermore, our DP algorithm for computing the probabilities doesnot work

becausefor an arbitrary function node p 2 (s), eath player would not be
guaranteed to a ect D(p) independertly. Therefore in the worst casewe need
to convert the AGGFN to an AGG without function nodesin order to apply
our algorithm. This meansthat we are not always able to translate the extra
compactnessof AGGFNs over AGGs into more e cien t computation.

De nition 1. An AGGFN is cortribution-indep endert (CI) if

Forallp2 P, (p) S, i.e. the neighlors of function nodes are action
nodes.

There exists a commutative and assaiative operator , and for each node
s 2 S an integer ws, suchthat given an action prole s, for all p 2 P,

D(P) = iz2nisi2 (p) Ws;-
Note that this de nition entails that D (p) can be written as a function of
D® by collecting terms: D(p)  fp(D®) = 5 (( £ we).
The co ee shopgameis an example of a cortribution-indep endent AGGFN,
with the summation operator servingas , and wg = 1 for all s. For the parity
game mertioned earlier, is instead addition mod 2. If we are modeling an

auction, and want D (p) to represen the amount of the winning bid, we would
let ws bethe bid amount corresponding to action s,and be the max operator.
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For cortribution-indep endert AGGFNSs, it is the casethat for all function
nodesp, ead player's strategy a ects D (p) independertly. This fact allows us
to adapt our algorithm to e cien tly compute the expected payo Vsii( i). For
simplicity we presen the algorithm for the casewhere we have one operator
for all p2 P, but our approach can be directly applied to gameswith di erent
operators assaiated with di erent function nodes,and likewisewith a di erent
set of ws for eac operator.

We de ne the contribution of action sto nodem 2 S| P, denoted Cs(m),
aslifm=s,0if m2Snfsg, and o (m)( Ejfmo)l:yvs) if m2 P. Then it is
easyto verify that given an action prole s, D(s) = ?:l Cs (s) foralls2 S
andD(p) = | Cs (p) forallp2 P.

Given that player i played s;, we de ne the projected contribution of ac-
tion s, denoted C{¥’, asthe tuple (Cs(m))m2 (s;)- Note that dierent actions
may have identical projected contributions. Player j's mixed strategy ; in-
gucesa probability distribution over j's projected cortributions, Pr(C(s)] i)=

s cGocesn (sj). Now we can operate ertirely using the probabilities on
T

projected cortributions instead of the mixed strategy probabilities. This is
analogousto the projection of ; to j(si) in our algorithm for AGGs without
function nodes.

Algorithm 1 for computing the distribution Pr(D ()} ) can be straightfor-
wardly adopted to work with cortribution-indep endert AGGFNs: whenewer we

apply player k's contribution C{) to D{®, the resulting con guration D{*” is

computed componertwise asfollows: D{*)(m) = ¢ (m)+ D) (m)ifm 2 S,
and D(m) = c&(m) D) (m) if m 2 P. Following similar complex-
ity analysis, if an AGGFN is contribution-indep endert, expectedpayo s canbe
computedin polynomial time with respectto the represeration size. Applied to
the co ee shopexample,sincej (9)j = O(n?), our algorithm takesO(njSj+ n*)
time, which grows linearly in jS;j.

Remark 2. We note that similar ideasare emloyed in the variable elimination
algorithms that exploit causal independen& in Bayes nets [Zhang and Poole
1996]. Bayesnets are compact represertations of probability distributions that
graphically represen independenciesbetweenrandom variables. A Bayesnet is
a DAG wherenodesrepresen random variablesand edgesrepresen direct prob-
abilistic dependencebetweenrandom variables. E cien t algorithms have been
developed to compute conditional probabilities in Bayes nets, suc as clique
tree propagation and variable elimination. Causal independencerefersto the
situation where a node's parents (which may represen causes)a ect the node
independertly. The conditional probabilities of the node can be de ned using
a binary operator that can be applied to valuesfrom ead of the parent vari-
ables. Zhang and Poole [1996] proposeda variable elimination algorithm that
exploits causalindependenceby factoring the conditional probability distribu-
tion into factors corresponding to the causes. The way factors are combined
together is similar in spirit to our DP algorithm that combinesthe independen
cortributions of the players' strategiesto the con guration D (S,
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This parallel between Bayes nets and action graphs are not surprising. In
AGGFNSs, we are trying to compute the probability distribution over con gu-
rations Pr(D()j (1)), If we seeead node m in the action graph as a ran-
dom variable D (m), this is the joint distribution of variables (s;). Howewer,
whereasedgesin Bayes nets represert probabilistic dependence,edgesin the
action graph have di erent semartics depending on the target. Incoming edges
of action nodes speci es the neighborhood (s) that we are interestedin com-
puting the probabilities of. Incoming edgesof a function node represerts the
deterministic dependencebetween the random variable of the function node
D(p) and its parents. The only probabilistic componerts of action graphs are
the players' mixed strategies. These are probability distributions of random
variables assaiated with players, but are not explicitly represened in the ac-
tion graph. WhereasAGGFNs in generalare not DAGSs, given an action s, we
can construct an induced Bayesnet consistingof (s), the neighbors of function
nodesin (s), and the neighbors of any new function nodesincluded, and so
on until no more function nodes are included, and nally augmerted with n
nodesrepreseting the players' mixed strategies. Whereasfor CI AGGFNSs, the
Bayesnet formulation hasa simple structure and doesnot yield a more e cien t
algorithm comparedto Algorithm 1, this formulation could be useful for non-
Cl AGGFNs with a complex network of function nodes, as standard Bayesnet
algorithms can be usedto exploit the independenciesin the induced Bayesnet.

2.5 Applications
2.5.1 Application: Computing Payo Jacobian

P
A game'spayo Jacobian under a mixed strategy is dened asa jS;j by
i 1Sij matrix with eriries de ned as follows:

@/sl.( i) 0 —
@) Vsiisio(7) (2.19)
= u(si;D(si;sio;3) Pr(5j7) (2.20)
525

Here whenewer we use an overbar in our notation, it is shorthand for the sub-
script f i;i%. For example,5 sy i og- The rows of the matrix are indexed by

i and s; while the columns are indexed by i° and sjo. Given ertry r v;;i;;’io(—),
we call s; its primary action node, and sjo its secondary action node.

One of the main reasonswe are interested in computing Jacobiansis that it
is the computational bottleneck in Govindan and Wilson's cortin uation method
for nding mixed-strategy Nash equilibria in multi-pla yer games[Govindan and
Wilson 2003]. The Govindan-Wilson algorithm starts by perturbing the payo s
to obtain a game with a known equilibrium. It then follows a path that is
guaranteed to give us one or more equilibria of the unperturb ed game. In eadch
step, we needto compute the payo Jacobianunder the current mixed strategy
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in order to get the direction of the path; we then take a small step along the
path and repeat.

E cien t computation of the payo Jacobian is important for more than
this continuation method. For example, the iterated polymatrix approximation
(IPA) method [Govindan and Wilson 2004]hasthe samecomputational problem
at its core. At eac step the IPA method constructs a polymatrix gamethat is a
linearization of the current gamewith respect to the mixed strategy pro le, the
Lemke-Howsonalgorithm is usedto solve this game,and the result updatesthe
mixed strategy pro le usedin the next iteration. Though theoretically it o ers
no corvergenceguarantee, IPA is typically much faster than the continuation
method. Also, it is often usedto give the continuation method a quick start.
The payo Jacobian may also be useful to multiagent reinforcemert learning
algorithms that perform policy seard.

Equation (2.20) shows that the r vsi;i;;’io(—) elemen of the Jacobian can be
interpreted asthe expected utilit y of agert i when shetakesaction s;, agert i°
takes action sjo, and all other agerts use mixed strategies accordingto —. So
a straightforward approach is to use our DP algorithm to compute ead entry
of the Jacobian. However, the Jacobian matrix has certain extra structure that
allows us to achieve further speedup.

First, we obsene that some ertries of the Jacobian are identical. If two
erntries have same primary action node s, then they are expected payos on
the same utilit y function u®, i.e. they have the same value if their induced
probability distributions over (%) arethe same. We needto considertwo cases:

1. Supposethe two ertries come from the samerow of the Jacobian, say
player i's action s;. There are two sub-casedo consider:

(a) Supposethe columns of the two entries belongto the sameplayer j,
but dierent actionss; and s°. If s*) = s¥°) i.e. 5 and s” both
project to the sameprojected action in s;'s projected action graph,
thenr Vilg =r Vs'i;‘;sio.

(b) Supposethe columns of the ertries correspond to actions of di erent
players. We obsene that for all j and s; sud that (Si)(sj(s‘)) =1,
r Vil (7) = V& ( i): As a special case, if Sj(s‘) = f.g , i.e. agert
j doesnot aect i's payo wheni plays s;, then for all s; 2 §;,
Vi ()= V().

2. If s; and s; correspond to the sameaction node s (but owned by agerts
i and j respectively), thus sharing the same payo function u®, then
rValg = r VI . Furthermore, if there exist s 2 Si;s) 2 §j sudh
o(s) — <0(s) - i

that 57 = s, thenr Vg s =T Vs, 50"
Even if the entries are not equal, we can exploit the similarity of the pro-
jected strategy proles (and thus the similarity of the induced distributions)
between entries, and re-use intermediate results when computing the induced
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distributions of di erent ertries. Since computing the induced probability dis-
tributions is the bottleneck of our expected payo algorithm, this provides sig-
ni cant speedup.

First we obsenethat if we x the row (i; s;) and the column's player j, then
~ is the samefor all secondaryactionss; 2 S;. We can compute the probability
distribution Pr(D, ijsi; %)), then for all sj 2 §j, we just needto apply the
action s; to get the induced probability distribution for the entry r Vsii?j;s_ .

