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CorrelatedVisibility Samplingfor Dir ectlllumination

Abstract State-of-the-artimportance sampling stratgies
for direct illumination take into accountthe importance
of the incidentillumination, aswell asthe surface BRDF
Hencethesaechnigueschiere low variancen unoccluded
regions. However, the resultingimagesstill have noisein
partially occludedregions as thesetechniquesdo not take
visibility into accountduringthesamplingprocess.

We introduce the notion of correlated visibility sam-
pling, which considersvisibility in partially occludedre-
gions during the samplingprocesstherebyimproving the
quality of theshadevedregions.We aimto drav samplesn
the partially occludedregionsaccordingto the triple prod-
uct of theincidentillumination, BRDF andvisibility using
Monte Carlosamplingfollowed by Metropolissampling.

Keywords Monte Carlo Techniques Ray Tracing

1 Intr oduction

Image-basedepresentationfor illumination, suchaservi-
ronmentmaps,textured arealights, and light elds, have
becomevery popularin recentyearsas theseimagescan
capturecomple real-world illumination thatis dif cult to
represenin otherforms.

The use of a good samplingstrategy for illumination
is paramountwhen integrating image-basedighting, such
asenvironmentmaps,into a renderingsystem.This is be-
causedirectilluminationin the form of high dynamicrange
(HDR) ervironmentmapscan have high frequeng detail.
The problem of efcient samplingof the illumination is
compoundedvhen the scenecontainsmaterialswith high
frequeny BRDFs.Severalresearchersave recentlyworked
on this problem,by eithercombiningsamplesdravn inde-
pendentlyaccordingto the importanceof the illumination
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Fig. 1 Buddhamodel(PhongBRDF s= 50, ks = kg = 0:5) in Grace
CathedralEM. Left: Bidirectional importance sampling, 20 sam-
ples/pivel. Right: Correlatedvisibility sampling,16 bidirectionalsam-

ples(1% pass)and16 Metropolissamplesperunoccludedsample(2"d
pass)Renderingimesareidentical(24 seconds).

and the BRDF [31], or more recently by draving sam-
plesfrom the productdistribution of theilluminationandthe
BRDF [2] [3] [30]. Theseapproacheproducehigh quality
imageswith a small numberof samplesn unoccludedre-
gions.However, theresultingimagesstill have noisein par
tially occludedregionsasthesetechniquesio not take visi-
bility into accountn thesamplingprocesgFigurel, left).

This paperintroducescorrelated visibility sampling a
methodthat additionallytakesvisibility into accountin the
samplingprocesdor partially occludedregions,therebyim-
proving thequality of theshadevedregions(Figurel, right).
The aim of this techniqueis to develop an ef cient means
of drawing sampledrom the triple productof the incident
illumination, BRDF andvisibility, which we achieve by em-
ploying the Metropolis-HastinggMH) algorithm[18]. We
describetwo variantsof the method,onewhichis unbiased,
andamoreef cient onethatis consistentbut may exhibit a
smallamountof bias.

Our solutionis a two-stepapproach.n the rst step,
enegy estimatedor eachpixel are createdusing samples
drawvn from the bidirectionalimportance(productdistribu-
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tion) of the incident illumination and the surface BRDF

(Section 3). This estimateis built using the sampling-
importanceresampling(SIR) algorithm, as discussedby

Burke etal. [2]. We createa visibility maskandmarkpixels

for whichoneor moreof thevisibility testsfailed,i.e.,pixels

which arepartially occludedIn the secondstep,Metropolis
samplingis startedfor the partially occludedpixelsin order
to locally explore the shadeved regions more extensiely

(Section4). If desired,ary image-spaceperationsuchas
dilation canbe appliedto the visibility mask.Our approach
hasthefollowing bene ts:

— Theenegy estimategromthe rst roundof samplingare
createdvith asmallnumberof visibility tests.For unoc-
cludedregions,thissmallnumberof sampless suf cient
for providing a goodestimateof theintegral.

