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Abstract
Many applications, such as realistic rendering,

virtual and augmented reality, and virtual studios,
require an accuratesimulation of real lens and cam-
era systemsat interactive rates, including depth of
�eld and geometricaberrations, in particular distor-
tions. Unfortunately , camera models used in Com-
puter Graphics are either too simple to describe
these e�ects or too expensive to simulate for inter-
active use.

In this paper, we intro duce an image-basedlens
model that is powerful enoughto simulate sophisti-
cated properties of real lenssystems,yet fast enough
for interactive graphics. By exploiting coherence,
commongraphicshardwarecanbeusedto yield high
frame rates.

Keywords: Lens Systems, Image-Based Render-
ing, Hardware Acceleration, Interactive Computer
Graphics

1 In tro duction
The accurate simulation of properties of com-

plex lens systems, including depth of �eld and ge-
ometric aberrations, in particular distortions, are of
high importance to many applications of computer
graphics.In the past, most approachesfor simulating
theseproperties have beenbasedon o�-line render-
ing methods such as distribution ray-tracing [2, 9].

E�orts for improved lens and cameramodels for
interactive computer graphics have mainly been re-
stricted to the simulation of depth of �eld [8, 13].
On the other hand, a model that allows for a more
accurate simulation of real lens systems would be
particularly useful for interactive graphics, because
it could not just be usedfor photorealistic rendering,
but also for combining real and synthetic scenes,for
example in augmented reality and virtual studios.
For these environments it is necessaryto simulate
real lens systems,so that real-world and synthetic
objects can be mergedinto a single image.

In this paper, wedescribean image-basedcamera
model for interactive graphics, which is capable of
simulating a variety of properties of real lenssystems
at high frame rates. Similarly to [9], the model uses
the real geometry of lensesand computes an accu-
rate approximation of the exposureon the �lm plane.
However, instead of using ray-tracing, our model ap-
proximates the light �eld [10, 6] between the lens
and the �lm plane. By making useof the coherence
in ray-space,common computer graphics hardware
canbeusedfor sampling the light �eld and rendering
the �nal image.

2 Existing Lens Mo dels
We start by brie
y reviewing existing camera

models, before we describe our new model, and re-
late it to the older ones.

2.1 Pinhole Mo del
The pinhole model of a camerais by far the most

frequently usedcameramodel in computer graphics.
The pinhole camera is a box with a small hole of
negligible sizein one of its sides.Light falls through
this holeand projectsan upside-down imageonto the
�lm on the opposite sideof the box. The situation is
depicted in Figure 1.

Figure 1: A pinhole camera

The advantage of this model is its simplicit y. Be-
causethe sizeof the hole is negligible, the light falling
through it can be assumedto be projected through



a single point. This projection can be described as
a perspective transformation, whoseparametersare
the dimensions of the �lm and the distance of the
�lm plane from the hole, along with additional near
and far clipping planes(see,for example [4]).

Usually, when dealing with perspective transfor-
mations, we do not think of it in terms of a pinhole
camera, but as of a perspective projection with a
center of projection (COP) and somevirtual image
plane in front of it. Throughout this paper, we use
the term "image plane" for a virtual plane in front of
the COP of a perspective projection, while the term
"�lm plane" refers to the plane containing the �lm
in a cameramodel.

Although it is actually possible to construct a
physically working pinhole camera, this is not prac-
tical for several reasons.Most importantly , only very
little light falls on the �lm sincethe hole is sosmall,
and thus the exposure time has to be very long.

2.2 Thin Lens Mo del
Real lenseshavea larger opening,calledaperture,

whosesizecan no longer be neglected.The simplest
model of lenseswith circular symmetry and �nite
aperture is the thin lens approximation. This model
is usedin optics and lens designto describe someof
the properties of simple lens systems[1].

The fundamental assumption of the thin lens
model is that the lens is of negligible thickness.As
a consequence,light passingthrough the lens is re-
fracted only in a single plane, the principal plane,
and movesin a straight line otherwise.