Now supposewe x the row (i; s;j). For two column playersj and j° their
corresponding strategy proles ¢ ij g and ¢ ij oy arevery similar, in fact they
areidentical in n 3ofthen 2componens. For AGGs without function nodes,
we can exploit this similarit y by computing the distribution Pr(D, 1j (Si‘ )), then
for eachj 6 i, we\lundo" j's mixed strategy to get the distribution induced by

t ij g- Recall from Section 2.3.5that the distributions are coe cien ts of the
multiplication of certain polynomials. Sowe canundo | 's strategy by computing
the long division of the polynomial for ; by the polynomial for ;.

This method doesnot work for contribution-indep endent AGGFNSs, because
in general a player's cortribution to the con gurations are not reversible, i.e.
given Pr(Dp 1j (S{)) and j, it is not always possibleto undo the cortribu-
tions of ;. Instead, we can e cien tly compute the distributions by recursively
bisecting the set of players in to sub-groups, computing probability distribu-
tions induced by the strategies of these sub-groupsand combining them. For
example, supposen = 9andi = 9,s0 ; = 1..3. We needto compute the
distributions induced by ¢ 1.9g;:::; § g9, respectively. Now we bisect |
into 1.4 and s..g. Supposewe have computed the distributions induced by

1::4 aswell as 234; 134; 124; 123, and similarly for the other group of 5:::8.

Then we can compute Pr( j (fs‘)l;gg) by combining Pr(j g‘j) and Pr(j 5(32‘7)8 ,
(si)

compute Pr(j }"5.q,) by combining Pr( ] %‘4)) and Pr(j 5(3?;7)8), etc. We have
reducedthe problem into two smaller problems over the sub-groups1:::4 and
5:::8, which canthen be solved recursively by further bisectingthe sub-groups.
This method savesthe re-computation of sub-groups of strategies when com-
puting the induced distributions for ead row of the Jacobian, and it works with
any corntribution-indep endert AGGFNs becauseit doesnot uselong division to
undo strategies.

2.6 Experiments

We implemented the AGG represertation and our algorithm for computing ex-
pected payo s and payo Jacobiansin C++. We ran seweral experiments to
comparethe performanceof our implementation againstthe (heavily optimized)
GameTracer implementation [Blum et al. 2002]which performs the samecom-
putation for a normal form represeration. We usedthe Co ee Shopgame(with
randomly-chosenpayo values)asa bencmark. We varied both the number of
players and the number of actions.
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Figure 2.6: Comparing Represetation Sizesof the Co ee Shop Game (log-
scale). Left: 5 5 grid with 3 to 16 players. Right: 4-playerr 5 grid with r
varying from 3 to 10.

2.6.1 Representation Size

For each gameinstance we courted the number of payo valuesthat needto be
stored in ead represeration. Since for both normal form and AGG, the size
of the represenation is dominated by the number of payo values stored, the
number of payo valuesis a good indication of the size of the represenation.

We rst lookedat Co ee Shopgameswith 5 5 blocks, with varying number
of players. Figure 2.6 hasa log-scaleplot of the number of payo valuesin each
represeration versusthe number of players. The normal form represenation
grew exponertially with respect to the number of players, and quickly becomes
impractical for large number of players. The size of the AGG represenation
grew polynomially with respect to n.

We then xed the number of playersat 4, and varied the number of blocks.
For easeof comparisonwe xed the number of columsat 5, and only changedthe
number of rows. Figure 2.6 has a log-scaleplot of the number of payo values
versusthe number of rows. The size of the AGG represenation grew linearly
with the number of rows, whereasthe size of the normal form represeration
grew like a higher-order polynomial. This was consistert with our theoretical
prediction that AGGFNs store O(jSjn®) payo valuesfor Co ee Shop games
while normal form represenations store njSj" payo values.

2.6.2 Expected Payo Computation

Second, we tested the performance of our dynamic programming algorithm
against GameTracer's normal form based algorithm for computing expected
payos, on Coee Shop gamesof dierent sizes. For each game instance, we
generated 1000 random strategy pro les with full support, and measuredthe
CPU (user) time spent computing the expected payo s under these strategy
proles. We xed the sizeof blocks at 5 5 and varied the number of players.
Figure 2.7 shows plots of the results. For very small gamesthe normal form
basedalgorithm is faster due to its smaller bookkeepingoverhead;as the num-
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Figure 2.7: Running times for payo computation in the Co ee Shop Game.
Left: 5 5 grid with 3 to 16 players. Right: 4-playerr 5 grid with r varying
from 3 to 10.

ber of players grows larger, our AGGFN-based algorithm's running time grows
polynomially, while the normal form basedalgorithm scalesexponertially . For
morethan v e players,we werenot able to store the normal form represenation
in memory.

Next, we xed the number of playersat 4 and number of columnsat 5, and
varied the number of rows. Our algorithm's running time grew roughly linearly
in the number of rows, while the normal form basedalgorithm grewlike a higher-
order polynomial. This was consistert with our theoretical prediction that our
algorithm take O(njSj+ n*) time for this classof gameswhile normal-form based
algorithms take O(jSj” 1) time.

Last, we consideredstrategy pro les having partial support. While ensuring
that ead player's support included at least one action, we generatedstrategy
pro les with ead action included in the support with probability 0.4. Game-
Tracer took about 60% of its full-support running times to compute expected
payo s in this domain, while our algorithm required about 20% of its full-
support running times.

2.6.3 Computing Payo Jacobians

We have also run similar experiments on computing payo Jacobians. As dis-
cussedin Section2.5.1,the entries of a Jacobian can be formulated as expected
payo s, soa Jacobiancan be computed by doing an expected payo computa-
tion for ead of its entry. In Section2.5.1we discussedmethods that exploits the
structure of the Jacobian to further speedupthe computation. GameTracer's
normal-form basedimplementation also exploits the structure of the Jacobian
by re-using partial results of expected-payo computations. When comparing
our AGG-based Jacobian algorithm as described in Section 2.5.1 against Ga-
meTracer's implementation, the results are very similar to the above results for
computing expected payo s, i.e. our implemertation scalespolynomially in n
while GameTracer scalesexponertially in n. We instead focus on the question
of how much speedupdoesthe methods in Section 2.5.1 provide, by comparing
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Figure 2.8: Running times for Jacobian computation in the Co ee Shop Game.
Left: 5 5 grid with 3 to 10 players. Right: 4-playerr 5 grid with r varying
from 3 to 10.

our algorithm in Section 2.5.1 against the algorithm that computes expected
payo s (using our AGG-basedalgorithm described in Section 2.3) for ead of
the Jacobian's ertries. The results are shown in Figure 2.8. Our algorithm is
about 50times faster. This con rms that the methods discussedn Seciton2.5.1
provide signi cant speedupfor computing payo Jacobians.

2.6.4 Finding Nash Equilibria using the
Govindan-Wilson algorithm

Govindan and Wilson's algorithm [Govindan and Wilson 2003]is one of the most
competitiv e algorithms for nding Nash equilibria for multi-pla yer games. The
computational bottleneck of the algorithm is repeated computation of payo
Jacobians as de ned in Section 2.5.1. Now we show experimentally that the
speedup we achieved for computing Jacobians using the AGG represertation
leadsto a speedupin the Govidan-Wilson algorithm.

We compared two versions of the Govindan-Wilson algorithm: one is the
implemenrtation in GameTracer, where the Jacobian computation is basedon
the normal form represenation; the other is identical to the GameTracer im-
plemenrtation, exceptthat the Jacobiansare computed using our algorithm for
the AGG represenation. Both techniques compute the Jacobiansexactly. As
a result, given an initial perturbation to the original game, these two imple-
mentations would follow the samepath and return exactly the sameanswers.
Sothe di erence in their running times would be due to the di erent speedsof
computing Jacobians.

Again, we tested the two algorithms on Co ee Shop gamesof varying sizes:
rst we xed the sizeof blocks at 4 4 and varied the number of players; then
we xed the number of players at 4 and number of columns at 4, and varied
the number of rows. For eadh gameinstance, we randomly generated10 initial
perturbation vectors, and for ead initial perturbation we run the two versions
of the Govindan-Wilson algorithm. Since the running time of the Govindan-
Wilson algorithm highly dependson the initial perturbation, it is not meaningful
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to comparethe running times with dierent initial perturbations. Instead, we
look at the ratio of running times between the normal form implementation
and the AGG implementation. Thus a ratio greater than 1 meansthe AGG
implemertation spent lesstime than the normal form implemenation. We
plotted the resultsin Figure 2.9. The resultscon rmed our theoretical prediction
that asthe size of the gamesgrows (either in the number of players or in the
number of actions), the speedup of the AGG implemertation comparedto the
normal from implemertation increases.

2.7 Conclusions

We presened a polynomial-time algorithm for computing expected payo s in
action-graph games. For AGGs with boundedin-degree,our algorithm achieves
an exponertial speed-upcomparedto normal-form basedalgorithms and Bhat
and Leyton-Brown [2004]'s algorithm. We also extended the AGG represen-
tation by introducing function nodes, which allows us to compactly represen
a wider range of structured utilit y functions. We showed that if an AGGFN
is contribution-indep endert, expected payo s can be computed in polynomial
time.

Our current and future researd includes two directions: Computationally,
we plan to apply our expectedpayo algorithm to speedup other game-theoretic
computations, such as computing best responsesand the simplicial subdivision
algorithm for nding Nash equilibria. Also, asa direct corollary of our Theorem
2 and Papadimitriou [2005]'s result, correlated equilibria can be computed in
time polynomial in the size of the AGG.