— By emplogying the visibility mask, visibility testscan
thenberestrictedn thesecondhaseo the partially oc-
cludedregionswheremoresamplesrerequiredin order
to achieve low variance.

— The samplingin the secondphasecan exploit correla-
tion in the enegy estimatef neighboringpixels asa
powerful tool for variancereduction.

— Metropolissamplingin the secondphaseis startedonly
from those bidirectional samplesthat passedvisibil-
ity testsin the rst phaseas theseare the valid sam-
plesaccordingto thetametdistribution. Markov chains
arestartedfrom an unbiasedMonte Carlo estimateand
hence have no startupbias.

Therestof this paperis structuredn thefollowing man-
ner. Section2 reviews someof the relevantwork in Monte
Carlo samplingfrom ervironmentmapsaswell asproduct
distributions and Metropolis samplingfor global illumina-
tion. Section3 givesan overview of the bidirectionalsam-
pling approachwhich is employedin the rst phaseof our
algorithm.Sectiond presentsheideaof correlatedisibility
samplingwhichwe emplgy in the seconcphaseof our solu-
tion. We concludewith resultsandadiscussionn Section
and6.

2 RelatedWork

The computationof the directillumination in a sceneis a
costly taskin all renderingsystemshoth global andlocal.
This taskis complicatedn presencef comple real-world
light sourcessuchas ervironmentmapsand otherimage-
basedrepresentationdviuch effort hasfocusedon the de-
velopmenf ef cient techniquedor completingthis task.

2.1 Samplingfrom ErvironmentMapsandBRDFs

lllumination from ervironment mapshas beena topic of
much recentresearchMost of this work focuseson inter-
active applicationsandthereforeusesexpensve precompu-
tation [8-11]. In somerecentwork, the illumination and/or

the BRDF are projectedinto nite basessuchasspherical
harmonicge.g.,[21,22,25]) andwavelets[19].

Otherresearcherbave usedimportancesamplingtech-
niquesto distribute samplesaccordingto the enegy distri-
bution in the ervironmentmap, either by using point re-
laxation schemeg5, 13] basedon Lloyd's clusteringalgo-
rithm [16] or by usinganef cient hierarchicaPenroseiling
schemd?20].

Agarwal etal. [1] introduceda samplingmethodfor en-
vironmentmapstaking into accountboth the enegy distri-
bution in the ervironmentmapandthe solid angleseparat-
ing thesamplesln thisway, closeclusteringof ervironment
map sampless avoided, which reducesredundanshadaev
tests.

In thecontext of stippling,Secordetal. [23] describedn
algorithmfor computingandinverting the cumulative den-
sity function (CDF) basedn imageintensities Inversionof
CDFsis alsousedby Lawrenceet al. [15] to samplefrom
ernvironmentmaps.This is a simpleandef cient method,a
variant of which we usein our work for draving samples
from environmentmaps.

Importancesamplingfrom the BRDF is a commonop-
eration,thoughthe exact mechanicglependon the speci ¢
representatiomsed.Simple analyticalmodelssuchas dif-
fuse,Phong,or generalizeccosinemodelscan be sampled
analytically (seee.qg.,[24]). For tatulated BRDFs, kd-tree
representationfl 7] and more recently factoredrepresen-
tations[14] have beenusedfor efcient importancesam-
pling. For proceduralshaderscosinelobe approximations
have beenusedfor importancesampling[26]. In our work,
we useonly Phonganddiffusere ection models.However,
ourmethodcouldeasilybeextendedo incorporatenoreso-
phisticatednaterialsusingary of theabosre methods.

2.2 Multiple SamplingApproaches

Veach& Guibas[31] proposedmultiple importancesam-
pling as an effective variancereductiontechnique.They
combineddifferent samplingdistributions such as illumi-
nationand BRDF distributionsin an optimal mannerusing
theirproposedalanceheuristicsHowever, methodghatdi-
rectly samplefrom the productdistribution generallyreduce
variancefurther thanis doneby multiple importancesam-
pling [2,3].