Light coming from a single point Q in object
spaceis focusedin a single point in imagespaceand
vice versa. Incident light from object spaceparallel
to the optical axis is focusedin the focal point F 0 in
image space,while parallel light from image space
focusesin the focal point F in object space.Both
F and F 0 lie on the optical axis of the lens. The
situation is depicted in Figure 2.
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Figure 2: The geometry of a thin lens system

If both object spaceand image spaceare in the
same medium, the distances f and f 0 of the focal
points from the principal plane are equal, and the
distance is called focal length. From this property it
follows that rays passing through the center of the
lens are not bent, but passstraight through the lens
system.

With these informations it is possible to con-
struct the image of a sceneon a �lm plane at dis-
tance s0 from the principal plane, given the aperture
and the focal length f . For rendering it is often con-
venient to specify the distance s of the focal plane
(the plane that contains all points that are focussed
on the �lm plane) instead of the focal length. This
distance can be easily derived from the well-known
relationship

1
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2.3 Rendering Thin Lenses
Typically, rendering of thin lensesis done using

distribution ray-tracing [2]. For each samplepoint on
the �lm, rays arecast through random samplepoints
on the principal plane, and the resulting color values
are averaged.Casting of the rays is doneby comput-
ing the point on the focal plane that corresponds to
the point on the �lm by shooting a ray through the
center of the lens.The intersection point is then con-
nected to the chosensample point on the principal
plane.

An alternativ e approach is to select a �xed set
of samplepoints on the principal plane [8]. All rays
passingthrough a singlesamplepoint pi on the prin-
cipal plane represent a perspective projection with
pi as the COP (seeFigure 3a).

Each of the imagesgeneratedby these perspec-
tiv eprojections represent a 2-dimensionalsliceof the
4-dimensional light �eld in front of the lens system,
as described in [10, 6]. In the following we call this
light �eld the scene light �eld . Due to the properties
of the thin lensmodel, this slice is identical to a slice
of the camera light �eld betweenthe lenssystemand
the �lm plane, de�ned by the refracted rays. For the
light �eld, we usethe sameparameterization as [10].
Each point in this 4-dimensional spacecorresponds
to a ray from the �lm plane (two parametric direc-
tions) to the principal plane (another two parametric
directions).

Becauseeach slice of the light �eld can be com-
puted using a standard perspective projection, com-
puter graphics hardware can be used to render
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Figure 3: (a) Rendering using the thin lens approximation. The rays from all points on the �lm through a
single sampleon the aperture form a perspective transformation, which can be usedto render a slice of the
light �eld. (b) Rendering of a thick lens approximation is similar to rendering of thin lenses,except that an
additional displacement of the ray is necessary. In both �gures rays with the sameline style originate from
di�eren t points on the �lm, but passthrough the samesample point on the lens. All rays with the same
line style form a slice of the respective light �eld.

the slices.Averaging of slicesfrom di�eren t sample
points pi to form the �nal image can be done using
an accumulation bu�er [8].

It should be noted that the simple averaging of
the slices of the light �eld does not yield the cor-
rect exposure on the �lm, as pointed out by [9]. In
Section 3.5 we will show how the algorithm can be
extended to compute the correct exposure on the
�lm.

Another approach to rendering depth of �eld ef-
fects of thin lens models is post-�ltering as used
in [12] and [13]. These methods require a �ltering
step to be performed in software, which causeshigh
CPU loads and additional data transfers between
the graphics board and main memory, and there-
fore leadsto performancepenalties. Moreover, post-
�ltering methods assumethat each point in object
spaceis mapped onto a circle of confusionon the im-
ageplane. This, however, is not a valid assumption
for o�-axis points in real lens systems.

2.4 Thic k Lens Mo del
An improvedmodel for circular symmetric lenses,

where the thicknesscannot be neglected,is the thick
lensmodel. It is frequently usedin optics for complex
lens systemscomposedof several lensesand allows
for a more exact approximation.

In contrast to the thin lens, a thick lens has two
principal planes. The (signed) distance d between
the two planes is called the thickness of the lens.