Represenationally , we plan to extend the AGG framework to represert more
typesof structure such asadditivit y of payo s. In particular, weintend to study
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is Bayesiangames.In a Bayesiangame,playersare uncertain about which game
(i.e. payo function) they are playing, and eat receivescertain private informa-
tion about the underlying game. Bayesiangamesare heavily usedin economics
for modeling competitiv e scenariosinvolving information asymmetries, e.g. for
modeling auctions and other kinds of markets. A Bayesian game can be seen
as a compact represenation, sinceit is much more compact than its induced
normal form. We plan to usethe AGG framework to represer not only the
structure inherent in Bayesian games, but also context-speci ¢ independence
structures sud asthe oneswe have consideredhere.
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Chapter 3

Bidding Agents for Online
Auctions with Hidden Bids

3.1 Intro duction

There! has beenmuch researd on the study of automated bidding agerts for
auctions and other market-basedenvironments. The Trading Agent Competi-
tions (TAC-Classicand TAC Supply Chain Managemen) have attracted much
interest [Wellman et al. 2002]. There have also beenreseard e orts on bid-
ding agerts and bidding strategiesin other auction ervironments [Byde 2002;
Boutilier et al. 1999; Greenwald and Boyan 2004; Arora et al. 2003; Cai and
Wurman 2003; Anthony et al. 2001]. Although this body of work considers
many di erent auction ervironments, bidding agerts always face a similar task:
given a valuation function, the bidding agert needsto compute an optimal bid-
ding strategy that maximizes expected surplus. (Some ervironments such as
TAC-SCM alsorequire agerts to solve additional, e.g., scheduling tasks.)

The \Wilson Doctrine" in mechanism designarguesthat mechanismsshould
be constructed sothat they are\detail-free"|that s, sothat agerts canbehave
rationally in thesemecanismseven without information about the distribution
of other agerts' valuations. For example, the VCG mechanism is detail-free
becauseunder this mechanism it is a weakly dominant strategy to bid exactly
one's valuation, regardlessof other agerts' beliefs, valuations or actions. Un-
der commonassumptions(in particular, independert private values)single-item
English auctions are similar: an agert should remain in the auction until the
bidding reachesthe amount of her valuation.

While detail-free mechanisms are desirable, they are not ubiquitous. Very
often, agens are faced with the problem of deciding how to behave in games
that do not have dominant strategies and where other agerts' preferencesare
strategically relevant. For example, we may want to participate in a seriesof
auctions run by dierent sellersat dierent times. This is a common scenario
at online auction sites such as eBay. In Section 3.4 we consider a sequetial
auction model of this scenario,and show that information about other bidders'
preferencess very relevant in constructing a bidding strategy.

1A version of this chapter has been submitted for publication. Jiang, A.X. and Leyton-
Brown, K. (2005) Bidding Agents for Online Auctions with Hidden Bids. Submitted to the
Machine Learning Journal.
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3.1.1 Game-Theoretic and Decision-Theoretic
Approac hes

How should a bidding agert be constructed? Depending on the assumptionswe
chooseto make about other bidders, two broad approachesto computing bid-
ding strategies suggestthemselwes: a game-theoretic approach and a decision-
theoretic approach. The game theoretic approach assumesthat all agerts are
perfectly rational and that this rationality is common knowledge; the auction
is modeled as a Bayesian game. Under this approac, a bidding agert would
compute a Bayes-Nashequilibrium of the auction game, and play the equilib-
rium bidding strategy. Much of the extensive economicsliterature on auctions
follows this approach (see, e.g., the survey in [Klemperer 2000]). For exam-
ple, in ervironments with multiple, sequetial auctions for identical items and
in which ead bidder wants only a single item, the Bayes-Nashequilibrium is
well-known [Milgrom and Weber 2000; Weber 1983]. Such equilibria very often
depend on the distribution of agerts' valuation functions and the number of
bidders. Although this information is rarely available in practice, it is usually
possibleto estimate these distributions from the bidding history of previous
auctions of similar items. Note that this involves making the assumption that
past and future bidders will sharethe samevaluation distribution.

The game-theoreticapproac hasreceived a great deal of study, and is per-
haps the dominant paradigm in microeconomics. In particular, there are very
good reasonsfor seekingstrategy pro les that are resistart to unilateral devia-
tion. However, this approac is not always usefulto agerts who needto decide
what to do in a particular setting, especially when the rationalit y of other bid-
dersis in doubt, when the computation of equilibria is intractable, or when the
game has multiple equilibria. In such settings, it is sometimesmore appropri-
ate to rely on decisiontheory. A decision-theoretic approac e ectiv ely treats
other bidders as part of the ervironment, and ignoresthe possibility that they
may changetheir behavior in responseto the agert's actions. We again make
the assumptionthat the other bidders comefrom a stationary population; how-
ever, in this casewe model agerts' bid amournts directly rather than modeling
their valuations and then seekingan equilibrium strategy. We then solve the re-
sulting single-agen decisionproblem to nd a bidding strategy that maximizes
expected payo . We could also use a reinforcemert-learning approac, where
we cortinue to learn the bidding behavior of other bidders while participating
in the auctions. Much recert literature on bidding agert design follows the
decision-theoretic approad, e.g. [Boutilier et al. 1999; Byde 2002; Greenwald
and Boyan 2004; Stone et al. 2002; Mackie-Mason et al. 2004; Osepayshvili
et al. 2005].

This chapter doesnot attempt to choosebetweenthesetwo approades; it
is our opinion that eat has domains for which it is the most appropriate. The
important point is that regardlessof which approach we elect to take, we are
faced with the subproblem of estimating two distributions from the bidding
history of past auctions: the distribution on the number of bidders, and the
distribution of bid amourts (for decision-theoreticapproades)or of valuations
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(for game-theoreticapproaches). Consequetly, this problem hasreceived much
discussionin the literature. For example, Athey and Haile [2002] and various
othersin econometricsstudy the estimation of valuation distributions in various
standard auction typesgiven obsened bids, assumingthat bidders are perfectly
rational and follow equilibrium strategies. On the decision-theoretic front, a
popular approach is to estimate the distribution of the nal pricesin auctions
basedon obsened selling prices, and then to usethis distribution to compute
the optimal bidding strategy. Examples of this include Stone et al.'s [2002]
ATTac agert for the Trading Agent Competition, Mackie-Mason et al.'s [2004]
study of bidding in simultaneous ascendingauctions and the follow-up work
in [Osepgshvili et al. 2005], Byde's [2002] study of bidding in simultaneous
online English auctions, and Greenwald and Boyan's [2004]analysisof sequettial
English auctions. A paper by Boutilier et al. [1999]takesa di erent decision-
theoretic approach which is relevant to the approac we proposein this chapter.
We defer discussionof this work until Section 3.6, after we have preseried our
approad.

3.1.2 Overview

In this chapter we consider sequettial English auctions in which a full bidding

history is revealed,such asthe online auctions run by eBay. It might seemthat

there is very little left to say: we learn the distributions of interest from the
bidding history, then compute a bidding strategy basedon that information for
the current and future auctions. However, we show that under realistic bidding

dynamics (described in Section 3.2) the obsened bidding histories omit some
relevant information. First, somebidders may cometo the auction when it is
already in progress, nd that the current price already exceedstheir valuation,

and leave without placing a bid. Second,the amount the winner was willing to

pay is never revealed. Ignoring these sourcesof bias can lead to poor estimates
of the underlying valuation distribution and distribution of number of bidders.
In Section 3.3 we proposea learning approach basedon the Expectation Max-

imization (EM) algorithm, which iterativ ely generateshidden bids consisten

with the obsened bids, and then computes maximum-likelihood estimations of
the valuation distribution basedon the completed set of bids. The learned dis-
tributions can then be usedin computing decision-theoretic or game-theoretic
bidding strategies. Section3.4 discusseshe computation of the optimal strategy
for an agen in a repeated English auction setting under the decision-theoretic
approad, and in a similar (non-repeated) setting under the game-theoreticap-
proach. In Section 3.5 we present experimental results on synthetic data sets
as well as on data collected from eBay, which show that our EM learning ap-
proach makesbetter estimatesof the distributions, gets more payo under the

decision-theoreticmodel, and makesa better approximation to the Bayes-Nash
equilibrium under the game-theoreticmodel, ascomparedto the straightforward

approach which ignoreshidden bids.
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3.2 A Mo del of Online Auctions

Consider a (possibly repeated) auction held online, e.g.,on eBay. There are m

potential bidders interested in a certain auction for a single item. We assume
that bidders are risk-neutral, have independert private values (IPV), and that

utilities are quasilinear. The number of bidders m is drawn from a discrete
distribution g(m) with support [2;1 ). Bidders' potential valuations (in the
game-theoreticcontext) or bids (in the decision-theoreticcorntext) are indepen-
dertly drawn from a corntin uous distribution f (x).

3.2.1 Bidding Dynamics

The m potential bidders arrive at the auction site sequetially. When ead
bidder arrives, she obsenes the bids that have been acceptedin the auction
so far, placesa single proxy bid? and then leavesthe system. The auctioneer
processesew bids as follows:

1. When a proxy bid is submitted, the auctioneercomparesit to the current
price level, which is the second-highestproxy bid so far plus a small bid
incremert. 3

(a) If the submitted bid is not greater than the current price level the
bid is dropped and no record of the bid is recordedin the auction's
history.

(b) If the submitted bid is higher than the current price level but lower
than the highest proxy bid sofar, then the submitted bid is accepted,
the bid amount of the currently winning bid is increasedto equal
the submitted bid (i.e., this bid remains the winning bid), and the
submitted bid loses.

(c) If the submitted bid is higher than the previously winning bid then
the price level is increasedto equal the previously winning bid and
the submitted bid is made the current winner.

2. At the end of the auction, the item is awardedto the bidder who placedthe
highest bid, and the nal price level is the amourt of the secondhighest
bid.