Szecsketal. [29] sampleheunoccludedllumination us-
ing correlatedsamplingandthe differencedueto visibility
usingimportancesampling.This methodgenerallyperforms
well in fully visible regions,but ratherpoorlyin occludedor
partially occludedregions, sincethe samplingof visibility
doesnotfollow aspecialsamplingpattern.

2.3 Samplingfrom ProductDistributions

Burke et al. [2] introducedthe notion of bidirectionalsam-
pling which takesinto accountheenegy of incidentillumi-
nationaswell asthe BRDF in the samplingprocessThey
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presentwo Monte Carlo algorithmsfor samplingfrom the
productdistribution - one basedon rejectionsamplingand
the otherbasedon sampling-importanceesampling(SIR),
the latter of which is alsousedby Talbotet al. [30]. In our
work, we usetheir SIR algorithmduring our rst phaseof
bidirectionalsampling.

Clarbepg etal. [3] presenttechniqudor ef ciently sam-
pling the productof theillumination andthe BRDF usinga
hierarchicalwaveletrepresentatiorilheirmethodis very ef-
cient for takulatedBRDFsbut requiressigni cant precom-
putationfor ervironmentmaps.Lawrenceetal. [15] present
an approachfor compressingumulatve distribution func-
tions for ef cient inversionand they apply it to sampling
from mary precomputecrvironmentmapPDFsfor differ-
entsurfaceorientationswhichis asteptowardsapproximat-
ing the productdistribution.

2.4 MetropolisSamplingfor Global lllumination

Veach& Guibas[32] rst appliedMetropolis samplingto
theproblemof imagesynthesianddevelopedageneralyo-
bustandunbiasedalgorithmcalledMetropolisLight Trans-
port (MLT) thatwaswell suitedfor hardcasedor sampling
becaus®f its localizedexplorationandpathre-usagerop-
erties.Fan et al. [7] recentlyappliedthe Metropolis algo-
rithm for ef ciently samplingcoherentight pathsfor photon
mapping.

Clineetal. [4] presentednef cient unbiasednethodto
solve correlatedintegral problemswith a hybrid algorithm
that usesMetropolis sampling-like mutationstratgiesin a
standardMonte Carlo integration setting, overcomingthe
startupbiasproblemof MLT. They apply enegy redistritu-
tion over theimageplaneto reducevarianceof pathtracing
for globalillumination. Ourwork is similarin spirit to theirs
in the senseof usinginitial Monte Carlo samplingfollowed
by Metropolissampling,exceptthatwe apply this to direct
illumination with a speci ¢ focuson ef cient explorationof
visibility in partially occludedregions.

3 Bidir ectional Importance Sampling

As mentionedin the introduction, we createenegy esti-
matesfor eachpixel in our rst round of samplingusing
bidirectionalimportancesampling[2]. This samplingap-
proachtakesboththe enegy distributionin theillumination
andthere ectanceof theBRDF into account.Therationale
for usingthis techniquefor rst roundsamplingis thatit re-
quiresvery few visibility testsfor achieving goodquality in
unoccludedegions.

Considerthe direct illumination at a point for a given
obsenrerdirectionw;:

z

Lr(w) = Wfr(Wl I wp) cosgili(wh)V (wh)dws; 1)

with L; denotingthe incidentillumination from anenviron-
mentmap, f; representinghe BRDF, andV beingthebinary
visibility term.

