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Abstract

Samplingcomplex illuminationin theformof environmentmapshasreceiveda lot of attentionin computergraph-
ics.Recentworkin thisareahasdemonstratedthatdrawingsamplesfromtheproductof light andBRDFproduces
superior resultsto other samplingstrategies.However, existing methodsin this area consideronly individual
frames,anddo not take advantage of coherencein animations.In this paper, weintroducea sequentialsampling
approach for dynamicenvironmentmapillumination. Our algorithmef�ciently samplesfromtheproductof illu-
minationandBRDF, while exploiting temporal coherence. We demonstratesigni�cant performancebene�tsover
existingmethods.

Keywords: MethodsandApplications– MonteCarloTechniques;Rendering– RayTracing;Rendering– Global
Illumination.

CategoriesandSubjectDescriptors(accordingto ACM CCS): I.3.7[COMPUTERGRAPHICS]:Three-Dimensional
GraphicsandRealism,Raytracing.

1. Intr oduction

The samplingof complex direct illumination in the form
of high dynamic range(HDR) environmentmapshas re-
ceived signi�cant attentionin recentyears,with major ap-
plicationsin realisticrelighting.Thebestknown techniques
for direct illumination samplefrom the productof the in-
cident illumination and the surface re�ectance [BGH05,
CJAMJ05,TCE05]. With advancementsin HDR acquisition
technologies,HDR video environmentsare becomingin-
creasinglyavailable. This availability has spawned recent
work on samplingdynamic illumination from such HDR
videosequences[HSK� 05,WWL05]. However, thesetech-
niquesonly take the dynamicimportanceof the illumina-
tion into accountwhile proposingsamplesfor thevideose-
quence.Suchtechniquesareproblematicin thepresenceof
high frequenciesin boththe illumination aswell asthesur-
faceBRDFs.While onecanproducenoise-freeimagesby
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usingonesetof samplesfor all surfacelocations,doing so
eliminatestheimpactof dimmerlight sources,whichshould
dominatethere�ection for certainsurfaceorientations.

In this work, we aim to ef�ciently samplefrom theprod-
uct distribution of the illumination and the BRDF in a
videosequencewith dynamicillumination usinga Sequen-
tial MonteCarlo (SMC)samplingstrategy. The basicidea
is to generatesamplesaccordingto the product distribu-
tion in the �rst frameof thesequence,andthereafterto �l-
ter thesesamples(particles)in the subsequentframesac-
cordingto thedynamicproductdistribution.This sequential
samplingmechanismis more ef�cient than independently
re-regeneratingthe samplesfor every time step(Figure1),
especiallyfor sceneswith high frequenciesin both the dy-
namic illumination and the BRDF. At the sametime, our
methodavoidssystematicunder-estimationof re�ections at
certain angles,which is commonto dynamic importance
methodsgeneratingpoint light approximationsof the envi-
ronment.

Our solutionto samplingfrom the dynamicproductdis-
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Figure1: QualitycomparisonofourSMCsamplingalgorithmwithbidirectionalimportancesamplingfor askyprobesequence.
Left: 1st framerenderedusingbidirectionalimportancesamplingin 8 seconds.Center:5th frameof sequencerenderedusing
SMCsamplingin 4 seconds.Right: Comparisonimage for 5th framegeneratedusingbidirectionalimportancesamplingin 4
seconds.

tribution is a two-stepapproach.We assumethat we have
alreadyobtaineda samplesetaccordingto theproductdis-
tribution of the previous frame. For the �rst frame of the
animation,we generatethis sampleset with bidirectional
importancesampling[BGH05]. In the �rst stepof our al-
gorithm, samplesdistributed accordingto the productdis-
tribution of the previous time stepare propagatedin time
usingsequentialimportancesampling.Theproductdistribu-
tion at the new time stepis incrementallyestimatedusing
the weightsof the sequentialimportance.The secondstep
extendsthe pathof eachof thesesamplesusinga Markov
Chain Monte Carlo (MCMC) kernel whoseinvariant dis-
tribution is the target distribution at the currenttime step.
The MCMC kernel is implementedusing the Metropolis-
Hastings(MH) algorithm[MRR� 53]. No visibility testsare
performedduringeitherof thetwo steps.Visibility is �nally
testedattheendof thesecondstepin orderto obtainaMonte
Carloestimateof thedirect illumination.This approachhas
thefollowing bene�ts:

� We needto propagateonly a smallnumberof samplesin
time to estimatethe direct illumination asthesesamples
aredistributedaccordingto thetargetdistribution at each
timestep.Thismakessamplepropagationveryef�cient.

� Thenormalizationconstantfor theproductdistributionat
eachtime stepcanbe incrementallycomputedusingthe
sequentialimportanceweights.Thus, the normalization
constant,i.e. the un-occludedre�ected radianceat each
time stepcanbeestimatedvery ef�ciently without draw-
ing a largenumberof samples.

� Samplegenerationcostateachtimestepis independentof
thecostof samplingfrom theBRDF representationsince
thealgorithmonly requiresto evaluatetheBRDFbut does
not requireto samplefrom it. Thus,any complex BRDF

representationcanbeusedwithout impactingsamplegen-
erationcost.

� The methodcreatessampleson the �y anddoesnot re-
quireany expensiveprecomputation.

2. RelatedWork

The computationof the direct illumination in a sceneis a
costlytask,especiallyin thepresenceof complex real-world
light sourcessuchas environmentmapsand other image-
basedrepresentations.Much effort hasbeenfocusedon the
developmentof ef�cient techniquesfor completingthis task
in thepresenceof staticaswell asdynamicillumination.

2.1. Sampling fr om Envir onmentMaps and BRDFs

The easiestway of dealingwith this situation is by sam-
pling from either the environment map or the BRDF,
but not both. To sample from the energy distribution
of the environment, researchershave used point relax-
ation schemes[CD01, KK03], hierarchical distribution
schemes[ODJ04, Deb05], or inversion of the cumula-
tive density function (CDF) [LRR05, SHS02]. Agarwal et
al. [ARBJ03] introducedasamplingmethodfor environment
mapsthat takesinto accountboth theenergy distribution in
theenvironmentmapandthesolidangleseparatingthesam-
plesto avoid oversamplingof bright regions.