3.2.2 Hidden Bids

According to our model, somebidders' proxy bid amounts will be revealed. This
includes any bid that was higher than the current price level at the time it was
placed, evenif that bid wasimmediately outbid by another proxy bid. However,
other bids will not be obsened. There are two typesof hidden bids:

2A proxy bidding system asks bidders for their maxim um willingness to pay, and then bids
up to this amount on the bidder's behalf. Such systems are common on online auction sites
such as eBay; seee.g., http://pages.ebay.com/hel  p/b uy/p rox y-bi ddi ng.html

3For simplicit y in this chapter we ignore this small increment and assumethat the current
price level is the second-highest proxy bid so far.
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Figure 3.1: An example of the bidding processof an auction with 7 potential
bidders.

1. The highest bid of eadh auction Xy .

2. Dropped bids x4 that were lower than the current price when they were
placed.

Let us denote the set of visible bids as x, and the set of hidden bids as xj,.
Let n denote the number of bidders that appearsin the bidding history. This
meansthat x, will always contain (n 1) bids, sincethe winning bidder's proxy
bid is never obsened. Sincethere are m potential biddersin total, (n 1) bids
are visible, and one bid is the highest bid x;;, there are (m n) dropped bids
N Xq.

Figure 3.1 shows an example of the bidding processfor an auction according
to our online auction model, and illustrates how bids are dropped. Bids arrive
sequettially from left to right. Bids 3, 4 and 7 (the grey bars) will be dropped
becausethey are lower than the current bid amount at their respective time
steps. The amount of the winning bid (6) will not be revealed, although an
obsener would know that it was at least the amount of bid 2, which would be
the amourt paid by bidder 6.

3.2.3 Discussion

Our model of the bidding processis quite general. Notice that when a bidder ob-
senesthat the price level is higher than her potential bid, shemay decidenot to
bid in this auction. This is equivalert to our model in which shealways submits
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the bid, becausedropped bids do not appearin the bidding history (Indeed, this
is the motivation for our model). Also our model coversthe caseof last-minute
bidding, which happensquite often in eBay auctions [Roth and Ockenfels2002]:
even though last-minute bids may be submitted almost simultaneously, eBay
processeghe bids in sequence.

Obsernve that with a proxy bidding system, and when agerts have indepen-
dent private values, bidders would not benet from bidding more than oncein
an auction. Howewer, in practice eBay bidders quite often make multiple bids
in one auction. One possiblemotivation for thesebids is a desireto learn more
information about the proxy bid of the current high bidder [Shah et al. 2003].
However, only the last bid of the bidder represerts her willingnessto pay. Given
a bidder's last bid, her earlier bids carry no extra information. Therefore, we
will be interested in only the last bid from ead bidder.* We can preprocess
the bidding histories by removing all bids exceptthe last bids from ead bidder,
without losing much information.

3.3 Learning the Distributions

Given the model of the bidding process;the rst task of our bidding agert is to
estimate the distributions f (x) and g(m) from the bidding history. Supposewe
have accesgo the bidding history of K auctions for identical items.

3.3.1 The Simple Approac h

A simple approad is to ignore the hidden bids, and to directly estimate f (x)
and g(m) from obsened data. The obsened number of bidders, n, is usedto
estimate g(m). To estimate f (x) we usethe obsened bids x,, which consistsof
(n 1) bids for ead auction. Any standard density estimation technique may
be used.

Becauseit ignores hidden bids, this approach can be expected to produce
biased estimatesof f and g:

g(m) will be skewed towards small valuesbecausen m.

f (v) may be skewed towards small values becauseit ignoresthe winning
bid x;;, or it may be skewed towards large values becauseit ignoresthe
dropped bids xgq.

A popular variation of this approach (mentioned in Section 3.1) is to di-
rectly estimate the distribution of nal pricesfrom the selling prices of previous
auctions, then to usethis distribution to compute a decision-theoretic bidding
strategy. The problem with this approach is that for English auctions, the selling
prices are the second-highestids. As we will show in Section3.4,to compute a
decision-theoretic strategy we really needthe distribution of the other bidders'

4In a common value model, the earlier bids do carry some information, and we would not
be able to simply ignore those bids.
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highestbids. Using the distribution of nal pricesintroducesbias, asthis distri-
bution is skewed towards small values comparedto the distribution of highest
bids.

3.3.2 EM Learning Approac h

We would like to have an estimation strategy that accourts for the hidden bids
Xn and any bias introduced by their absence.Supposef (x) belongsto a class
of distributions parameterizedby , f (xj ). Further supposethat g(m) belongs
to a classof distributions parameterizedby , g(mj ). For example,f (x) could
be a Normal distribution parameterizedby its mean and variance 2, whereas
g(m) could be a Poissondistribution parameterizedby its mean, . We want to
nd the maximum likelihood estimatesof and giventhe obsened data x, .

Supposethat we could actually obsene the hidden bids xy in addition to
Xy. Then estimating and from the completed data set (x;xn) would be
easy Unfortunately we do not have x,. Given x,, and with the knowledge of
the bidding process,we could generatexy, if we knew and . Unfortunately
we do not know and

A popular strategy for learning this kind of model with missing data is the
Expectation Maximization (EM) algorithm [Dempster et al. 1977]. EM is an
iterativ e procedurethat alternates betweenE stepswhich generatethe missing
data given current estimatesfor the parametersand M stepswhich compute the
maximum likelihood (or maximum a posteriori) estimates for the parameters
basedon the completed data, which consistsof the obserned data and current
estimatesfor the missing data. Formally, the E step computes

z

Q() = log(p(xn;Xvj ))P(Xnjxy; ©D; CD)dxy; 3.1)

and the M step solvesthe optimization

(new) = argmax(Q( )): (3.2)

Analogous computations are done to estimate , the parameter for g(mj ).
The EM algorithm terminates when and converge. It can be shown that
EM will convergeto a local maximum of the obsened data likelihood function
p(Xvj 5 )

EM is aparticularly appropriate algorithm in our auction setting with hidden
bids, because

1. EM wasdesignedfor nding maximum likelihood (ML) estimatesfor prob-
abilistic models with unobsened latent variables.

2. EM is especially helpful whenthe obseneddata likelihood function p(x,j ;
(which we want to maximize) is hard to evaluate, but the ML estimation
given complete data (Xxy;Xp) is relatively easy (becausethe M step cor-
responds to maximizing the expected log-likelihood of (xy;Xp)). This is
exactly the casein our auction setting.

~
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The E Step

The integral in Equation (3.1) is generally intractable for our complex bidding
process.However, we can compute a Monte Carlo approximation of this integral
by drawing N samplesfrom the distribution p(xpjxy; (©4); (©d)) and approx-
imating the integral by a small sum over the samples(seee.g. [Andrieu et al.
2003]). Applied to our model, in eadh E step our task is therefore to generate
samplesfrom the distribution p(xpjxy; (©9); (©d)) Recall that x;, consistsof
the highest bid x;; and the dropped bids xg4.

Given () and the secondhighest bid (which is obsened), the highest
bid xn can easily be sampled. According to the bidding processdescribed in
Section3.2, the highestbid wasgeneratedby repeatedly drawing from f (xj (°l4))
until we get a bid higher than the previously highest (now second-highest)bid.
This is exactly the rejection-sampling procedurefor the distribution f (xj (°4))
truncated at the secondhighest bid and renormalized. For distributions with a
simple functional form (e.g. normal distributions), it may be easierto sample
directly from the truncated distribution by reversing the CDF (seee.g. [West
1994]).

Sampling the dropped bids x4 is a more di cult task. We usethe following
procedure,which is basedon simulating the bidding process:

1. Samplem from g(mj (©ld)),
2. If m < n, reject the sampleand go bad to step 1.
3. Simulate the bidding processusing x, and m n dropped bids:

(a) Repeatedly draw a sample bid from f (xj (°)), and compareit to
the current price level. If it is lower than the price level, add the bid
to the set of dropped bids x4. Otherwise, the current price level is
increasedto the next visible bid from x,.

(b) If the number of bids in x4 exceedsm n, or if we usedup all the
bids in x, before we have m n dropped bids in x4, we reject this
sampleand go badc to step 1. Only when we used up all bids in x,
and we have m n bids in x4, do we acceptthe sample of xq.

4. Repeat until we have generatedN samplesof xg.

The M Step

Our task at each M step is to compute the maximum likelihood (ML) esti-
matesof and from x, and the generatedsamplesof x;,. For many standard
parametric families of distributions, there are analytical solutions for the ML
estimates. For example,if f (x) is a normal distribution N (; ), then giventhe
complete set of bids (xy;xy), the ML estimate of is the sample mean, and
the ML estimate of is the sample standard deviation. If g(m) is a Poisson
distribution, then the ML estimate of the mean parameter is the mean of the
number of bidders per auction. If analytical solutions do not exist we can use
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numerical optimization methods such as simulated annealing. If prior distribu-
tions on and are available, we may instead compute maximum a posteriori
(MAP) estimates, which are point estimatesof and that maximize their
posterior probabilities.

3.3.3 Learning Distributions in a Game-Theoretic
Setting

The approach we just described is decision-theoretic becausewe estimate the
distribution of bid amounts without considering how other agerts would react
to our behavior. What if we want to take a game-theoretic approach? Athey
and Haile [2002] discussedestimation in the game-theoretic setting, however
they generally assumethat the number of bidders is known (there is a brief
discussionof unknown number of bidders, but it is not relevant to our online
auction setting).

Let f (v) be the distribution of bidder's valuations (instead of bid amounts),
and let g(m) denote the distribution of number of bidders, as before. Given a
bidder's valuation v, her bid amourt in the game-theoretic setting is given by
the Bayes-Nashequilibrium of the auction game. Many (but not all) auction
gameshave symmetric pure strategy equilibria. Assumethere is a symmetric
pure strategy equilibrium given by the bid function b(vjf;g). Our task is to
estimate f (v) and g(m) given the obsened bids.