The aim of bidirectionalsamplingis to performimpor-
tancesamplingusingthe productof theincidentlight distri-
bution andthe BRDF astheimportanceunction:

fr(wi! w)cosgili(w)
= R
PW) = R Wit w) cosqLi(w)dw @)
Obsere that the normalizationterm in the denomina-
tor is the directillumination integral with thevisibility term
V(w;) omitted.In otherwords,this termis the exitant radi-
ancein theabsencef shadwvs. Burke etal. referto it aslLps
“radiance noshadavs” [2]:

Z
Lns:= Wfr(Wl ! wr) cosgiLi(w)dwi:

®)

If samplajirectionswi(j) p(w); j= 1;::;N, aredravn
accordingto the productdistribution in Equation2, then

Equationl canbeestimatedsLy;p, where

lé\l. fr(VVi(j) 1 Wr) COSC]i(-j)Li(VVi(j))V(VVi(j)).
N j= p(w?) ’

LN;p(Wr)

Lns & |
= & v(u): ()
=1

Ln;p is referredto asthe bidirectionalestimatorfor the
directilluminationintegral.

Bidirectionalsamplingis implementedasa two-stepap-
proach:initially samplesarecreatedaccordingto eitherthe
BRDF aloneor the ervironmentmapalone,andthenthese
samplesare adjustedto be proportionalto the productdis-
tribution. The adjustedsamplesare then usedfor visibility
testing. Two Monte Carlo algorithmsare presentedn [2]
to achieve bidirectionalsampling— one basedon rejection
samplingand the other basedon sampling-importancee-
sampling(SIR) [27]. We emplg the SIR algorithmin this
work for our rst roundof samplingdueto thedeterministic
natureof its executiontime comparedo rejectionsampling.

Note thatthe varianceof the bidirectionalestimatorfor
the re ected radianceis proportionalto the variancein the
visibility function. This is an improvementover sampling
techniqueghat only considereitherthe illumination or the
BRDF in thesamplingprocessThis is becaus¢hevariance
of thesetechniquesdependsn additionon the variancein
thefunctionthatthey do not samplefrom, BRDF or illumi-
nationrespectiely. However in regionswith comple visi-
bility, estimatesith bidirectionalsamplingwill still suffer
from considerablerariance Thatis the problemwe attempt
to solwe in this work using our correlatedsamplingalgo-
rithm.



AbhijeetGhosh WolfgangHeidrich

Fig. 2 Visibility masksfor theimagespresentedn Figuresl and 5.
The white pixels correspondo unoccludedpixels at the end of rst
round of bidirectionalsamplingwhile the black pixels correspondo
the partially occludedpixels.

4 CorrelatedVisibility Sampling

In thiswork, we proposea correlatedsamplingapproachhat
takesvisibility into accountin additionto the incidentillu-
minationandthe surfacere ectance.Thisis atwo-steppro-
cesswe initially createenegy estimategor eachpixel us-
ing bidirectionalimportancesamplingasdiscussedn Sec-
tion 3. We createavisibility maskandmarkpixelsfor which
oneor moreof thevisibility testsfailed,i.e., pixelsthatare
partially occluded(Figure 2). In the secondstep,we em-
ploy the Metropolis-Hastingsalgorithmin orderto locally
explorevisibility in theshadevedregionsmoreextensvely.
Metropolis samplingis only startedfor the partially oc-
cludedpixels, therebyavoiding unnecessaryisibility tests
in unoccludedegions.

Givenanon-ngative function f, theMH algorithmgen-
eratesaserienf samplesX = fxg;Xo; ::1; Xhg from adistribu-
tion proportionalto f, whichis alsoreferredto asthetamet
distribution, without requiringto normalizef andinvertthe
resultingPDEF It is thusapplicableto awide variety of sam-
pling problemsandwas rst appliedin computergraphics
by Veach& Guibas[32] to the problemof imagesynthesis.
Givenacurrentsamplex, the next samplex®in thesequence
is generatedy randomlymutatingx andthenacceptingor
rejecting the mutation. The mutationsare acceptedor re-
jectedin sucha way thatthe samplesorvergeto thetarget
distribution. For adescriptiorof the MH algorithm,we refer
the readerto the chapteron Metropolis Samplingby Pharr
in the SIGGRAPH2004coursenoteg[6].