All thesemethodswork bestfor high-frequency illumina-
tion, but low-frequency BRDFs.In caseswherethe BRDF
containshigh frequencies,but the illumination doesnot,
samplingform the BRDF reducesthe variance.Depending
ontheBRDFrepresentation,differentstrategiescanbeused,
for examplefor analyticalBRDFs(e.g.[Shi00]), or tabulated
BRDFs[MH97,LRR04].
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Whenboth the environmentandthe BRDF containhigh
frequencies,neither of these methodsworks very well.
Veachand Guibas[VG95] were the �rst to considerthis
problem.Theirmultiple importancesamplingcombineddif-
ferentsamplingdistributionssuchasilluminationandBRDF
distributionsusingbalanceheuristics.

However, asshown recently, samplingdirectly from the
product of light and BRDF produceseven better results.
Severalstrategieshave recentlybeenintroducedto this end.
Burke et al. [BGH05] presenttwo algorithmsfor sampling
accordingto the productdistribution, one basedon rejec-
tion samplingandtheotherbasedon sampling-importance-
resampling(SIR), the latterof which is alsousedby Talbot
et al. [TCE05]. Clarberg et al. [CJAMJ05] presenta tech-
nique for ef�ciently samplingthe productof the illumina-
tion andtheBRDF usinga hierarchicalwavelet representa-
tion. Theirmethodis very ef�cient for tabulatedBRDFsbut
requiressigni�cant precomputationfor environmentmaps
makingit unsuitablefor dynamicillumination.Lawrenceet
al. [LRR05] presentan approachfor compressingcumula-
tive densityfunctionsfor ef�cient inversionandapply it to
samplingfrom many precomputedenvironmentmapPDFs
for differentsurfaceorientations.This canbeseenasanap-
proximationof theproductdistribution.

Our proposedSMC mechanismfor samplingdynamicil-
luminationis verygeneralandcanbeappliedin combination
with any samplingschemediscussedabove for proposing
samplesin the �rst time step.In fact, sequentialsampling
would alsohelpovercometheprecomputationrequirements
of someof thesetechniquesfor a dynamicsequence.In our
work, we employ Burke et al.'s SIR algorithmfor bidirec-
tional importancesampling[BGH05] in the �rst frame of
thesequence.

2.2. Sampling fr om Dynamic Illumination

Several researchershave consideredthe problem of sam-
pling from dynamic illumination. For example, Sbert et
al. [SSSK04] presenteda methodfor reusing light paths
computedin oneframeof a light animationsequencein all
otherframesusingmultiple importancesampling.Theindi-
rect illumination in eachframeof the sequenceis approx-
imatedas weightedcontributions from theseprecomputed
virtual point lights. This methodworks on moving point
lights,not complex environments.

Someresearchershavelookedatpathre-usagein thecon-
text of global illumination for a sequenceof cameraanima-
tion via reprojectionof theprimaryray hits on to theimage
plane.Here,techniquesthatarepossiblybiased[HDMS03]
aswell asunbiasedtechniques[MFSSK06] usingmultiple
importancesamplinghave beenproposedfor the path re-
usage.OurproposedSMCsamplingmechanismcanalsobe
appliedto acameraanimationsequencefor samplepropaga-
tion in anunbiasedmanner, while beingmoreef�cient than
multiple importancesampling.

Recentwork on dynamic environment maps,including
Wan et al. [WWL05] andHavran et al [HDS03], approxi-
matesenvironmentswith a setof point lights thataredrawn
accordingto theenergy distributionin theenvironmentmap,
andevolve smoothlyover time.However, this procedurein-
troducesa systematicerror for specularmaterialsif noneof
the chosenpoint lights residesinside the specularlobe. In
this case,onewould expectto seea specularre�ection of a
dimmerpart of the environment,but thesemethodscannot
producethis result.

2.3. Metr opolisSampling for Global Illumination

Our methodincludesa Metropolissamplingstrategy. Veach
& Guibas[VG97] �rst appliedMetropolissamplingto the
problemof imagesynthesisanddevelopeda general,robust
and unbiasedalgorithm called Metropolis Light Transport
(MLT) thatwaswell suitedfor hardcasesfor samplingbe-
causeof its localizedexplorationandpathre-usageproper-
ties.Fanetal. [FCL05] recentlyappliedtheMetropolisalgo-
rithm for ef�ciently samplingcoherentlight pathsfor photon
mapping.

Cline et al. [CTE05] presentedan ef�cient unbiased
method to solve correlatedintegral problemswith a hy-
brid algorithmthatusesMetropolissampling-like mutation
strategies in a standardMonte Carlo integration setting,
overcomingthestartupbiasproblemof MLT. They applyen-
ergy redistribution over the imageplaneto reducevariance
of pathtracingfor globalillumination.Ourwork is similarin
spirit in thesenseof usinginitial MonteCarlosamplingfor
proposingsamplesfor thesubsequenttimestep,followedby
Metropolissamplingin orderto explorethenew direct illu-
minationtargetdistribution.

3. SequentialMonte Carlo Sampling

As mentionedin the introduction,we proposea sequential
Monte Carlo (SMC) samplingalgorithm for samplingac-
cording to the dynamicproductdistribution of the illumi-
nationand the surfacere�ectanceduring an animationse-
quence.Traditional SMC algorithmsin the literaturedeal
with thecasewherethetargetdistributionof interestat time
n, de�ned on Wn, is of a higherdimensionthan the target
distribution at time n� 1 [DdFG01]. A classicalexampleof
this is anSMC algorithmappliedto sequentialBayesianin-
ference.In ourcase,thetargetdistributionateverytimestep,
i.e. thedirect illumination integral, is de�ned on a common
spaceof thehemisphereof directionsW. Hence,weemploy a
classof SMCsamplersrecentlydevelopedfor acommondo-
main[dMDJ06] to theproblemof samplingfrom theproduct
distribution of incidentillumination andBRDF in thepres-
enceof dynamicillumination.

Our SMC samplingalgorithmis a two-stepapproach:we
startwith samplescreatedaccordingto theproductdistribu-
tion in the previous time step,andpropagate themin time

c
 TheEurographicsAssociation2006.



A. Ghosh,A. Doucet,& W. Heidrich / SequentialSamplingfor DynamicEnvironmentMap Illumination

usingsequentialimportancesamplingfollowed by a possi-
bleresamplingstep.Wethenemploy anappropriateMCMC
transitionkernelto redistributethesamplesaccordingto the
productdistribution at the new time step.Thereafterthese
samples,now distributedaccordingto thenew targetdistri-
bution,areusedfor visibility testing.