We can usean EM learning algorithm similar to the onein Section 3.3.2to
estimate f (vj ) and g(mj ), where and are parametersfor f and g:

E step: for ead auction with obsened bids x,:

{ Compute obsened bidders' valuations v, from x, by inverting the
bid function.®

{ Generate bidders with valuations v, who place hidden bids x;, =
b(vpjf (°d); g(°d)) This is done by a similar procedureto the onein
Section 3.3.2that simulates the auction's bidding process.

M step: update and to maximize the likelihood of the valuations
(Vv Vh).

3.4 Constructing a Bidding Agent

In Sections3.2 and 3.3 we preseried a model of the bidding processfor a single
auction, and proposedmethodsto estimate the distributions of bids and number
of bidders in an auction. But our work is not doneyet: how do we make use of
these estimated distributions to compute a bidding strategy?

5If the bidding function doesnot have a single-valued inversefunction, or if the equilibrium
has mixed strategies, we just generate bidders with valuation vy that would lik ely bid xy under
the equilibrium.
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If we only participate in one English auction, bidding is simple: under the
IPV model it is a dominant strategy to bid up to our valuation for the item, and
we do not even needto estimate the distributions. However if we are interested
in more complex environments, good estimates of the distributions f (x) and
g(m) are essetial for computing a good bidding strategy. In this section we
discusstwo such environments: nitely-rep eatedonline auctions and unrepeated
online auctions without proxy bidding. We considerthe rst problem from a
decision-theoretic point of view, and take a game-theoretic approac to the
secondproblem.

3.4.1 A Decision-Theoretic Approac h to Rep eated
Auctions

In this sectionwe develop a decision-theoretichidding agert for nitely repeated
auctions. We choosethis setting becauséit is a reasonablemodel of the decision-
theoretic problem we would faceif we wanted to buy one item from an online
auction site. Our estimation algorithm can straightforwardly be applied to more
complexdecision-theoreticmodels such asin nite horizon modelswith discourt
factors and combinatorial valuation models.

The Auction Environmen t

Supposewe only want to buy oneitem (say a Playstation 2) in an environment
(say eBay) where multiple auctions for similar, but not necessarilyidentical,
Playstation 2 systemsare held regularly. Recall that we have assumedthat
utilit y is quasilinear: thus if we successfullywin one item, our utilit y will be
equal to our valuation for the item minus the price we paid. So our bidding
agert's task is to compute a bidding strategy that will maximize this utilit y.
Assumethat we are only interestedin the rst k auctionsthat will be held after
we arrived at the auction site. One motivation for suc a restriction is that we
prefer to have the item within a bounded amount of time. If we fail to win an
item from the k auctions, we loseinterest in the item and leave the auction site,
and our utilit y is 0. (Alternativ ely, we could say that if we fail to win an auction
then we could buy the item from a store after leaving the auction site, in which
casewe would get someother known and constart amourt of utilit y.)

Someof the k auctions may overlap in time, but since eBay auctions have
strict closingtimes, this can be modeledasa sequettial decisionproblem, where
our agert makesbidding decisionsright before ead auction closes.Number the
auctions 1:::k according to their closing times. Let v; denote our valuation
for the item from auction j. Note that this allows the items in the auctions to
be non-idertical. Let by denote our agert's bid for auction j. Let U; denote
our agert's expected payo from participating in auctionsj :::k, assumingwe
did not win before auction j. Let Ux+; be our payo if we fail to win any of
the auctions. For simplicity we de ne Ux+; = 0, though the analysiswould be
similar for any constart value. Supposethat for ead auction j the number of
other bidders is drawn from g; (m) and ead bidder's bid is drawn from f; (x).
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Sinceead auction j is an English auction, only the highest bid from other bid-
dersa ects our payo. Let fjl(x) and Fjl(x) respectively denote the probability
density function and cumulativ e density function (CDF) of the highest bid from
other bidders in the j auction. Then

b3
Froo= g (m)(F o)™

m=2

where Fj (x) is the CDF of fj(x). Now U; can be expressedas the following

Zy
Usivis) = (4 0f09dcr (@ BB (eaiivani) (33)

The rst term in Equation (3.3) is the expectedpayo from the j 1 auction; the
secondterm is the expected payo from the later auctions.

The Optimal Strategy

Greenwald and Boyan [2004]and Arora et al. [2003]have analyzed similar auc-
tion models. Following similar reasoning, we can derive the optimal bidding
strategy for our auction model. Let b. be the optimal bidding strategy for
auctionsj; :::;k. Let U; (vj.x) denotethe expected payo under optimal strat-
egy, i.e. U; (vjx) = Uj(b.;Vjk). We canoptimize U; by working from the kth
auction to the rst onein a manner similar to badkward induction. By solving
the rst-order conditions of U;, we obtain the optimal bidding strategy:

B =V U (Vk) (3.4)

In other words, our agert should shadeher bids by the \option value”, i.e.
the expected payo of participating in future auctions. The exception is of
coursethe k™ auction; in this casethere are no future auctions and the optimal
bid is b, = v. Thus we seethat the standard result that honest bidding is
optimal in an unrepeated auction is recovered as the special casek = 1.

The computation of the optimal bidding strategiesrequiresthe computation
of the expectedpayos U; = U;(y ,;Vj«), which involvesan integral over the
distribution fjl(x) (Equation 3.3). In generalthis integral cannot be solved an-
alytically, but we can compute its Monte Carlo approximation if we can sample
from fjl(x). If we can samplefrom f; (x) and g;(m), we can usethe following
straightforward procedureto generatea samplefrom f jl(x):

1. draw m from g; (m);
2. draw m samplesfrom f; (x);

3. keepthe maximum of thesem samples.
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The bidding strategy b;., computed using Equations (3.4) and (3.3) is optimal,
provided that the distributions f;(x) and gj(m) are the correct distributions
of bids and number of bidders for all j 2 1:::k. Of coursein general we do
not know the true f; (x) and g, (m) and the focus of this chapter is to estimate
the distributions from the bidding history and usethe estimated distributions
to compute the bidding strategy. As a result, the computed bidding strategy
should be expectedto achieve lessthan the optimal expectedpayo . Howevwer, it
is reasonableto think that better estimatesof f (x) and g(m) should give bidding
strategies with higher expected payo s. This is conrmed in our experiments
acrossa wide range of data sets, which we discussin Section 3.5.

Auctions that Overlap in Time: Exploiting Early Bidding

We obsene that while the optimal bid in auction j doesnot depend on f 1, it
doesdepend on f ! for | > j. Sofar we have beenestimating f !(x) using f,(x)
and g (m). In practice, auctions overlap in time, and we often obsene some

make a bid on auction j. This extra information allows us to make even more
informed (posterior) estimateson f}(x), | > j, basedon f(x), g (m) and the
obsened bids for auction I, which leadsto a better bid for auction j .

Suppose we have obsened n 1 early bids, denoted by x,; the current
highest bid xy; is not revealed(but can be sampledfrom f (x) truncated at the
current price). Sincethe auction is not over, there will be someset of future
bids Xsuwr e (pOssibly empty). When the auction closes the highestbid from the
other bidders will be maxf Xy; ; Xfuwr e9- We can generateXsyyr e if we know the
number of future bids. We know the total nhumber of bids m is drawn from g(m),
and the number of bids made sofar is n + jx4j, where x4 are the dropped bids
sofar, sothe number of future bidsism n jxgj. Now we have a procedure
that samplesfrom f 1(x):

1. Simulate the auction using our model in Section 3.2 to generatexy, the
dropped bids sofar.

2. Samplethe total number of bids m from g(m).
3. Compute the number of future bids,m n jxgj.

(a) If this quantity is negative, reject the sample.
(b) Otherwise generateXswre as(M n  jXgj) bids drawn from f (x).

4. Generatexy and take the maximum of Xgur e @nd Xp .

3.4.2 A Game-Theoretic Approac h to Bidding in Online
Auctions without Pro xies

In Section 3.4.1 we discussedbuilding a decision-theoreticbidding agert for re-
peated English auctions. What happens if we try to use the game-theoretic



Chapter 3. Bidding Agents for Online Auctions with Hidden Bids 41

approach on our auction model to build an agert that plays a Bayes-Nashequi-
librium of the auction game?

The dicult y turns out to be identifying the equilibrium. If eac bidder
other than our agen only participates in oneauction, then the situation is easy
In this casethe other bidders' dominant strategieswill be to bid truthfully up
to the amount of their valuations. Assuming all bidders follow this dominant
strategy as a game-theoretic approach would have us do, we nd that the dis-
tribution of bids is the sameasthe distribution of valuations. Thus, our agert's
strategy should be the sameasthe decision-theoreticoptimal strategy described
in Section 3.4.1. It is easyto verify that this strategy together with the other
players' truthful bidding forms a Bayes-Nashequilibrium.

If the other bidders participate in more than oneauction then the equilibrium
strategy gets more complex, both strategically and computationally. Milgrom
and Weber [2000] have derived equilibrium strategies for sequettial auctions
under some strong simplifying assumptions, such as identical items, a xed
number of bidders, and all bidders entering the auctions at the sametime. In
an online auction setting, these assumptionsare not reasonable:the items are
often heterogenousthe number of bidders is unknown ex ante, and bidders have
dierent entry times and exit policies. The equilibrium strategy in the general
caseis not known. Therefore, it is an open problem to nd a game-theoretic
model for repeated online auctions that is realistic and yet still tractable.