The MH algorithmgenerallysuffersfrom a startupbias
astheinitial samplesn the sequencarenot dravn accord-
ing to the target distribution andthusneedto be discarded.
Despitethe startupbias,integral estimatesccordingto the
MH algorithm are asymptoticallyunbiasedas long as de-
tailed balanceis maintained[32]. Detailedbalancede nes
anacceptancerobability of a mutationstrateyy:
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Fig. 3 Lensperturbatiorwithina5 5 transitiontile. Left: Thesource
(orange)pixel selectstwo other (yellow) pixels within the transition
tile for enepgy transfer Right: Only one pixel is selectedfor enegy
transferbasedon visibility testin the samedirection. Greenarrons
referto unoccludedight directions redarrowns to occludedones.

wherex is the currentsampleandx’is the mutatedsample,
f(X) is the function beingintegratedand T(x! x9 is the
cumulatize transition probability of mutatingfrom x to x°
Note that the acceptancerobability accountsfor changes
in surfaceorientationand surfaceBRDF from one pixel to
anotherfor examplebetweenthe diffusegroundplaneand
thespeculaBuddhamodelin Figurel.

Sincewe beagin our Metropolis samplingfrom an unbi-
asedVionte Carloestimatepur methoddoesnot suffer from
startupbias. However, in general,a small amountof bias
may originatefrom usingsamplesn unoccludedegionsfor
bothestimatinghedirectillumination,andfor makingade-
cisionaboutenteringthe correlatedsamplingstage Thisis-
sueis discussedn moredetailin Section4.1

We employ lensperturbationasthemutationstrateyy for
our algorithm. Sincethereis correlationin the visibility of
pointsin neighboringpixels, usingthis strategy to transfer
enegy of samplesw;.x to neighboringpixels x° can be an
effective meansof reducingvariance We patrtition the im-
ageplaneinto5 5tiles (Figure3) for lensperturbatiorand
carryout mutationsonly betweerthepartially occludedpix-
elswithin eachtile. First a mutationof a valid unoccluded
samplegobtainedrom rst roundof bidirectionalsampling)
is proposed.Visibility is then sampledin the samedirec-
tion (for environmentmap illumination) for the pixel that
the samplegetsmutatedto. If the visibility testpassesthe
mutationis acceptedvith a probability a, elseit is rejected.
If the mutationis acceptedenegy is transferedrom pixel
coordinatex to X2

In our casethe cumulatie transitionprobability T (x !
X9 needsto accountfor both the probability of choosinga
neighboringpixel x° for transitionfrom pixel x, which we
will callt(x! x9, andfor the probability of choosingthe
samesampledirectionw; to sampleillumination at the two
pixelsaccordingto bidirectionalimportancep:

Tx! XY =tx! X p(w0)

By restricting mutationsto happenonly within 5 5
tiles, we ensurethat every partially occludedpixel hasthe
samenumberof neighbordor enegy transfer This ensures
thatt(x! x9 = t(x0! x).
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However, imposing x ed transition tiles could poten-
tially leadto block artifactsat thetile boundariesHence,in
practicewe employ a moving tile mechanisnfor transition
centerechroundthe currentpixel x. For example,insteadof
performingC = 16 pathmutationson asingletile, we chose
16differentpartitionsof theimageplaneinto5 5tileswith
differentoffsets,andperformonemutationeach.Following
the agumentfrom above, this yields an estimatefor every
pixel andeachof theC tile offsets.Thetotal estimatefor one
pixelis thencomputecasanaverageof N C transitiondrom
theindividual tile offsets,which doesnotintroducebias.