Rays from object spacehit the object-sidedprincipal
plane, then move in parallel to the optical axis, until
they hit the image-sidedprincipal plane, where they
leave the lens (seeFigure 3b).

From a rendering point of view, a thick lens can
be treated very much like a thin lens, except for the
shift in parallel to the optical axis. Both the thin
and the thick lens model yield perfectly undistorted
images. Real lenses,however, always show aberra-
tions. Although lens designersusually try to mini-
mize aberrations, they are often not negligible. Vi-
sualization and simulation of thesee�ects requiresa
more sophisticated lens model.

2.5 Geometric Lens Mo del
The geometric lens model is basedon the com-

plete geometric description of the lenses together
with their index of refraction. The model is evalu-
ated by tracing rays through the true lensgeometry,
bending it at lens surfacesaccording to the change
in the index of refraction.

The full geometric model correctly simulates all
kinds of geometricaberrations, and is the only model
that is capableof handling lenseswithout rotational
symmetry, for example bi-focal or progressive addi-
tion lenses(PALs) usedfor eye glasses[11].

This model hasbeenusedin [9] to generateaccu-
rate simulations of complexlenssystemsusingdistri-
bution ray-tracing. Unfortunately , the model is too
expensive in terms of rendering time to be used for



interactive graphics.

3 An Image-Based Camera Mo del
In following, we describe a new image-based

model for arbitrary lens systems, which is capable
of simulating aberrations, based on the geometric
description of the lens. Despite this 
exibilit y, it is
possibleto use computer graphics hardware to ren-
der images based on this model. As a result it is
well suited to interactive applications requiring high
frame rates.

Instead of directly using the full geometry of the
lens, our model describesa lens as a transformation
of the scenelight �eld in front of the lens into the
cameralight �eld betweenthe lensand the �lm. Ev-
ery property of a lenssystemis completely described
by such a transformation.

Computer graphics hardware can e�cien tly gen-
erate slicesof light �elds. Therefore, our model de-
scribesa lenssystemasa mapping from slicesof the
scenelight �eld into corresponding slicesof the cam-
era light �eld. The mapping consists of two parts:
selection of an appropriate slice of the scenelight
�eld for a given slice of the camera light �eld, and
a morphing operation correcting for distortions due
to the aberrations of the lens system.

We represent a slice of the scenelight �eld as a
perspective projection of the sceneonto a suitable
image plane. Thus, a lens is represented as a set of
perspective projections and corresponding morphing
operators.

Similar to the rendering of thin lenses,the �nal
imageis a compositeof a number of slicesof the cam-
era light �eld. Theseslicesare de�ned by a number
of samplepoints pi on the image-sidedsurfaceof the
lens system.

3.1 Appro ximating Lens Systems
The approximation of real lens systems within

the new model consistsof two steps. For each slice
of the cameralight �eld, a corresponding slice in the
scenelight �eld has to be selected.Unfortunately ,
the 2-manifold in the scenelight �eld corresponding
to a given sliceof the cameralight �eld is not in gen-
eral a planar slice, and therefore cannot be exactly
represented as a perspective projection.

This fact can easily be observed by tracing rays
from multiple points on the �lm through a single
point on the lens surface.The rays leaving the sys-
tem need not intersect in a single common point
(which could be used as the COP of a perspective
projection, seeFigure 4). However, in many casesa
perspective projection can be found that is a good

approximation to the refracted rays.
In order to �nd the approximating perspective

projection, rays are shot from a regular grid on the
�lm through the point pi on the image-sidedsur-
face of the lens system. Rays are bent as they pass
through the lens, yielding a set of rays leaving the
lenssystemon the object side,asshown in Figure 4.

pi

�lm

Figure 4: Tracing rays from a grid on the �lm
through a single point pi on the lens surfaceyields
a set of refracted rays in object space.Thesedo not
in general intersect in a single point, and thus an
approximate virtual center of projection has to be
found.

This set of rays is then approximated with a pro-
jective transformation, which requires us to selecta
virtual image plane, and to �nd an appropriate cen-
ter of projection. This is described in Section3.3. An
alternativ e way of interpreting this approximation is
that the corresponding 2-manifold in ray space is
linearly approximated with a plane.