Online Auctions without Pro xies

Becauseof the di culties described above, we turn to a slightly di erent auc-
tion setting in order to show how our distribution learning techniques can be
usedto build a game-theoreticbidding agert. Speci cally, we will consideran
online auction setting which di ers in one crucial respect from the setting de-
ned in Section 3.2. Bidders still participate in an online ascendingauction
against an unknown number of opponerts and still arrive and bid sequettially;
however, now we add the restriction that bidders cannot place proxy bids. In-
stead, bidders can now place only a single bid before they leave the auction
forever; the game now takeson a avor similar to a rst-price auction, but
with dierent information disclosurerules. We chosethis game becauseit has
hidden-bid characteristics similar to the online auctions we discussedearlier,
but at the sametime it also has a known, computationally tractableland yet
non-trivial|Ba yes-Nashequilibrium.

More formally, supposethat there are m potential bidders interested in a
singleitem. The number m is drawn from a distribution g(m), and is obsenedby
the auctioneerbut not the bidders. Bidders haveindependert private valuations,
drawn from the distribution f (v). A bid history recordsevery bid which is placed
along with the bid amourt, and is obsenable by all bidders. The auction has
the following rules:

The auctioneer determinesa random sequetial order to usein approac-
ing bidders.
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Each bidder is approached and asked to make a bid. Each bidder is asked
onceand only once.

When asked, a bidder hasto either make a bid which is at leastthe current
highest bid plus a constart minimum incremert , or decidenot to bid.

1. If the bidder placesa bid, it is recordedin the bidding history.

2. Otherwise, no record is made of the fact that the auctioneer ap-
proached the bidder.

The auction ends after the last bidder makes her decision. The highest
submitted bid wins, and the winner pays her bid amourt. The winner's
utilit y is her valuation minus her payment; other bidders get zero utilit y.

Computing Equilibrium  Strategies

We now turn to the construction of a game-theoretic bidding agert for the
auction describedin Section3.4.2. We begin by supposingthat the distributions
f (v) and g(m) are common knowledge, which allows us to treat the auction as
a Bayesiangameand nd its Bayes-Nashequilibrium.

Suppose there exists a pure-strategy equilibrium of this game. Consider
bidder i with valuation v, who is asked to make the next bid when the bid-
ding history is x,. Denote b(vjxy) the equilibrium bidding strategy. Before
we compute b(vjxy), let us rst eliminate dominated strategies. As in classical
sealed-bid rst-price auctions, it is obvious that we should never bid higher than
our valuation v. Let b, denote the highest submitted bid sofar, thush, + is
the minimum bid amourt. It immediately follows that if v < b, + then we
should not bid. On the other hand, if v b, + , then we have non-negative
expected payo s by making a bid (as long aswe bid below v).

De ne asP the classof strategieswhich take the following form:

if v< bp+ , then do not bid
if v. by+ ,then bid an amourt in the interval [b, + ;V]

Following the above reasoning, any strategy not in P is weakly dominated.
Thus, in equilibrium all bidders will play somestrategy in P. Supposebidder
i'svaluationisv h,+ . Thussheplacesabid b2 [b,+ ;Vv]. Note that bidder
i's expected payo dependson her valuation, her bid b, and what future bidders
do. Sincefuture bidders play strategiesin P, we know i will be outbid if and
only if at least onefuture bidder hasvaluation greaterthan or equalto b+ . In
other words, aslong aseveryoneplays a strategy in P, a bidder's expectedpayo
dependson future bidders' valuations but not their exact bidding functions.

Denote by m; the number of future bidders, and denote by p, = Pr(ms =
Ojxv) the probability that there will be no future bidders. Let F (v) bethe CDF
of the (posterior) distribution of the highest future bid given x,, conditioned on
having at least one future bidder. In other words,

FX(V) = Em, jm;>olF(V)™] (3.5)
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where F (v) is the CDF of the value distribution. F?! and p, depend on the
posterior distribution of the number of future bidders, Pr(ms jxy). If we can
generatesamplesof m¢ , then F ! and p, can be straightforwardly approximated.
Note that the set of bidders consistsof past bidders (obserned and hidden), the
current bidder, and future bidders. Thus we can generatem; using essetially
the same procedure as described in Section 3.4.1, by drawing m from g(m),
simulating the auction so far to get the number of already dropped bids jxj,
then letting ms = m jxyj jXqgj 1. Note that we do not needto know the
exact equilibrium strategy to generatethe hidden bidders; the knowledge that
the equilibrium strategy is in P is enoughto determine whether a bidder should
bid or not.
Now we can write the expected payo U(b;v) as:

U(bv) = (1 po)Fi(b+ )(v B+ po(v b (3.6)

Sincev is xed for ead bidder, U(b;Vv) is then a function of b. We canthen use
any standard numerical technique for function maximization in order to nd
the optimal b 2 [k, + ;v] that maximizesU.

Theorem 3. The following strategy (played by all bidders) is a Bayes-Nash
equilibrium of our auction setting:

if v< by+ , donot bid.
if v b+ ,bidb = argmaxyp,+ vjU(b;v).

The proof is straightforward: rst obsene that this strategy is in P. We
have showved above that if everyone elseis playing a strategy in P, then b as
de ned will maximize the bidder's utilit y. It follows that if everyoneis playing
the above strategy, then ead bidder is playing a best responseto the other
bidders' strategiesand so we have an equilibrium.

Learning the Distributions

At the beginning of Section 3.4.2 we assumedthat the distributions f (v) and
g(m) were commonly-known. Now we relax this assumption. We assumethat
we have accessto the bidding histories of K past auctions, and consider the
problem of learning the distributions.

As in our online English auctions, some information is hidden from the
bidding history: the number and valuations of the bidders who decided not
to bid. As discussedin Section 3.3.1, the simple approach of ignoring these
hidden bidders could be expected to introduce bias to the estimatesof f and
g. Furthermore, the obsened bids are not equal to the bidders' valuations; as
shown above the equilibrium bid is always lower than the valuation.

To correctly accourt for the hidden information, we use our EM algorithm
for game-theoretic settings, as described in Section 3.3.3. To implemert the
EM algorithm, an important subproblem is reversing the equilibrium bidding
strategy. Formally, given a complete bidding history x, of an auction and the
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current estimatesf (vj ) and g(mj ), compute the corresponding valuations v,
such that bidders with valuations v, playing the equilibrium strategy would
have placed the bids x,.

Consider eath bid b 2 x,. Denote by b, the previous obsened bid. From
Section 3.4.2we know that by = argmaxy n,+ ;v; U(b;v). There are two cases:

1. If b > by + , then ly must be a local maximum in [k, + ; V] satisfying
the rst-order condition % = 0. Solving for v, we get

Fi(bh+ )+ po=(1 po)
filh + )

wheref ! is the derivative of F1. We can numerically approximate F1, f !
and p, by generating samplesof m; in the sameway asin Section 3.4.2.

v=h+ (3.7)

2. Otherwise, b = by, + . Intuitiv ely, this meansthat the bidder's valuation
is high enoughto make a bid (i.,e. v b, + ), but not high enoughto fall
into Casel. Any bidder with a valuation in the interval

Fi(o+ )+ po=(1 po)
fi(p+ )

would bid in this way. Thus we generate samplesof v by drawing from
f (vj ) truncated to the above interval.

N

Oncethe EM algorithm has estimated the distributions f and g, our agert
can usethesedistributions to compute the Bayes-Nashequilibrium strategy as
described in Section 3.4.2.

3.5 Experiments

We evaluated both our EM learning approach and the simple approach® on
seweral synthetic data sets and on real world data collected from eBay. We
comparedthe approachesin three ways:

1. Which approad givesbetter estimatesof the distributions f (x), g(m) and
f 1(x)? This is important becausebetter estimation of thesedistributions
should give better results, regardlessof whether agerts take a decision-
theoretic approach or a game-theoreticapproac to bidding. We measure
the closenesf an estimated distribution to the true distribution using
the Kullback-Leibler (KL) Divergencefrom the true distribution to the
estimated distribution. The smaller the KL Divergence,the closer the
estimated distribution to the true one.

6We also looked at the variant of the simple approach that directly estimates the dis-
tribution f1(x) using the selling prices. Our results show that this approach consistently
underestimates f 1(x) as expected, and its performance is much worse than both the EM
approach and the simple approach. For clarity, detailed results on this approach are not
shown.
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2. For repeated online auction data, which approac gives better expected
payo under the decision-theoretichidding model, as described in Section
3.4.1?

3. For data from online auctionswithout proxies, which approac givescloser
estimatesto the Bayes-Nashequilibrium under the game-theoreticbidding
model (i.e., computes -equilibria for smaller valuesof ), asdescribed in
Section 3.4.2?

Our experiments shaow that the EM learning approadc outperforms the sim-
ple approad in all three ways, acrossa wide range of data sets.

3.5.1 Repeated Online Auctions

In this sectionwe considerrepeatedonline auctions, and thus attempt to answer
the rst two questionsabove. We presen results from four data sets:

Data Set 1 has auctions of identical items, and we know the family of
distributions that f (x) and g(m) belongto.

Data Set 2 has auctions of non-idertical items, but we know the bid dis-
tribution f (x) is in uenced linearly by an attribute a.

Data Set 3 hasauctions of identical items, but we do not know what kind
of distributions f (x) and g(m) are. We use nonparametric estimation
techniquesto estimate the distributions.

Data Set 4 is real-world auction data on identical items, collected from
eBay.

Synthetic Data Set 1: Iden tical Items

In this data set, the items for salein all auctions are identical, sothe number
of bidders and bid amounts comefrom stationary distributions g(m) and f (x).

f (x) is a Normal distribution N (4;3:5). g(m) is a Poissondistribution shifted

to the right: g(m 2) = P(40), i.e. the number of bidders is always at least
2. The bidding history is generated using our model of the bidding process
as described in Section 3.2. Each instance of the data set consists of bidding

history from 40 auctions. We generated15 instancesof the data set.