The acceptanc@robability of the abore mutationstrat-
egy thenreducedo:

i 1 f(x9 P(Wix) .
a(x! x3 = minf1; mg (6)
where
f(x) = fr(Wix! Wrx) cosgixLi(Wix);

sincethevisibility termV(wi.x) = 1, and

pP(Wix) = fr(Wix!  Wryx) cOSGixLi(Wix) =Lnsx;

whereLsx is theunoccludedadiancen theviewing direc-
tion givenin Equation3. The numeratorof p(wi.x) cancels
outwith f(x) in Equation6, furtherreducingtheequationto

L
a(x! X9 = minf1; L”5X° g @)

nsx

Lhsx canbe estimatedfrom the rst phaseof bidirec-
tional samplingfor eachpixel andhencedoesnot needto be
recomputediuringthe correlatedsamplingphase.

There ectedradianceateachpartially occludedpixel is
thenestimatedhs

8§ (i) OEEON
a a Vw)bnsea(Wio! wi);  (8)
j=1k=1

1
Lvis(w) = N C

whereL,;s is thevisibility estimatorin theviewing direction

W, Lnsxoa(vvi(.)j(%! Wi(;f()) is thefractionof enegy recevedat

pixel x from a neighboringpixel x° during eachtransition,
N is the numberof bidirectionalsampleshosenfrom rst
roundsampling,andC is the numberof enegy transitions
(Markov chainsof length1) emplo/edin the secondround
to spreadthe enegy of unoccludedsamplesij.e., the valid
samplef thetametdistribution.

4.1 Bias

As we have introducedthe methodthis far, it producese-
sultsconsistentvith thetrueillumination, but it mayexhibit
a smallamountof biasfor nite samplesizes.We usesam-
plesfor both estimatingthe directillumination, andfor de-
ciding whetherto startMetropolismutationsin partially oc-
cludedregions.Suchdualuseresultsin abias,aspointedout

by Kirk andArvo [12], althoughthe biasis typically small
— it is lessthanthe standarddeviation of the Monte Carlo
estimatdn the rst stage.

In practice,we nd this biasto be small enoughto be
acceptedput if deemednecessarywe can derive a unbi-
asedvariantof our methodby splitting the MC sampleset
form the rst phaseinto two partitions: one for deciding
whetherto applythe Metropolisalgorithm,andoneusedfor
estimatingtheillumination in caseMetropolisis not neces-
sary Sincewe are now using a smallerset of samplesto
estimatevisibility in partially occludedregions,we have to
useslightly larger samplechainsto achieve the samequal-
ity of results Sincethenumberof visibility testsremainghe
samethis canbedoneatlow additionalcost.Figure4 shovs
a comparisorof the biasedandthe unbiasedversionof the
algorithm.

v

Fig. 4 Visualcomparisorof the biased(left) andthe unbiased/ersion
(right) of our method.Note thatthe highlightsarecrisperin the unbi-
asedsolution.

5 Results

In this sectionwe comparethe resultsof our correlatedvis-
ibility samplingwith bidirectionalimportancesamplingfor
renderingfrom HDR ervironmentmaps.Imagesweregen-
eratedwith a reasonablywell-optimizedray tracerusinga
voxel grid asthe acceleratiordatastructurefor intersection
queries.Our comparisongxaminethe outputquality of the
two discussedenderingalgorithmsfor a x ed amountof
computingtime. We performedthesetestson a 3.0 GHz
XeonrunningLinux SuSE9.0.

Figure2 presentshevisibility masksobtainedrom rst
round bidirectional samplingfor the imagesin Figures1
and 5. Thewhite pixelsrepresentinoccludedpixelswhich
would not be processedn our secondround of sampling.
The gray pixels correspondo the backgroundernvironment
map.Finally, theblackpixelscorrespondo thosewhereone
or morevisibility samplesvereoccludedduring rst round
of bidirectionalsampling.Thesepixelsaredeemedartially
occludedandareprocessediuringour secondoundof cor
relatedvisibility sampling.
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Fig. 5 Buddhamodel (PhongBRDF s= 50, ks = kg = 0:5) in anindoor HDR EM. Left: Importancesamplingfrom EM, 200 samples/pigl.
CenterLeft: Multiple importancesamplingfrom EM (140samples/pigl) andBRDF (40 samples/pigl). CenterRight: Bidirectionalimportance
sampling 20 samples/pigl. Right: Correlatedvisibility sampling,16 bidirectionalsampleg1% pass)and16 Metropolissamplesgerunoccluded

sample(2™ pass)Renderingimesareidentical(16 seconds).

