Consolidation of Unorganized Point Clouds for Surface Reconstruction
Supplementary Material lll: Convergence argument on improved locally optimal projection

To verify the contracting behavior of LOP iteration with new repul-
sion term, we first reshape the point sets X and P as column vec-

tors x and p and write the optimization problem as min F'(x, xk),
xX
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Here, A;, Bj and L;;; = A; — A,/ are appropriate structured ma-
trices. Then, from the necessary condition for a minimizer in (1),
F'(x**1,x*) = 0, we derive the fixed point iteration expression
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Next, assuming that there exists a solution x* for the fixed point
iteration such that F”(x*, x*) = 0, we have
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where J; = g% and J = 5 k+1 Thus,
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The fixed point iteration is therefore contracting, indicating con-
vergence of the LOP fixed point iteration provided that x° is al-
ready sufficiently close to x*, if the corresponding spectral ra-
dius p (i.e., the maximum modulus of the eigenvalues) satisfies
p(—Jy I (x) < 1.

Now, some tedious but otherwise straightforward algebra shows

that, if n’ = —1, then for any complex-valued vector y # 0, we
have the inner product
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where aFf = ZjEJ afj and BF = Zi,el\{i} BE,. Application of

the Cauchy-Schwarz inequality yields the bounds
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Recalling also that ;1 € [0,1/2), the magnitude of the Rayleigh
quotient is bounded as
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Thus, we have the spectral radius p(—J; 'J1) < 1, and so the
linearization of the fixed point iteration is contracting. Such a result
is not available for the original LOP algorithm.

The convergence argument given above for LOP with the new re-
pulsion 7(r) = —r and uniform weights cannot be easily adapted
in the general weighted LOP (WLOP) setting. However, empir-
ically, we have always obtained error plots that are indicative of
convergence; see Figure 5(b) in the paper for example. An in-
teractive comparison of convergence behaviors between LOP and
WLOP can be found in the supplementary video.