Estimating the Distributions Both estimation approachesare informed of
the parametric families from which f (x) and g(m) are drawn; their task is to
estimate the parametersof the distributions, (; ) for f (x) and for g(m). At
the M step of the EM algorithm, standard ML estimatesfor , , and are
computed, i.e. samplemean of the bid amounrts for , standard deviation of the
bid amourts for , and the mean of the number of bidders minus 2 (due to the
shifting) for the Poissonparameter
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Our results show that the EM approadc outperforms the simple approacd in
the quality of its estimatesfor the distributions f (x), g(m) and f 1(x). Figure 3.2
shows typical estimated distributions 7 and the true distributions. We obsene
that the plot of the estimatedf (x) by the simple approach is signi cantly shifted
to the right of the true distribution, i.e. the simple approach overestimated
f (x). We have also calculated KL Divergencesfrom the true distributions to
the estimated distributions, and the EM estimations have consisterily lower
KL Divergences. This di erence was veri ed to be signi cant, using the non-
parametric Wilcoxon sign-rank test.

Bidding in Rep eated Auctions  Estimatesfrom both approacheswereused
to compute bidding strategies for an auction environment with 8 sequetially
held auctions of the same kind of items, using the decision-theoretic model
intro ducedin Section3.4.1. The agert's \actual" expectedpayo s U;(b;v) under
thesebidding strategieswere then computed, using the true distributions. The
optimal bidding strategy and its expected payo were also computed.

Our results show that the EM approadc givesrise to bidding strategiescloser
to the optimal strategy, and achieves higher expected payo s, as comparedto
the simple approadh. Figure 3.3showsa plot of the bidding strategiesin the rst
auction, and a box plot of the mean regrets, which is the di erences between
optimal expected payo s and actual expected payos. Formally, let b denote
the optimal strategy and Bthe strategy computed using estimated distributions,
then the regret given our agert's valuation v is

R(V) = Ui(b;v)  Ui(B;v)

and the mean regret is the expected value of R(v) over the distribution of v,
which we setto be the sameasthe other bidders' bid distribution f:
z 1
R= R(W)f (v)dv
1

From the box plot we obsene that the meanregret of the EM approadc is much
smaller than that of the simple approach. The ratio betweenthe mean regrets
of the EM and simple approachesis 1 : 56.

We also used the estimated distributions on the decision-theoretic model
with overlapping auctions, as described in Section 3.4.1. We again tested both
approacheson 8 sequettially held auctions, but how someearly bidding activity
on ead auction was generated. Theseresults are shown in Figure 3.4. Again
we seethat the EM approach achieves higher expected payo s (and thus less
regret) comparedto the simple approach. The EM approac seemedto bene t
more from the extra information of early bids than the simple approac: the
ratio betweenthe mean regrets of the EM and simple approacesincreasedto
1:390.

"The distributions shown were randomly chosen from the 15 instances of the data set. We
have veried that the plots of the other distributions are qualitativ ely similar.
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Figure 3.3: Results for Data Set 1, Bidding: bidding strategies in the rst
auction (left); box plot of payo regrets of the two approaches(right).

Synthetic Data Set 2: Non-iden tical Items

In our seconddata set, the items on saleare not identical; instead the distribu-
tion of valuations are in uenced by an obsenable attribute a. In this data set
the dependenceis linear: f (xja) = N (1:1la+ 1:0;3:5). g(m) is a Poissondistri-
bution asbefore: g(m 2) = P(35). For ead auction, a is sampled uniformly
from the interval [3; 9]. In other words, this data setis similar to Data Set 1, ex-
cept that the bid distribution f (x) is drawn from a di erent parametric family.
Both approachesnow uselinear regressionto estimate the linear coe cien ts.

Estimating the Distributions Again, our results show that the EM ap-
proach outperforms the simple approac for this data set, in terms of its esti-
mates for f (x) and g(m). Figure 3.5 (left) shows the estimated linear relation
betweenthe mean of f (xja) and a. From the gure we can seethat the EM
approach givesa much better estimate to the linear function. The simple ap-
proach again signi cantly overestimatesthe bid amourts. In fact the simple
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Overlapping Auctions: Payoff Regrets

Figure 3.4: Box plot of expected payo regrets for overlapping auctions
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Figure 3.5: Results for Data Set 2: Linear relationship betweenthe mean of
f (xja) and a (left). Box plot of payo regrets (right).

approach has consisterlly overestimatedf (x) for all the synthetic data setswe
tested.

Bidding in Repeated Auctions We then usedthe estimated distributions
to compute a decision-theoreticagent's bidding strategiesand expected payo s
of an auction ervironment with 8 sequetial auctions, where the attribute a
of eadh item is obsened. The EM approacd also gives better expected payo ,
the statistical signi cance of which is con rmed by Wilcoxon's sign-rank test.
Figure 3.5 (right) shows a box plot of regrets from di erent instancesof data
sets, which shows that the EM approach achieved consisterily higher payo s.

Synthetic Data Set 3: Unkno wn Distributions

We go back to the identical items model with stationary distributions f (x) and
g(m). For this data set, f (x) is a Gamma distribution with shape parameter
2 and scaleparameter 3. g(m) is a mixture of two Poissondistributions: P (4)
with probability 0:6 and P (60) with probability 0:4. But now the estimation
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approaches does not know the types of the true distributions. Instead, both
use kernel density estimation (kernel smoothing), a nonparametric estimation
strategy. Esserially, given N samplesfrom a distribution p(x), we estimate
p(x) by a mixture of N kernel functions certered at the N samples.

Estimating the Distributions A Gaussian kernel is used for estimating
f (x) and a uniform kernel is usedfor estimating g(m). At ead M step of the
EM algorithm, the bandwidth parameters of the two kernel estimations need
to be selected. We use the simple \rule of thumb" strategy [Silverman 1986]
for bandwidth selection. We used the samekernel estimation and bandwidth
selectiontechnique for the simple approach.

Our results shaov that the EM approach gives better estimates than the
simple approach. Figure 3.6 shows typical estimated distributions and true dis-
tributions. From the gure we canobsenethat the EM estimatesof f (x), g(m)
and f 1(x) are much closerto the true distributions that the simple estimates.
The EM estimates have signi cantly smaller KL Divergencescomparedto the
simple estimates, veri ed by Wilcoxon's sign-rank test.

Bidding in Repeated Auctions We then computed the expected payo s
under the decision-theoretic model with 8 sequetial auctions. The expected
payo s of the EM approach werenot signi cantly better than that of the simple
approad, as shonvn by the box plot in Figure 3.6. One possible explanation
is that although KL divergenceis a good measureof similarity of distributions
in general,under this particular sequettial auction decision-theoreticmodel KL
divergencemight not be the best measureof quality. The bidding strategy as
de ned in (3.4) and (3.3) is optimal if the distributions f and g are the true
underlying distributions. Using our estimated distributions, the resulting bid-
ding strategy may be higher or lower than the optimal bids. However from our
experiencein these experiments, bidding too high is more costly than bidding
too low. This is not taken into account in the KL divergencecomputation as
well as our ML estimation procedure. This suggeststhat a possiblefuture re-
seard direction is to identify a loss function suited for the sequettial auction
bidding model, and compute estimated distributions by minimizing that loss
function. Another possibleapproacd is to compute a posterior distribution in-
stead of point estimatesof the parametersin ead iteration. For example, West
[1994]used Gibbs sampling techniquesto compute the posterior distribution of
parametersin a relatively simple model of incomplete data. Bidding strategies
computed using the distribution of parameters should be free of the problem
merntioned above. However, this kind of approad would be more computation-
ally expensiwve.

eBay Data on Sony Playstation 2 Systems

Our experiments on synthetic data sets showved that our EM approadc gave
good estimates of the true distributions in seweral di erent settings. However,
the synthetic data sets are generatedusing our model for the bidding process.
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Thus, the above experiments do not tell us whether our model for the bidding
processis an accurate description of what happensin real world online auctions.
To answer this question, we wanted to test our approach on real world bid data.
On eBay, the bidding histories of completed auctions are available for 30 days.
Unfortunately, information on the hidden bids, especially the proxy bids of the
winners of the auctions, is not publicly available. Sounlike in the synthetic data
experiments, we cannot compare our estimated distributions with the \true"
distributions.

To get around this problem, we used the following approach. First we col-
lected bidding histories from a set of eBay auctions. Next we pretended that
those highest bids were not placed, and the previously secondhighest bids were
the highest bids. We then \hid" these new highest bids of eat auction. This
gave us a \ground truth" for the hidden bids which allowed us to evaluate our

80f course we could have used our techniques to generate values for the missing bids;
however, this would have been unfair when the goal was to test these techniques!
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dierent approadies. It is true that this approac of hiding bids changed the
underlying distribution of bids; howewer, this did not worry us as our goal was
not to learn the true distribution of bids in our eBay auctions. Instead, our goal
was to evaluate our algorithms' performanceon a realistic, non-syrthetic data
set. We believe that despite the removal of the high bid our data set presenes
qualitativ e characteristics of the original bidding history data. If our model of
the bidding processis correct, then our EM approach should be able to cor-
rectly accourt for the hidden bids in this data set and produce good estimates
of f 1(x).

We collectedbidding history of eBay auctionson brand new Sory Playstation
2 (Slim Model) consolespverthe month of March 2005. We choseto study these
auctions becausethey had been previously studied by Shah et al. [2003], who
arguedthat bidders' valuations on Playstations tend to be closeto the private
value model. We consideredonly auctions that lasted oneday and had at least
3 bidders® We found 60 auctions that satis ed these requiremerts. We then
randomly divided our data into a training set and a testing set.