Considerthedirect illumination at a point for a givenob-
serverdirectionwr :

Lr (wr ) =
Z

W
fr (wi ! wr ) cosqiLi(wi)V(wi)dwi ; (1)

with Li denotingthe incidentillumination from anenviron-
mentmap, fr representingtheBRDF, andV beingthebinary
visibility term.Notethatwe treatLi and fr asscalar-valued
functionshereandthroughoutthetext. In practice,Li and fr
arecolor-valuedfunctions,from whichwederive thescalar-
valuedonesby averagingthecolorchannels.

The target distribution of interestfor direct illumination
is theproductdistribution p of incidentilluminationandthe
BRDF:

p(wi) :=
fr (wi ! wr ) cosqiLi(wi)R

W fr (wi ! wr ) cosqiLi(wi)dwi
=

p̃(wi)
Lns

: (2)

Here, p̃(wi) = fr (wi ! wr ) cosqiLi(wi) is the un-
normalized importancefunction, and Lns =

R
W fr (wi !

wr ) cosqiLi(wi)dwi is theun-occludedre�ected radiancein
the viewing direction and is the normalizationconstantof
the targetdistribution. Burke et al. [BGH05] refer to Lns as
"radiance, no-shadows".

Our SMC algorithmworksasfollows: we startwith sam-

ples w( j)
i;n� 1 and weightsW( j)

n� 1; j = 1; :::;N, such that the
weightedsamplesareproportionalto the productdistribu-
tionof BRDFandilluminationin framen� 1.Thesesamples
representthe incidentlight directionsfor onesurfacepoint,
thatis, thepointvisibleataspeci�c pixel.For the�rst frame,
thesesamplesareobtainedby bidirectionalimportancesam-
pling, andall weightsare1=N. Thetwo stepsof ourmethod
arethensamplepropagationfollowedby MCMC transition
to adjustthesamplesto theproductdistribution in thenext
frame.

Step 1: Sample Propagation: We propogate the samples

w( j)
i;n� 1 in time using sequentialimportancesampling.The

un-normalizedincrementalweight w̃n of every samplefor
sequentialimportanceat time n is given by the following
ratio:

w̃( j)
n =

p̃n(w( j)
i;n� 1)

p̃n� 1(w( j)
i;n� 1)

; (3)

This weight is just the ratio of the target function eval-
uatedat the samplepoint at time n to that evaluatedat

time n� 1 for thesamepoint, andrepresentsthechangein
weightingof a sampledueto changesin thetargetdistribu-
tion.Thenormalizedweightsfor theN samplesat timen are
thengivenby:

W( j)
n =

W( j)
n� 1 � w̃( j)

n

å N
k= 1W(k)

n� 1 � w̃(k)
n

: (4)

This trackingof weightsto representevolving targetdis-
tributions is called SequentialMonte Carlo Sampling, or
SMC for short [dMDJ06]. Note that we canusethe SMC
mechanismfor samplingfrom a dynamicsequenceeven if
we usea different proposaldistribution q insteadof p for
the �rst frame.The only differenceherewould be that we
would have to appropriatelyweight thesamplesof the �rst
framefor sequentialimportance.Theun-normalizedweights

w̃( j)
1 would thenneedto becomputedas:

w̃( j)
1 =

p̃1(w( j)
i;1 )

q1(w( j)
i;1 )

;

andthennormalizedto obtainedW( j)
1 .

Step1a: Resampling. As thevariancebetweentheproposal
distribution qn and the target distribution pn tendsto in-
creasewith n, thevarianceof theun-normalizedimportance
weightstendsto increaseresultingin a potentialdegener-
acy of the particleapproximation.This degeneracy canbe
measuredusingthe criterion of effectivesamplesize(ESS)

(å N
j= 1(W( j)

n )2)� 1 [LC98]. TheESStakesvaluesbetween1
and N. If the ESSis below a pre-speci�edthreshold,say
N=2, we resamplethe N samplesaccordingto the weights

W( j)
n and set the weightsof the resampledsamplesequal

to 1=N. This resamplingstep discardssampleswith low
weightswhile copying thesampleswith high weightsmul-
tiple times,thuskeepingthesamplesaccordingto thetarget
distribution. Note that the mutationsin the next stepmake
surewedonotkeepmultiple identicalsamples.

Step2: MCMC Transitions. After samplepropagationand
potentialresampling,weapplyanMCMC kernelKn(wi ;w

0
i )

of invariant distribution pn to every samplew( j)
i;n� 1 in or-

der to obtainnew samplesw( j)
i;n . The new sampleswi;n are

marginally distributedaccordingto

pn(w0
i ) =

Z

W
pn� 1(wi)Kn(wi ;w

0
i )dwi : (5)

We employ the Metropolis-Hastingsalgorithm(MH) for
thesetransitions,with a mix of local randomwalk moves
andindependentproposalmoves.For a detaileddescription
of the MH algorithm, we refer the readerto the chapter
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Symbol Description

w( j)
i jth sample(incidentdirection)

W( j)
n Weightfor j th samplein framen

w̃( j)
n Unnormalizedweightfor j th samplein framen

N Numberof samplesperpixel
pn TargetPDFfor framen
p̃n Unnormalizedimportance(productof illuminationandBRDF)
qn Proposaldistributionat timen

pk=P
n� 1:n Thekth of P intermediatedistributionsbetweenframen� 1 andframen

Table1: Summaryof notationusedin thispaper.

on MetropolisSamplingby Pharrin the SIGGRAPH2004
coursenotes[DJA� 04]. WhenusingtheMH algorithm,the
MCMC kernelKn of invariantdistribution pn is describedin
termsof anacceptanceprobabilityof aproposedtransition:

a(w( j)
i ! w0( j)

i ) = minf 1;
p̃n(w0( j)

i )q(w0( j)
i ! w( j)

i )

p̃n(w( j)
i )q(w( j)

i ! w0( j)
i )

g; (6)

wherew( j)
i is thecurrentsample,w0( j)

i is theproposedsam-
ple using the transitionkernel q, and a is the acceptance
probabilityof theproposedtransition.