The remaining parameters of the perspective
transformation, in particular the upper, lower, left
and right boundaries on the image plane can then
be found by computing the bounding box of the in-
tersectionsof the rays with the chosenvirtual image
plane.

Rendering the scenewith the computed perspec-
tiv e transformations yields an image containing a
slice of the scenelight �eld. At the sametime, this
alsois a distorted sliceof the cameralight �eld, with
the distortions directly corresponding to the aberra-
tions of the lens. We compensate these distortions
using morphing with bilinear interpolation. This is
achieved by texture-mapping the slice onto the grid
on the �lm, from which the rays had been shot be-
fore. The intersections of the rays with the image
plane are usedas texture coordinates.

It is important to note that the ray-tracing step,
as well as the computation of the COP and the tex-



ture coordinates only has to be performed once, as
long as the geometry of the lens does not change.
Only if the lenssystemis re-focused,or the aperture
of a lens element changes,for examplewhen adjust-
ing an aperture stop, these calculations have to be
repeated.

3.2 Hierarc hical Sub division
Lens systems with relatively small aberrations

are usually well approximated by a single projec-
tiv e transformation, as described above. For exam-
ple, this is true for lens systemsthat have a reason-
able thick lens approximation.

However, for lens systems with strong aberra-
tions, an approximation with a single perspective
projection intro duces a large error. In these cases,
the grid on the �lm can be recursively subdivided
and re�ned using a quad-tree structure. The algo-
rithm is then applied recursively. This corresponds
to �nding a hierarchical, piecewiselinear approxima-
tion of the 2-manifold in ray-space.

All quad-treecellscorresponding to a singlesam-
ple point on the lens form a partition of the �lm.
Combined, they contain the sliceof the cameralight
�eld required for rendering.

Of course,the hierarchical subdivision intro duces
an additional rendering cost, since the scenehas to
be rendered once for every subdivision. Thus, the
level of subdivision is a tradeo� between rendering
time and image quality.

The complete pseudo-code for determining the
perspective transformations is given below.

/ � Persp ectiv e Pro jection � /
generate rays from film plane
compute virtual COPfrom the refracted rays
if COPis good enough

determine lower left and upper right
of the image by intersecting the
rays with the image plane

else
subdivide the grid
foreach subgrid

recursive

3.3 Computing the Cen ter of Pro jection
The setsof rays exiting the lenson the object side

represent samplesof a possiblycomplicated transfor-
mation that characterizesthe lens system. The cen-
tral task in approximating this transformation with
a perspective projection is to �nd a good virtual
COP.

This problem is also known in computer vision,
where the aberrations of camera lenseshave to be

removed basedon the measureddistortions on a cal-
ibration grid [7]. The approach proposedby the au-
thors of [7] is to choosethe COP so that its distance
from all rays is minimal in the least-squaressense.

For our purposes, this approach works well as
long as there is no hierarchical subdivision. As soon
assubdivision is performed,however, intolerable dis-
continuities occur betweenadjacent quad-tree cells.
An analysisof the problem shows that the anglebe-
tween the original rays and the corresponding rays
in the perspective projection can be relatively large.

As a solution, we found that minimizing the an-
gle between the original rays, and those generated
by the perspective transformation yields much bet-
ter results. This way, the maximum angle of the ap-
proximation could be reduced by a factor of up to
10. This maximum angle is also a good error cri-
terion for terminating the hierarchical subdivision.
The minimization processis outlined in the follow-
ing.

p

e

d

Figure 5: The center of projection is determined by
minimizing the angle betweenthe direction d of the
original ray, and the vector p � e, where p is the
intersection point with the image plane.