Estimating the Distributions We tested four learning approaces: the EM
and simple approachesthat estimate a Normal distribution for f (x) and a Pois-
son distribution for g(m), and the EM and simple approachesthat use kernel
density estimation to estimate f (x) and g(m). Of coursewe did not have a
ground truth for these distributions, soit was not possibleto comparethe ac-
curacy of the predictions. However, we could useboth approaces'estimatesto
estimate f 1(x) basedon the training set, and compare these estimates against
the highest bids from the test set. We did 8 runs of this experiment with dif-
ferent random partitions of training set and testing set, and aggregatedthe
results. The KL Divergencesof f 1(x) of the approaceswere similar, and no
one approach was signi cantly better than the others.

Bidding in Repeated Auctions We then computed the expected payo s
under the decision-theoreticmodel. The EM approachesachieved signi cantly
higher payo s than the simple approaces, as showvn in Figure 3.7. The ap-
proachesusing parametric models achieved similar payo s to the corresponding
approacheswith kernels. The good performance of the parametric estimation
EM approac for the eBay data setindicatesthat the Normal and Poissonmod-
elsfor f (x) and g(m) may be adequatemodels for modeling bidding on eBay.

The EM approachesdid not have better KL divergencethan the simple ap-
proaches, but neverthelessoutperformed the simple approachesin the repeated
auction experiments. This is similar to our situation in Data Set 3. Our ex-
periments have shown that there is a positive correlation between better KL
divergenceand better performancein repeated auctions, but that this correla-
tion is not perfect.

9We needed at least 3 bidders so that we could drop one and still have one observed bid.
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Figure 3.7: Box plot of payo regretson the eBay Data Set

3.5.2 Online Auctions without Pro xies

We built adata setmodeling online auctionswithout proxiesin orderto compare
the EM approach against the simple approac in the game-theoretic setting
described in Section 3.4.2. Thus, in this section we consider questions1 and 3
from the list at the beginning of Section 3.5.

Similar to Section 3.5.1, we use a normal distribution N (5:0; 2:0) for f (v)
and a shifted Poissondistribution (with = 10) for g(m). Each instance of the
data set consistsof bidding histories from 30 auctions.

Estimating the Distributions As might be expectedfrom the resultsin the
previous section, we found that the EM approach gave much better estimates
of f (v) and g(m) than the simple approach. Figure 3.8 shows typical estimated
distributions and the true distributions.

Estimating the Bayes-Nash Equilibrium We then comparedthe game-
theoretic bidding agens that would have beenbuilt using the distributions esti-
mated by the two learning approades. Unlike in Section 3.5.1, we cannot sim-
ply useexpected payo asa measureof performance,sincein a game-theoretic
setting our payo dependsother agerts' strategies;for example, a bad approxi-
mation to an equilibrium could actually lead to increasedpayo s for all agerts.
(Consider e.g., the prisoner's dilemma.) Instead, what we can measureis the
amount that ead player could gain by unilaterally deviating from the current
strategy at the \equilibrium" strategy pro le computed using ead learning ap-
proach. Oneway of thinking of this value relatesto the conceptof -equilibrium.
(Recall that a strategy pro le is an -equilibrium if eat agert can gain at most

by unilaterally deviating from the strategy prole.) Every strategy prole is
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Figure 3.8: Resultsfor Online Auctions without Proxies: the value distributions
f (v) (left); the distributions of number of bidders g(m) (right).

an -equilibrium for some ; what we compute is the smallest for which the
learned strategiesform an -equilibrium.

For our auction setting, we obsene (from Theorem 3) that no matter what
distributions we use for f and g, our agerts will play a strategy in P. As a
result, the true equilibrium strategy (computed from Theorem 3 using the true
distributions) is always a best responseto the strategiesour agerts play. Given
our agert's valuation v and obsened bidding history sofar x,, we can compute
the di erence betweenthe expectedpayo of the bestresponseand the expected
payo of our agert's strategy. The for the game is then the expectation
of this dierence over v, m, and bidding history x,. We approximate this
expectation by sampling v, m, x,, and taking the mean of the payo di erences.
We generated bidding histories for 20 auctions using ead approac, and for
ead bidder in these auctions we computed expected payo di erences for 50
valuations v drawn from the true f (v).

Our results shaw that strategy pro les computed using the EM approach
are epsilon-equilibria for much smaller values of than the strategy pro les
computed using the simple approach. This meansthat the EM bidding agert's
strategy is much closerto the true equilibrium. We computed for 15instances
of the training data set, and Figure 3.9 givesa box plot of the resulting 's.

3.6 Related Work

Our EM approad is similar in spirit to an approach by Boutilier et al. [1999].
This work concernsa decision-theoreticMDP approach to bidding in sequenial
rst-price auctions for complemernary goods. For the casewhen these sequen-
tial auctions are repeated, this paper discussedearning a distribution of other
agerts' highest bids for ead good, basedon the winning bids in past auctions.
If the agert's own bid wins in an auction, the highest bid by the other agerts
is hidden becauseonly the winning bid is revealed. To overcomethis problem
of hidden bids, the paper usesan EM approac to learn the distribution of the
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epsilon equilibria

Figure 3.9: Results for Online Auctions without Proxies: box plot of epsilon-
equilibria using the simple and EM approadces

highest bid.

In our English auction setting the highest bids are always hidden, and thus
cannot be directly estimated. Instead we have to estimate the distributions of
bids f (x) and of number of bidders g(m)|whic h requiresusto take into accourt
bids other than the highestland then compute the distribution of highest bids
using f (x) and g(m). As a result the learning task in our domain is more
complicated than the problem consideredby Boutilier et al. [1999].

Seweral other papers have tried to solve the hidden bid problem in various
auction settings. Rogerset al. [2005]studied English auctions with discrete bid
levels. They discussedestimating the distributions of valuations and humbers of
bidders (f and g) from data, then using the estimated distributions to compute
an optimal setof bid levels(including the resene price) for the auctioneer. Their
learning approach is to look at only the nal pricesof the auctions, and then to
use Bayesianinferenceto compute posterior distributions of the parameters of
f and g giventhe nal prices of previous auctions. We note that this approac
ignores all the earlier bids, which carry information about f and g, while our
approach usesall bids obsened. Furthermore, Rogerset al.'s [2005] approach
works only for parametric distributions. If the true underlying distributions
are not in the chosenparametric family of distributions, parametric estimation
tends to give poor results. In Section 3.5.1 we showved that our approach can
use nonparametric estimation techniques (kernel density estimation). Finally,
the method of [Rogerset al. 2005]needsto compute the joint distribution of
multiple parameters,which takesexponertial time in the number of parameters.
Our EM approach only tries to compute ML/MAP  estimatesof the parameters,
soead iteration of EM scalesroughly linearly with the number of parameters.

Another relevant paper is [Song2004]. Like us, Songstudies the estimation
problem in online English auctionsin eBay-lik e environments. However sheused
adierent approach, basedon the theoretical result that the second-and third-
highest valuations uniquely identify the underlying value distribution. Howevwer,
applying this fact to the eBay model presens a problem: while the highest
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obsened bid correspondsto the second-highestvaluations, the second-highest
obsened bid is not necessarilythe third-highest valuation. This is becausethe
rst- or second-highest bidders may have submitted bids higher than the third-
highest value beforethe third-highest valued bidder had a chanceto submit her
nal bid, which meansher bid can be hidden from the bidding history. Thusthe
second-highestobsened bid is sometimeslessthan the third-highest valuation,
and ignoring this fact would intro duce bias to the estimation. Songrecognizes
this problem, and her solution is to usedata from auctionsin which the rst- or
second-highestbidder submitted bids higher than the second-highestobsened
bid late in the auction, becausetheseauctions have relativ ely higher probabilit y
that their second-highestobsened bids are third-highest valuations. However,
this approach merely reducesexpected bias rather than avoiding it entirely.
Indeed, we note that there is empirical evidence[Roth and Ockenfels2002]that
bidding activity late in auctions has much higher density than earlier bidding
activity. This suggeststhat even for the selectedauctions of Song'sapproac,
there may be signi cant probability that second-highestobsened bids are less
than third-highest valuations. Our approach models the hidden bidders, so
does not su er from the bias introduced in her approac, and does not need
to drop any auctions from consideration. Finally, Song[2004]did not discuss
how to estimate the distribution of the number of bidders, which is essetial
for computing optimal bidding strategiesin our repeated auctions setting (see
Section 3.4).

Haile and Tamer[2003]analyzeda di erent form of the hidden bid problem:
a bidder may have submitted an earlier bid below her valuation, then the current
price risesabove her valuation, so shedoesnot bid again. As a result, bidders'
nal obsened bids may be below their valuations. Haile and Tamer [2003]
proposed a method to compute bounds on the value distributions given the
obsened bids. In our model, bidders' nal obsened bids coincide with their
willingness to pay, so this issueis not addressedin our current model. On the
other hand, Haile and Tamer's [2003] approach was intended for physical (as
opposedto online) auctions, where there are no xed closing times, and the
number of potential bidders are assumedto be known. Thus their approac
cannot be directly applied to online auctions where the number of bidders are
inherently unknown. An interesting future researd direction is to combine our
approach that dealwith hidden bidders with Haile and Tamer[2003]'stechnique
for bounding the valuation distribution.

3.7 Conclusion

In this chapter we have described techniquesfor building bidding agerts in online
auction settings that include hidden bids. In particular, we have addressedthe
issueof estimating the distributions of the number of bidders and bid amounts
from incomplete auction data. We proposeda learning approadc basedon the
EM algorithm that takesinto accourt the missingbids by iterativ ely generating
missing bids and doing maximum likelihood estimates on the completed set of
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bids. We applied our approach to both decision-theoretic and game-theoretic
settings, and conducted experiments on both synthetic data aswell ason eBay
data. Our results shaw that our approac never did worse and often did much
better than the the straightforward approach of ignoring the missing data, both
in terms of the quality of the estimatesand in terms of expected payo s under
a decisiontheoretic bidding model.
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