We mix local walk moves with independentproposal
movesas theseindependentmovesarerequiredto prevent
the SMC samplesfrom gettingstuckin local possiblynar-
row modesof thetargetdistribution.For high frequency dy-
namic lighting, we chooselocal walk moveswith uniform
randomdirectionalperturbationsof up to a few degreesof
thesamples,while choosingsamplesfrom theenvironment
map (EM) for the independentproposalmoves.When us-
ing local randomwalk moves,thereis an equalprobability

of transitionbetweenw( j)
i andw0( j)

i , i.e. q(w( j)
i ! w0( j)

i ) =

q(w0( j)
i ! w( j)

i ). Thus,the acceptanceprobability alocal of
thelocalwalk movesis givenby:

alocal(w
( j)
i ! w0( j)

i ) = minf 1;
p̃n(w0( j)

i )

p̃n(w( j)
i )

g: (7)

When using independentproposalmoves from the EM,
thetransitionprobabilityof theproposedsampleis givenby

q(w( j)
i ! w0( j)

i ) = Li;n(w0( j)
i )=

R
WLi;ndwi . Hencetheaccep-

tanceprobabilityof theindependentmove is givenby:

aEM(w( j)
i ! w0( j)

i ) = minf 1; p̃n(w0( j)
i )Li;n(w( j)

i )=
R

WLi;ndwi

p̃n(w( j)
i )Li;n(w0( j)

i )=
R

WLi;ndwi
g

= minf 1; fr (w
0( j)
i ! wr ) cosq0( j)

i

fr (w
( j)
i ! wr ) cosq( j)

i

g:

(8)

In practice,weproposeseveralMCMC movespersample
for goodexplorationof thetargetdistribution.

Note theSMC algorithmasdescribedabove is unbiased:
Step1 correspondsto an importancesamplingstep,which
producesthecorrectdistributionat timen usingthedistribu-
tion at time n � 1 as importance.The varianceof this dis-
tribution is reducedby applying the MCMC algorithm in
Step2. SinceMCMC algorithmworks on an unbiaseddis-
tribution,startup-biasis avoided.A formal argumentcanbe
foundin [dMDJ06].

3.1. Dir ect Illumination Estimate

With thesamplesetsandweightsderivedabove,wecannow
estimatethere�ectedradianceatasurfacelocationas

LN;n;smc(wr ) = Lns;n

N

å
j= 1

W( j)
n �V(w( j)

i;n ): (9)

Equation9 can be interpretedas the scalingof the un-
occludedre�ectedradianceLns;n by theweightedaverageof
N visibility testsperformedalong the directionscontribut-
ing most signi�cantly to the radianceat time n. Here, the
normalizationconstantLns;n at time n canbe incrementally
estimatedas

Lns;n

Lns;n� 1
=

R
W p̃n(wi;n� 1)dwi;n� 1R

W p̃n� 1(wi;n� 1)dwi;n� 1
�

N

å
j= 1

W( j)
n� 1 � w̃( j)

n :

(10)

Thederivationof this resultis given in AppendixA. It is
worth pointingout thatthis incrementalestimateof thenor-
malizationconstantLns;n at timen accordingto Equation10
provides the crucial advantagefor the SMC algorithm in
termsof computationalexpenseover a pureMC approach
suchasbidirectionalsamplingwheretheproperestimateof
Lns requiresdrawing large numberof samples.To estimate
Lns;n=Lns;1, onecanusethe productof estimatesgiven by
Equation10 from time t = 2 to n. Lns;1 is estimatedin our
caseduringbidirectionalsamplingfor the�rst timestep.
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A summaryof the methodcanbe found in Algorithm 1.
Thecomplexity of thisalgorithmis in O(N).

Algorithm 1 SMCSamplingfor DynamicIllumination
1: INITIALIZA TION
� Setn = 1.
� For j = 1; :::;N draw w( j)

i;1 � p1 using bidirectional

samplingandsetW( j)
1 = 1=N.

Iterate steps2 and 3:
2: WEIGHTING AND RESAMPLING
� Setn = n+ 1.
� Computenew weightsW( j)

n accordingto Equations3
and 4.

� If ESS< Threshold, resampleandsetW( j)
n = 1=N.

3: SAMPLING
� For j = 1; :::;N draw w( j)

i;n � Kn(wi;n� 1;wi;n).
� EstimateLns;n accordingto Equation10.
� Estimatere�ectedradianceaccordingto Equation9.

4. VarianceReductionwith Intermediate Distrib utions

Theaimof theSMCsamplingalgorithmasdiscussedin Sec-
tion 3 is to "smoothly"move samplesfrom thetargetdistri-
butionat timen� 1 to thetargetdistributionat timen. More
formally, wehavesamples

w( j)
i;n� 1 � pn� 1(wi) =

p̃n� 1(wi)
Lns;n� 1

;

andwewantto move towardssamples

w( j)
i;n � pn(wi) =

p̃n(wi)
Lns;n

:

This transition is smooth under the assumptionthat
pn� 1 � pn. However, this may not be true in practice,es-
peciallyin thecasewherethedynamicillumination is in the
form of a high frequency HDR video environment.If the
discrepancy betweenthe two successive distributionsis too
high, this will result in high variancein the un-normalized

incrementalweightsw̃( j)
n , andthusindirectly result in high

variancein the normalizedweightsW( j)
n . The variancein

W( j)
n canbecounteredwith theresamplingstepaftersequen-

tial importancesampling,resultingin goodestimatesof the
posteriorp̃n. However, the resamplingstepdoesnot affect

the variancein the un-normalizedweightsw̃( j)
n , which can

leadto high variancein theincrementalestimateof thenor-
malizationconstantLns;n accordingto Equation10.

In this scenario,we introducea sequenceof intermediate
distributions[GM98] betweentheoriginaldistribution pn� 1
andthenew onepn in orderto selectasmoothtransitionthat

the samplecanfollow. Theseintermediatedistributionsare
blendsof theoriginaldistributions:

pg
n� 1:n(wi) / p̃g

n� 1:n(wi) = [p̃n� 1(wi)]
1� g[p̃n(wi)]

g; (11)

suchthat

p0
n� 1:n(wi) = pn� 1(wi); p1

n� 1:n(wi) = pn(wi):

In practice,we introduceP discreteintermediatedistri-

butions: pk=P
n� 1:n(wi), wherek = 1; :::;P. We can usethese

new distributions to reducevariancewith little additional
cost.The idea is to reducethe variancein the incremental
weightsw̃n by computingthemasaproductof P incremental
weightsw̃k of theseintermediatedistributions.Theconsecu-

tive intermediatedistributionspk=P
n� 1:n(wi) andp(k� 1)=P

n� 1:n (wi)
arecloserto eachotherby constructionthanpn� 1(wi) is to
pn(wi), resultingin �atter weightsw̃k, ascomparedto w̃n.