Figure 1 presentsa comple visibility scenariowith the
Buddhamodel in the Grace CathedralEnvironment. The
Buddhamodelhas300K triangles,while the GraceCathe-
dral ervironmentis 21024 512HDR mapwith a contrast
ratio of 107 : 1. In this test,both the bidirectionalsampling
andthe correlatedsamplingalgorithmswere given 24 sec-
ondsto renderonel76 248imageeach.Thetime budget
was chosenso asto allow good quality in unoccludedre-
gions. For bidirectionalsampling,this time budgetallowed
for visibility to be testedwith N = 20 samplesandthese
N sampleswere chosenafter resamplingfrom a larger set
of M = 800 samplesNote how the shadevs betweerBud-
dha’s feetaswell on the ground-planeare noisy with bidi-
rectionalsampling For the samecomputetime, the partially
occludedregionsarevery smoothwith our correlatedsam-
pling approachHere,we usedN = 16 rst roundbidirec-
tional sampledor the unoccludedegions,andthenC = 16
Metropolissamplego spreadhe enegy of the unoccluded
samplesn our secondroundof sampling.The un-occluded
re ected radiancel s was estimatedusing fewer samples
(M=725) with our correlatedsampling approach.Hence,
our algorithm producesslightly noisierresultsin theseun-
occludedegions.However, theoveralltradeof is betterwith
this approachThe RMS errorcomparedo a corvergedim-
agereducedrom 0:066 whenusingbidirectionalsampling
to 0:058 whenusing the correlatedsamplingapproachfor
Figurel. And visually, theimagesrenderedwith correlated
samplingaremuchmorepleasingdueto lower noisein the
shadevedregions(pleaseeferthevideo).

Figure 5 presentsa scenewith visibility not as com-
plex asthat of Figure 1 andwith lower frequeng illumi-
nation.Herewe comparethe performanceof our correlated
samplingapproactwith standardmportancesamplingfrom
EM, multiple importancesamplingfrom EM andBRDF, as
well asbidirectionalsampling.Due to high frequenciesn
boththe EM andthe BRDF, multiple importancesampling
hasbetterperformancehansamplingonly accordingto the
EM. Bidirectionalsamplingdoesbetterthanboth theseap-
proachesn reducingimagenoiseasit samplesaccordingo

the productdistribution. Eventhen,our correlatedsampling
approachs moreeffective thanbidirectionalsamplingin re-
ducingnoisein partially occludedregionssuchastheinside
of Buddhas armsandregionsaroundthefaceandchest.

Figure 7 presentsanothervisibility situationwith the
Dragonmodel (870K triangles)in the GraceCathedralen-
vironment.Here, the regions on the Dragons neck under
neaththe headaswell ason thebodyarepartially occluded
by otherpartsof the Dragons body Again, our correlated
samplingapproachnicely cleansup the shadeved regions
thatremainnoisywith the bidirectionalsamplingapproach.
Figure6 presentshevisibility masksfor theimagesn Fig-
ure 7. The maskon the top shavs mary pixelsin generally
unoccludedareason the Dragons body aswell asits head
are marked as partially occludedafter rst round of sam-
pling. The maskon the bottomis obtainedafter applyinga
simpledilation operationwith a3 3 kernelto the original
maskandis betterrepresentatie of the visibility situation.
The dilation operationreducegthe variancein the penum-
braregion,andreproducesharpeshadev boundariesn re-
gions that are generallyunoccludedsuch as the Dragons
head(Figure7, right).

Fig. 6 Visibility maskfor the imagesin Figure 7. Left: Undilated
mask.Right: Dilated mask.