Given the intersection point p of a ray with the
image plane and the normalized direction d of the
ray, we would like to �nd a virtual COP e that min-
imizes the angle between d and p � e over all rays
(seeFigure 5). Instead of minimizing this angle, it is
also possible to maximize its cosine.The square of
this cosinec2 is given as

c2 =
1

jjp � ejj2 hdjp � ei 2 (1)

A least-squaresmaximum of c is obtained by
maximizing the sum

P
c2 over all rays using Newton

iteration. To this end, we need the �rst order Tay-
lor polynomial of the derivative of c2 around some
initial guesse0 for a COP. It can be easily veri�ed
that
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wherea = jj f jj2, b = hdjf i 2 and f = p� e0. Simi-
lar formulascanbe derivedfor @c2=@ey and @c2=@ez .
Thesethree equationsde�ne a 3� 3 systemof linear
equations that can be used to compute one step of
a Newton iteration.

On the highest level of the subdivision, we use
the center of the lens as an initial guessfor e0 in
the �rst step of the iteration. For all other levels of
subdivision, we use the virtual COP computed in
the previous level as a starting point.

In practice, we have found that two or three iter-
ations are usually su�cien t. Again it is important to
note that the computation of such an COP only has
to be doneonceasa preprocessingstep, or whenever
the lens con�guration changes.

3.4 Ap erture Stops and Vignetting
So far, we assumedthat every ray from a point

on the �lm plane through one of the sample points
on the lens actually passesthrough the whole lens
system.This, however, is not a valid assumption for
many lens systems.Camera lensesusually have an
aperture stop. Rays may also be absorbed by other
parts of the lens system, especially when they are
shot from the outer regionsof the �lm. This e�ect is
called vignetting.

Thus, it is necessaryto deal with occasionswhen
a ray cast from one of the grid points on the �lm
doesnot passthrough the lens. In this casethe grid
has to be adjusted so that every ray passesthrough.

First, rays are cast from all grid points on the
outer border of the grid. If one of these rays does
not passthrough the lens,bisection betweenthe grid
point an the center of the grid is used to move the
grid point closer to the optical axis. Then the inner
points of the grid are placed inside this border at
approximately equal distances.

3.5 Radiometry
In the above description of both our algorithm

and the algorithm for rendering thin and thick
lenses,the �nal imagehasbeengeneratedby simply
averaging the 2-dimensional slicesof the light �eld.
It has been pointed out in [9], that this is actually
not a correct model for the exposureon the �lm.

Exposureis the integral of irradiance incident on
the �lm over time. Assuming that a sceneis static,
that is, that the irradiance is constant over the expo-
sure time, and that the shutter opensand closesin-
stantaneously, the exposure is simply the irradiance
times the exposure interval. Following the notation
in [9], the irradiance E(x0) at a point x0 on the �lm
is given as

E(x0) =
Z

x 00
L(x00; x0)

cos� 0cos� 00

jj x00 � x0jj2 dA00; (2)

where x00 is a point on the image-sidedsurface
of the lens, and dA00 is the di�eren tial area around
this point. � 0 and � 00 are the anglesbetweenthe line
connecting x0 and x00, and the normal vectors in x0

and x00, respectively. This integral is approximated
as a discrete sum over the radiance contributed by
the samplepoints on the image-sidedsurfaceof the
lens:

E(x0) =
A
n

nX

i =1

L(x00
i ; x0)

cos� 0
i cos� 00

i

jj x00
i � x0jj2 ; (3)

where A is the area of the lens.
The term L(x00

i ; x0) canbereconstructedfrom the
cameralight �eld for every samplepoint x00

i = pi and
every point x0 on the �lm. The function Wi (x0) :=
cos � 0

i cos � 00
i

jj x 00
i � x 0jj 2 is usually smooth and does not vary too

much over the �lm plane. Thus, it is su�cien t to
evaluate this function at discrete points on the �lm,
and then uselinear interpolation in between.

Therefore, the irradiance as given in Equa-
tion 3 can be renderedby alpha-blending every slice
L (x00

i ; x0) with a Gouraud-shaded grid of textured
polygons having Wi (x0) as the alpha values at the
vertices.