TheSMC algorithmwith P intermediatedistributionsre-
quiresslightmodi�cationsto thealgorithmdiscussedin Sec-
tion 3. Insteadof �rst computingtheun-normalizedweights

w̃( j)
n and the normalizedweightsW( j) and then doing the

MCMC transitions,the algorithmfor P intermediatedistri-

butionscomputestheun-normalizedweightsw̃( j)
n asaprod-

uctof P intermediateun-normalizedweightsw̃k;( j) thateach

involve an MCMC kernel of invariant distribution pk=P
n� 1:n.

Here, the intermediateun-normalizedweights w̃k;( j) are
computedas:

w̃k;( j) =
p̃k=P

n� 1:n(wk� 1;( j)
i )

p̃(k� 1)=P
n� 1:n (wk� 1;( j)

i )
: (12)

Assumingwe have samplesf W( j)
n� 1, w( j)

i;n� 1g approximat-
ing pn� 1. Thealgorithmthenproceedsasfollows:

Algorithm 2 SMCwith IntermediateDistributions
1: INITIALIZA TION:
� Wewrite w0;( j)

i = w( j)
i;n� 1 andsetw̃( j)

n = 1.
2: ITERATION: for k = 1; :::;P
� Computew̃k;( j) accordingto Equation12.

� Setw̃( j)
n = w̃( j)

n � w̃k;( j) .
� Samplewk;( j)

i � Kk(wk� 1;( j)
i ;w0k� 1;( j)

i ) of invariant

distribution pk=P
n� 1:n(wi).

At theendof theP iterationsof intermediatedistributions,
the normalizedweightsW( j)

n are still computedaccording
to Equation4, andresampledif the ESSis below the pre-
speci�edthreshold.Finally, thenormalizationconstantLns;n
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andthedirectilluminationestimatearecomputedaccording
to Equations10and 9 respectively.

In general,there is greaterbene�t in termsof variance
reductionin the estimateof the target distribution with the
introductionof a sequenceof P intermediatedistributions
involving oneMCMC moveeachthanwith asingledistribu-
tion involving P MCMC moves,while beingonly a slightly
moreexpensive in termsof computationtime (Figure 3 in
theresultssection).Thisbene�t is becauseasequenceof in-
termediatedistributionssimultaneouslyreducesthevariance

in theun-normalizedweightsw̃( j)
n while exploringthetarget

distributionat timen.

5. UnoccludedIllumination Estimatewith Path
Sampling

In thissection,weexploreanalternativeestimatefor theun-
occludedradianceLns, which can be usedin placeof the
methoddescribedin section3.1. Weobtainthisalternateso-
lution by pathsampling[GM98]. In thestatisticsliterature,
thepathof asampleis de�nedasthecontinuoustrajectoryof
asampleovertime.It shouldnotbeconfusedwith light paths
in classicalglobalilluminationliterature.With thisde�nition
of path,path samplingrefersto smoothlymoving samples
from onedistribution to thenext.

Consideringacontinuouspathof distributions

pg
n� 1:n(wi) =

p̃g
n� 1:n(wi)

Lg
ns;n� 1:n

;

thefollowing pathsamplingidentityholds[GM98]:

log(
Lns;n

Lns;n� 1
) =

Z 1

0

Z dlog( p̃g
n� 1:n(wi))

dg
pg

n� 1:n(wi)dwidg:

(13)

In ourcase,thelogarithmof thetargetfunction p̃ is given
by

log( p̃g
n� 1:n(wi)) = (1� g) log( p̃n� 1(wi)) + glog( p̃n(wi))

accordingto Equation11.

Thus,thederivativeof thelogarithmof thefunctionis

d log( p̃g
n� 1:n(wi))

dg
= log(

p̃n(wi)
p̃n� 1(wi)

): (14)

Whenconsideringadiscretepathof P intermediatedistri-
bution,wecanapproximateEquation13with

log( Lns;n
Lns;n� 1

) = 1
På P

k= 1
R

log( p̃n(wi )
p̃n� 1(wi )

)pk=P
n� 1:n(wi)dwi

� 1
På P

k= 1 å N
j= 1Wk;( j) log( p̃n(wk;( j)

i )

p̃n� 1(wk;( j)
i )

):

(15)

NotethatEquation15 involvescomputingthenormalized

weightsWk;( j) for every intermediatedistribution pk=P
n� 1:n,

which is not requiredwhenusingthe standardform of the
intermediatedistributions.The un-normalizedintermediate
weightsw̃k;( j) arestill computedaccordingto Equation12.

Whenusingpathsampling,wecanalsoobtainanestimate
of log(Lns=Lns;1) asfollows

log(
Lns;n

Lns;1
) =

n

å
t= 2

log(
Lns;t

Lns;t� 1
): (16)

Computingthe normalizationconstantusing path sam-
pling is a bit moreexpensive thanthestandardintroduction
of theP intermediatedistributionsasdiscussedin Section4.
However, theestimateof Lns accordingto Equation15 gen-
erallyhaslowervariancethanusingP intermediatedistribu-
tionswith thestandardratioaccordingto Equation10.

6. Implementation

We have implementedthe algorithm describedabove in a
systemthatoffers two renderingmodes:a relightingmode,
andamodethatallows for freecameramovement.

Relighting. In relightingmode,thecameraandobjectarein
�x ed locations,andonly the environmentcanchange.The
initial frameis renderedusingbidirectionalimportancesam-
pling. For all subsequentframes,thesamplesfor eachpixel
arepropagatedandmutatedasdescribedabove,andform the
sampleset for the samepixel in the next frame(Figures4
and5).

Free camera movement. Once the camerais allowed to
move freely, a surfacepoint will project to differentpixels
in different frames.We take this into accountby tracking
themotionof thesurfacepointsat which thesampleswere
generated.Whenwe ray-tracea samplefor oneframe,we
alsostorethecorrespondinginformationinto thenext frame.
To this end,we computewhich pixel thesurfacepoint will
project to at the next time step,andstoreall samplesfrom
the currentframeinto that pixel. The memoryrequirement
for this procedureis about300Bytes/pixel. Whenwe want
to computethe illumination for the next frame,most pix-
elswill thereforehave a samplesetfrom thepreviousframe
associatedwith them.Wepropagateandmutatethoseasdis-
cussed.Otherpixelsmight not have a samplesetdueto dis-
occlusion,or differencesin samplingrate.We startbidirec-
tional importancesamplingfor thesepixelsonly (Figure6).