Figure8 presentshe David model(700K triangles)with
arelatively low frequengy BRDF (s= 10,ks = 0:5,ky = 0:5)
renderedn directsunlightfrom anHDR sky probe[28]. No-
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Fig. 7 Dragonmodel (PhongBRDF s= 50, ks = kg = 0:5) in the GraceCathedraHDR EM. Left: Bidirectionalimportancesampling,20
samples/pigl. Middle andRight: Correlatedvisibility sampling,16 bidirectionalsampleg1% pass)and16 Metropolissamplegerunoccluded
sample(2" pass)Middle: Undilatedvisibility mask.Right: Dilatedvisibility mask.Renderingimesareidentical(16 seconds).

tice how thenoisein theshadaev on David's chest(Figure8,
left) is ef ciently reducedusingthe correlatedsamplingap-
proach(Figure8, right).

Our correlatedsamplingapproachcould also be used
with traditional importancesamplingas the rst stageof
Monte Carlo samplinginsteadof bidirectional sampling.
However, this would only be ef cient whenonly eitherthe
BRDF or theilluminationis high frequeng but notboth,as
is thecasen Figure8.

Theimplementatiorof ourcorrelatedsamplingapproach
involves the usual time vs. memory tradeof. Compared
to the bidirectionalsamplingapproachthat processegach
pixelindependentlythecorrelatedsamplingapproacmeeds
to storeinformationaboutneighboringpixels andthe visi-
bility maskat the endof the rst stageof sampling.For ef-
ciency, we storetheN bidirectionalsampledor eachpixel
obtainedfrom rst stagesamplingaswell asthe estimate
of L for eachpixel. In addition,in orderto prevent hav-
ing to traceprimary raysfor every transitionduring corre-
latedsampling,we alsostoretheinformationcorresponding
to primary rays suchasvertex position,vertex normaland
view vectorfor every pixel. Thusourimplementationincurs
anadditionalmemoryoverheacdof W H N Sample,
whereW H istheresolutionof theimageplaneandSample
isatriple of oats usedfor storingasample/position/normal.

With thesememoryoverheadsour correlatedsampling
stageonly requiredanadditional5 10%computatiortime
afterthe rst stagebidirectionalsampling.This additional
time wasmostly spentin areaswith high occlusionsuchas
groundplanesoccludedby geometryin Figurel.

6 Conclusions

We have presented correlatedsamplingapproachfor di-
rectillumination thatalsotakesvisibility into accountn the
samplingprocessapartfrom the incidentillumination and
the surfacere ectance.By providing a meansof sampling
from thetriple productof the illumination, BRDF andvis-
ibility, our methodachieseslower variancein partially oc-
cludedregionswith comple visibility comparedo bidirec-
tional samplingfor directillumination. Our methodeffec-

Fig. 8 David model (PhongBRDF s= 10, ks = 0:5;kg = 0:5) in a
sky probeHDR EM. Left: Bidirectionalimportancesampling, 20 sam-
ples/piel. Right: Correlatedvisibility sampling,16 bidirectionalsam-
ples(1% pass)and16 Metropolissampleperunoccludedsample(2nd
pass)Renderingimesareidentical(12 seconds).

tively exploits correlationin theintegral estimate®f neigh-
boring pixelsto reducenoisein theseregions.

Our proposedcorrelatedsampling method incurs ad-
ditional memory overheadsfor storing samplesgenerated
from rst round of bidirectional sampling.However, this
overheadis linear in the numberof pixels in the image,
and henceis not that signi cant. Given this small mem-
ory overheadthe correlatedsamplingstagereducesnoise
in shadeved regions with comple visibility with a small
(5 10%)additionalcomputatiortime. For this extra com-
putationtime, our methodof employing Metropolis sam-
pling afteraninitial phaseof MonteCarlosamplingprovides
muchgreaterbene t in termsof imagequality in shadeved
regionscomparedo pureMonte Carlosampling.
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