The combination of this techniquewith the meth-
ods from previous sections results in the following
preprocessingstepsfor rendering:

/ � Prepro cessing � /
choose sample points pi = x00

i

foreac h sample point pi on the lens
generate grid points x0

i on the film
generate perspective projection from



the rays through pi

generate grid Wi of polygons with
alpha values Wi (x0

j )

After preprocessing,the following steps have to
be performed in order to render every single frame:

/ � Rendering � /
clear the accumulation buffer
foreac h sample point pi on the lens

foreac h projection j
render the scene
store the image as a texture Ti;j

foreac h sample point pi on the lens
foreac h texture Ti;j belonging to pi

map Ti;j onto a 2D grid on the film
alpha-blend the image with grid W i

add the image to the accumulation buffer

4 Results
We have tested our new lens model with several

di�eren t lens systems. In particular, we have used
an achromatic doublet as shown in the top row of
Figure 6, as well as a simple bi-convex lens, shown
in the bottom row.

The achromatic doublet is a real lenssystemthat
has beendeveloped and used in real camerasin the
1920s[3]. The top left of Figure 6 shows an image
renderedwith the algorithms describedin this paper,
while the top right shows reference images of the
samescenerenderedusing distribution ray-tracing.

In both imagesthe barrel distortions of the lens
are obvious. Moreover, in both imagesthe outer re-
gions of the �lm are blurred due to aberrations of
the lens.Our method is the �rst one to allow for the
simulation of this e�ect at interactive rates.

The hardware-renderedimage was generatedon
a RealityEngine2 using 10 samplepoints on the lens
with a frame rate of approximately 14 frames per
second. A single perspective projection was used.
The ray-traced image usesdistribution ray-tracing
with 10 samplesper pixel, and took roughly 4.5 min-
utes for a 256 � 256 resolution on an Onyx with
an R8000processor.Note that the ray-traced image
doesnot contain indirect illumination or shadows to
allow for performancecomparisonsbetweenthe two
algorithms.

The bottom row of Figure 6 showsthe samescene
renderedusing a simple, uncorrectedbi-convex lens.
The image demonstratesthe barrel distortion of the
lens as well as signi�can t depth of �eld e�ects. The
scenewasagain renderedwith 10 samplepoints, but
this time the �lm plane was subdivided. As a cri-
terion for the subdivision, we enforceda maximum

angle of 0.05 degreesbetween an original ray and
the corresponding approximated ray as described in
Section 3.3. This resulted in a total of 40 perspec-
tiv e projections to be rendered for one frame. As a
result, the frame rate decreasedby approximately a
factor of 4 to roughly 3 framesper second.

For the grid on the �lm plane we used an ini-
tial grid of 10� 10 polygons.Higher grid sizesresult
in a higher number of rays that have to be traced
in the preprocessingstep. Lower grid resolutions re-
quire more subdivisions, which reduces the frame
rate sincemore projections have to be renderedper
frame.

5 Conclusion
In this paper, we have presented a novel image-

basedmodel for lens systems.The model allows for
using graphics hardware for rendering, and is there-
fore well-suited for high-quality, interactive render-
ing.

Although the model is capable of simulating a
larger variety of lens properties than previous mod-
els, there are some aspects of real lensesthat can-
not be handled. Most importantly , chromatic aber-
rations and frequency dependent refraction coe�-
cients are not simulated, since contemporary com-
puter graphicshardware only supports RGB render-
ing.

Another limitation of our model is the assump-
tion of instantaneousshutter opening and a constant
irradiance during the whole exposure time. More
complex shutter functions and motion blur could
be implemented by averaging multiple imagesover
time. This, however would be too costly to achieve
interactive frame rates on contemporary hardware.

In summary, our model addsa signi�can t amount
of realism to the simulation of lens systemsin inter-
active graphics. Although it is not capableof simu-
lating every property of real lenses,it constitutes a
good compromisebetweenquality of simulation and
rendering performance.
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Figure 6: Two examplesfor lens systems:an achromatic doublet in the top row, and a biconvex lens in the
bottom row. The imagesin the left column have beenrenderedusing the algorithm described in this paper,
while distribution ray-tracing has beenusedfor the imageson the right.
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