Generalobjectmovementscanbedealtwith thesameway
ascameramovements:by knowing whereobjectpointswill
be locatedin the next time step,we can storesamplein-
formationat the appropriatepixel locations.Currently, our
implementationdoesnotsupportthis kind of objectmotion.
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Figure2: Quality comparisonof singledistributionvssequenceof intermediatedistributionswith Davidmodel(PhongBRDF
s= 50, ks = kd = 0:5) in GraceCathedral HDR EM. Left: Singledistribution with 10 MCMC moves.Center:10 intermediate
distributionswith Lns computedwith standard ratio.Right:10intermediatedistributionswith Lns computedwith pathsampling.
Renderingtimesare identical(5 seconds).

7. Results

In this sectionwe comparetheresultsof our unbiasedSMC
samplingalgorithmwith bidirectionalimportancesampling
for renderingfrom HDR video environments.Imageswere
generatedwith a reasonablywell-optimizedray tracerusing
avoxel grid astheaccelerationdatastructurefor intersection
queries.Our comparisonsexaminetheoutputquality of the
two renderingalgorithmsfor a �x ed amountof computing
time. We performedthesetestson a 3.6GHz Xeonrunning
Linux SuSE9.0.

Figure 1 presentsa comparisonof our SMC algorithm
with bidirectional importancesamplingfor a sequenceof
the sky probegallery [SJW� 04]. The imageon the left is
the �rst frame of the sequencerenderedat a high quality
usingbidirectionalsampling(N = 16, M = 800) in 8 sec-
onds.The imagein the centeris the 5th frame of the se-
quencerenderedusingour SMC algorithm(N = 16,P = 5)
with pathsamplingin 4 seconds.The BRDF of the David
modelin theseimageshasa high specularexponent(Phong
s = 50) andno diffusecomponent.Undertheseconditions
of high frequency lighting andhighly specularBRDF, our
SMC algorithmdoesmuchbetterthanbidirectionalimpor-
tancesamplingfor thesamecomputationtimeof 4 seconds.
In this case,bidirectionalsamplingcouldonly usea smaller
numberof samples(M = 200) to estimateLns for thesame
computetime (right).

Figure 2 presentsthe quality comparisonof renderings
producedwith our SMC algorithmwhenusinga singledis-
tribution(left) versuswhenusingasequenceof intermediate
distributionswith standardratio (center)andpathsampling
(right). Theseimagescorrespondto the�rst framerendered
by our SMC algorithmafter rotatingtheEM by 1:5� along
the radial directionsimulatinga small changein the HDR

illumination of theGraceCathedral.Thesequenceof inter-
mediatedistributionsgreatlyhelp in reducingthe variance
in the incrementalcomputationof Lns comparedto a single
distribution,while pathsamplingimprovesthequalityof the
estimateabit more.Here,theBRDFof theDavid modelhas
asigni�cant diffusecomponent.Hence,theincrementalesti-
mateof theLns hashighervariancecomparedto Figure1 as
theSMC algorithmusesonly a very small numberof sam-
plesto approximatetheLns.
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Figure 3: Convergenceplots of RMSerrors for singledis-
tributionwith multipleMCMCmovesandsequenceof inter-
mediatedistributionswith oneMCMCmoveeach. Notehow
theRMSerror reducesfastwhenusinga sequenceof inter-
mediatedistributionswhile theerror doesnot really reduce
much with justonedistribution.

In Figure3, we presenta comparisonof theconvergence
in termsof RMSerrorsfor asingledistributionwith multiple
MCMC movesanda sequenceof intermediatedistributions
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with pathsampling.TheRMS errorplot wascomputedfor
sameframerenderedin Figure2 with ourSMCalgorithm.It
is clearfrom theplot thatmultiple MCMC movesfor a sin-
gledistributiondonothelpmuchin reducingthevariancein
the incrementalcomputationof Lns, thoughthey may help
in exploring the target function p̃. A sequenceof interme-
diatedistributionswith 1 MCMC move perdistribution, on
the otherhand,is effective in reducingthe variancein the
computationof Lns.

The introductionof a sequenceof intermediatedistribu-
tions alsohelpsin reducingthe degeneracy of the samples.
We tracked the sampledegeneracy, in terms of ESS, for
sequenceof 100 frameswhile renderingthe David model
(PhongBRDFs= 50,ks = kd = 0:5) in theGraceCathedral
HDR EM with rotationsto the EM by 1:5� per frame.We
observed that,on anaverage,thesamplescorrespondingto
36% of the pixels requiredresamplingwhenusinga single
distribution with 5 MCMC movespersample.This fraction
reducedto 18% when using a sequenceof 5 intermediate
distributionsand1 MCMC movepersamplewith pathsam-
pling. Hence,the additionalcostof computinga sequence
of intermediatedistributionsis offset to anextentby having
to resamplefewer samples.In practice,we usedonly up to
5� 7 intermediatedistributionsasthiswasenoughto reduce
the varianceof mostpixels. However, in order to maintain
thequalityof therenderingsover time,wetrackedtheincre-
mentalestimateof Lns andexplicitly computedLns;n using
a largenumberof sampleswhenever theratioLns;n=Lns;1 al-
teredsigni�cantly.

Figure 4 presentsthe quality comparisonbetweenbidi-
rectionalsamplingandour SMC samplingalgorithmfor a
dynamicenvironmentsequencefrom dawn to duskfrom the
sky probegallery [SJW� 04]. We usedthesampleHDR sky
probeimagesfrom thegallery thathave beencapturedat 10
minuteintervalsaskey framesof our sequenceandinterpo-
latedto create3 additionalframesbetweeneachkey frame.
TheDavid modelin theseimageshasthesamehighly spec-
ular BRDF as in Figure 1, and in this situation,our SMC
algorithm performsmuch better than bidirectional impor-
tancesamplingfor thesamecomputationtimeof 4 seconds.
TheSMCsamplesalsohavea lot moretemporalcoherence,
greatlyreducing�ick eringin theanimation(pleasereferthe
video).

Figure 5 presentsthe quality comparisonbetweenbidi-
rectionalsamplingandourSMCsamplingalgorithmfor the
samesky probesequencefrom sunriseto sunset,exceptthat
theBRDF of theDavid modelnow hasa signi�cant diffuse
component(PhongBRDF s = 50, ks = kd = 0:5). In this
case,the differencein the quality of renderingsproduced
by the two algorithmsis not much as the SMC algorithm
needsto estimatethere�ected radiancedueto a wider lobe
with a small numberof samples.However, the imagescor-
respondingto the SMC algorithmstill have lower variance

thanbidirectionalsamplingwherever thespecularcontribu-
tion is high.

In Figure6, wepresentexamplerenderingswith ourSMC
samplingalgorithmadaptedfor changingviewpoint asdis-
cussedin Section6. Werenderedasequencewith thecamera
moving from right to left of theDavid modelwith 2� rota-
tion of thecamerabetweenevery frame.The imagesin the
bottomrow arefalsecolor visualizationsof the pixels cor-
respondingto re-projectedpoints that usedSMC sampling
(green)andnew exposedpixelsthatusedbidirectionalsam-
pling (red) for the two viewpoints.As shown here,in a se-
quenceinvolving a slowly moving camera,mostpixelscan
effectively usesamplespropagatedfrom neighboringpixels
in subsequentframes.

Figure 6: SMCsamplingfor a camera animationsequence
with theDavid modelin theGraceCathedral EM. Top row:
Images rendered with SMC sampling for dynamic view-
points. Bottom row: False color visualizationof bidirec-
tional samples(red)andSMCsamples(green).

Thespeedupthatwegetin thecaseof moving camerasis
lower thanthe speedupfor relighting,sincewe cannotuse
SMC for all pixelsdueto occlusion,andsincethereprojec-
tion of samplesinto the next frameconsumestime. While
we �nd a speedupof abouta factorof 2 for relighting, the
speedupfor moving camerasis only 1.6.Notethatamoving
camerais in somesensethe worst casescenario,sinceall
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Figure 4: Quality comparisonbetweenbidirectionalsamplingandour SMCsamplingalgorithmfor a specularBRDFin the
sky probegallery sequence. Top row: Bidirectionalsampling(N = 16, M = 200). Bottomrow: SMCsampling(N = 16, P = 5,
pathsampling).All imagestookthesamecomputetimeof 4 seconds.

points in the scenemove. In generalsceneswith only few
objectsmoving, onewouldexpectaspeedupsomewherebe-
tweentheextremesof relightingandthecameramovement.

8. Conclusions

In thispaperwehaveintroducedtheuseof SequentialMonte
Carlo methodsfor ef�ciently computing direct illumina-
tion in the presenceof both high frequency Illumination
andBRDF. By propagating samplesover time, the method
makesef�cient useof coherenceacrossframes.We demon-
stratethatthisapproachresultsin signi�cantly reducedvari-
ancefor thesamecomputetime comparedto otherstate-of-
the-artmethods.

SequentialMonteCarlosamplershave beenthe focusof
recentresearchactivities in statisticsandmachinelearning.
The samplingstrategiesusedin this paperareat the lead-
ing edgeof methodsdevelopedin thoseareas.We believe
thatthesemethodsarepromisingfor solvingothersampling
problemsin computergraphics,for examplefor global illu-
minationwith photonmaps.

9. Acknowledgments

Wewouldliketo thankDavid Burkefor providingushisray-
tracer, Paul Debevecfor theHDR sky probegallery anden-
vironmentmaps,DerekBradley for helpingwith thevideo,
andtheStanfordDigital Michelangeloprojectfor theDavid
model. We also thank our anonymous reviewers for their
valuablecommentsand suggestions.The �rst authorwas
supportedby aUBC UniversityGraduateFellowshipfor the
year2005-06.

References

[ARBJ03] AGARWAL S., RAMAMOORTHI R., BE-
LONGIE S., JENSEN H. W.: Structuredimportancesam-
pling of environmentmaps.ACM TransactionsonGraph-
ics (Proc.SIGGRAPH)22, 3 (July2003),605–612. 2

[BGH05] BURKE D., GHOSH A., HEIDRICH W.: Bidi-
rectionalimportancesamplingfor direct illumination. In
Proc. of Eurographics Symposiumon Rendering(June
2005),pp.147–156. 1, 2, 3, 4

c
 TheEurographicsAssociation2006.



A. Ghosh,A. Doucet,& W. Heidrich / SequentialSamplingfor DynamicEnvironmentMap Illumination

Figure 5: Quality comparisonbetweenbidirectionalsamplingand our SMCsamplingalgorithm for a BRDF with a diffuse
componentin thesky probegallerysequence. Toprow: Bidirectionalsampling(N = 16, M = 200). Bottomrow: SMCsampling
(N = 16, P = 5, pathsampling).All imagestookthesamecomputetimeof 4 seconds.

[CD01] COHEN J., DEBEVEC P.:
Light-gen. HDRshop plugin, 2001.
http://www.ict.usc.edu/̃jcohen/lightgen/lightgen.html.
2

[CJAMJ05] CLARBERG P., JAROSZ W., AKENINE-
MÖLLER T., JENSEN H. W.: Wavelet importancesam-
pling: Ef�ciently evalutatingproductsof complex func-
tions.ACMTransactionsonGraphics(Proc.SIGGRAPH)
24, 3 (Aug. 2005),1166–1175.1, 3

[CTE05] CLINE D., TALBOT J., EGBERT P.: Energy re-
distribution pathtracing.ACM Transactionson Graphics
(Proc.SIGGRAPH)24, 3 (Aug. 2005),1186–1195.3

[DdFG01] DOUCET A., DE FREITAS N., GORDON N.:
SequentialMonteCarlo Methodsin Practice. Springer-
Verlag,New York, 2001. 3

[Deb05] DEBEVEC P.: A mediancut algorithmfor light
probesampling,2005.SIGGRAPH2005Poster. 2

[DJA� 04] DUTRE P., JENSEN H. W., ARVO J., BALA K.,
BEKAERT P., MARSCHNER S., PHARR M.: SIGGRAPH

CourseNotes:Stateof theArt in MonteCarlo Global Il-
lumination. ACM SIGGRAPH,2004. 5

[dMDJ06] DEL MORAL P., DOUCET A., JASRA A.: Se-
quentialmontecarlosamplers.J. RoyalStatist.Soc.B 68,
3 (2006),1–26. 3, 4, 5

[FCL05] FAN S., CHENNEY S., LAI Y.: Metropolis
photonsamplingwith optional userguidance. In Proc.
of EurographicsSymposiumon Rendering(June2005),
pp.127–138. 3

[GM98] GELMAN A., MENG X. L.: Simulatingnormal-
ization constants:From importancesamplingto bridge
samplingto pathsampling. Statist.Sci.13 (1998),163–
185. 6, 7

[HDMS03] HAVRAN V., DAMEZ C., MYSZKOWSKI K.,
SEIDEL H.: An ef�cient spatio-temporalarchitecturefor
animationrendering. In Proc. of EurographicsSympo-
siumonRendering(June2003),pp.106–117. 3

[HDS03] HAVRAN V., DMITRIEV K., SEIDEL H.:

c
 TheEurographicsAssociation2006.



A. Ghosh,A. Doucet,& W. Heidrich / SequentialSamplingfor DynamicEnvironmentMap Illumination

Goenometricdiagrammappingof hemisphere.In Short
Presentations(Eurographics2003)(2003). 3

[HSK� 05] HAVRAN V., SMYK M., KRAWCZYK G.,
MYSZKOWSKI K., SEIDEL H.: Interactivesystemfor dy-
namicscenelighting usingcapturedvideo environement
maps.In Proc.of EurographicsSymposiumonRendering
(June2005),pp.43–54. 1

[KK03] KOLLIG T., KELLER A.: Ef�cient illumination
by high dynamicrangeimages.In Proc.of Eurographics
SymposiumonRendering(June2003),pp.45–51. 2

[LC98] L IU J., CHEN R.: Sequentialmontecarlofor dy-
namicsystems.J. Amer. Statist.Assoc.93 (1998),1032–
1044. 4

[LRR04] LAWRENCE J., RUSINKIEWICZ S., RA-
MAMOORTHI R.: Ef�cient BRDF importancesampling
using a factored representation. ACM Transactions
on Graphics (Proc. SIGGRAPH)23, 3 (Aug. 2004),
496–505. 2

[LRR05] LAWRENCE J., RUSINKIEWICZ S., RA-
MAMOORTHI R.: Adaptive numerical cumulative
distribution functionsfor ef�cient importancesampling.
In Proc.of EurographicsSymposiumon Rendering(June
2005),pp.11–20. 2, 3

[MFSSK06] MÉNDEZ-FELIU A., SBERT M., SZIRMAY-
KALOS L.: Reusingframesin cameraanimation.Journal
of WSCG,14 (2006). 3

[MH97] MCCOOL M. D., HARWOOD P. K.: Probability
trees.In Proc.GraphicsInterface(1997),pp.37–46. 2

[MRR� 53] METROPOLIS N., ROSENBLUTH A. W.,
ROSENBLUTH M. N., TELLER A. H., TELLER E.: Equa-
tion of statecalculationsby fast computingmachines.
Journalof ChemicalPhysics21, 6 (1953),1087–1092.2

[ODJ04] OSTROMOUKHOV V., DONOHUE C., JODOIN

P.-M.: Fasthierarchicalimportancesamplingwith blue
noiseproperties.ACM Transactionson Graphics(Proc.
SIGGRAPH)23, 3 (Aug. 2004),488–495. 2

[Shi00] SHIRLEY P.: RealisticRayTracing. A K Peters,
Natick,2000. 2

[SHS02] SECORD A., HEIDRICH W., STREIT L.: Fast
primitive distribution for illustration. In Proc. of Euro-
graphicsWorkshopon Rendering(June2002),pp. 215–
226. 2

[SJW� 04] STUMPFEL J., JONES A., WENGER A.,
TCHOU C., HAWKINS T., DEBEVEC P.: Direct hdr cap-
ture of the sunandsky, 2004. SIGGRAPH2004Poster.
8, 9

[SSSK04] SBERT M., SZECSI L., SZIRMAY-KALOS L.:
Real-timelight animation. ComputerGraphics Forum
(Eurographics04 Proceedings)23, 3 (Sept.2004),291–
299. 3

[TCE05] TALBOT J., CLINE D., EGBERT P.: Importance

resamplingfor global illumination. In Proc. of Euro-
graphicsSymposiumonRendering(June2005),pp.139–
146. 1, 3

[VG95] VEACH E., GUIBAS L.: Optimally combining
samplingtechniquesfor montecarlo rendering.In Proc.
of ACM SIGGRAPH'95 (Aug. 1995),pp.419–428. 3

[VG97] VEACH E., GUIBAS L.: Metropolis light trans-
port. In Proc.of ACM SIGGRAPH'97 (1997),pp.65–76.
3

[WWL05] WAN L., WONG T., LEUNG C.: Sphericalq2-
tree for samplingdynamic environment sequences. In
Proc. of Eurographics Symposiumon Rendering(June
2005),pp.21–30. 1, 3

Appendix A: NormalizationConstant

The normalization constantLns;n at time n can be in-
crementallyestimatedaccordingto Equation 10 in Sec-
tion 3.1. This result can be explained as follows: the

weightedempirical distribution f W( j)
n� 1;w( j)

i;n� 1:ng obtained
after the MCMC sampling step is an approximationof
pn� 1(wi;n� 1)Kn(wi;n� 1;wi;n) accordingto Equation5. The
expectationE(w̃n) of the incrementalweightsw̃n with re-
spectto this joint distribution pn� 1 � Kn is

E(w̃n)

=
Z

W

Z

W
w̃npn� 1(wi;n� 1)Kn(wi;n� 1;wi;n) dwi;n dwi;n� 1

=
Z

W

Z

W

p̃n(wi;n� 1)
p̃n� 1(wi;n� 1)

pn� 1(wi;n� 1)Kn(wi;n� 1;wi;n)

dwi;n dwi;n� 1

=
1

Lns;n� 1

Z

W

Z

W
p̃n(wi;n� 1)Kn(wi;n� 1;wi;n) dwi;n dwi;n� 1

=
1

Lns;n� 1

Z

W
p̃n(wi;n� 1) dwi;n� 1

=
Lns;n

Lns;n� 1
:

TheMonteCarloestimateof thisexpectationis givenby

E(w̃n) �
N

å
j= 1

W( j)
n� 1 � w̃( j)

n : (17)
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