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Abstract

Image-basedrepresentationsfor illuminationcancapturecomplex real-worldlighting that is dif�cult to represent
in other forms.Current importancesamplingstrategies for image-basedillumination havedif�culties in cases
where boththe illumination andthesurfaceBRDFcontainimportanthigh-frequencydetail – for example, when
a specularsurfaceis illuminatedbyanenvironmentmapcontainingsmall light sources.
We introducethe notion of bidirectional importancesampling, in which samplesare drawn from the product
distribution of both the surfacere�ectanceand the light source energy. While this approach makesthe sample
selectionprocessmore expensive, we drastically reducethe numberof visibility testsrequired to obtain good
image quality. Asa consequence, weachievesigni�cant quality improvementsover previoussamplingstrategies
for thesamecomputetime.

Keywords: MethodsandApplications– MonteCarloTechniques;Rendering– RayTracing;Rendering– Global
Illumination.

CategoriesandSubjectDescriptors(accordingto ACM CCS): I.3.7[COMPUTERGRAPHICS]:Three-Dimensional
GraphicsandRealism,Raytracing.

1. Intr oduction

Image-basedrepresentationsfor illumination, suchasenvi-
ronmentmaps,texturedarealights,andlight �elds, have re-
ceivedconsiderableattentionin recentyears.Themainrea-
son for this attentionis that imagescan capturecomplex
real-world illumination that is dif�cult to representin other
forms.

When integrating image-basedlighting suchasenviron-
mentmapsinto a renderingsystem,theuseof a goodsam-
pling strategy for illumination is paramount.While several
researchershave recentlyworked on this problem,the ap-
proachtaken in most of that work is an importancesam-
pling strategy basedon theenergy distribution in theimage.
Unfortunately, suchanapproachperformspoorly for highly
specularsurfaces,sincesampleschosenthiswayhavea low
probability of residingwithin the specularlobe. Similarly,
if importancesamplingis basedsolelyon theBRDF of the

† E-mail:{dburke,ghosh,heidrich}@cs.ubc.ca

surface,then the samplingwill not performwell for high-
frequency illumination. In eithercase,costlyvisibility tests
arerequiredfor directionsthatcontributelittle to thesurface
illumination for aparticularviewpoint.

Thispaperintroducesbidirectionalimportancesampling,
a methodthatsamplesvisibility accordingto animportance
derivedfrom theproductof BRDF andenvironmentmapil-
lumination.† Thechallengeof thisapproachis to developan
ef�cient meansof drawing samplesfrom this productdis-
tribution. The task is complicatedby the fact that the 2D
BRDF slice variesfrom point to point on the surface.Fur-
thermore,the environmentmap is usually representedrel-
ative to a global coordinateframe,while the BRDF is ex-
pressedin a local framethat changeswith surfaceorienta-

† In ourdiscussionwewill referto environmentmapsalthoughthe
methodalsoappliesto texture-mappedarealight sourcesas illus-
tratedin Figure7.
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tion. For thesereasons,precomputationapproaches,suchas
storinga tableof theproductdistribution,areinfeasible.

Oursolutionto thisproblemis atwo-stepapproach.In the
�rst step,the productdistribution is estimatedbasedsolely
on light sourceand BRDF information, but not visibility.
Thisestimateis implementedusingeitherrejectionsampling
(Section4.1) or sampling-importanceresampling(SIR,Sec-
tion 4.2). Sinceno visibility testsare involved in this �rst
step,it canbeperformedrapidly. Thesecondstepthenuses
the distribution generatedin the �rst step for importance
samplingof thedirectillumination,includingvisibility tests.
Thisapproachhasthefollowing bene�ts:

� Visibility testsare restrictedto directionsthat can con-
tribute signi�cantly to the illumination. The numberof
visibility testscanbereduceddrasticallyasa result.

� Whileourmethodincreasesthecostof samplegeneration,
weachievesigni�cant quality improvementsfor thesame
computetime undertheassumptionof BRDF representa-
tionsthatsupportef�cient evaluationandsampling.

� Theperformancegainsincreasefor morecomplex scenes,
sincesamplegenerationis independentof scenecomplex-
ity whereasvisibility testsarenot.

� Our methodcreatessampleson the �y anddoesnot re-
quireexpensiveprecomputation.

Therestof this paperis structuredin the following man-
ner. Section2 reviews someof the relevant work in sam-
pling from imagesandenvironmentmaps.Section3 givesan
overview of ourapproach,beforedescribingtwo realizations
in Section4. Strati�cation aswell asanextensionaddinga
solidangletermto theimportancearediscussedin Section5.
Weconcludewith resultsandadiscussionin Section6.

2. RelatedWork

All renderingsystems,bothglobalandlocal, mustat some
point computethedirect illumination in thescene.Unfortu-
nately, this taskremainsexpensive, especiallyfor complex
light sourcessuchas environmentmapsand other image-
basedrepresentations.Much effort hasfocusedon the de-
velopmentof moreef�cient techniquesfor completingthis
task.

2.1. Sampling fr om Envir onmentMaps

Illumination from environment mapshas beena topic of
much recentresearch.Most of this work focuseson inter-
active applicationsandthereforeusesexpensive precompu-
tation[Gre86,HS99,KM00,KVHS00]. In somerecentwork,
theilluminationand/orBRDFareprojectedinto �nite bases
suchas sphericalharmonics(e.g., [RH01, RH02, SKS02])
andwavelets[NRH03].

Other researchershave usedimportancesamplingtech-
niquesto distribute samplesaccordingto the energy distri-
bution in theenvironmentmap.Theimportancesamplingis

often implementedusinga point relaxationscheme[CD01,
KK03] relatedto Lloyd's clusteringalgorithm[Llo83]. This
methodhasalso beenusedin a stippling context for im-
portancesamplingfrom imagedata[DHvOS00]. Thesere-
laxationmethodshave the disadvantageof requiring time-
consumingprecomputation.Also, Lloyd's algorithmis not
provento convergein dimensionshigherthan1,andin prac-
tice thesealgorithmscanmisshigh-frequency detail in the
images.

Ostromoukhov et al. [ODJ04] presenteda techniquefor
distributing 2D point samplesthat is much faster than
relaxation-basedapproachesand also appearsto produce
a good spatial distribution for the points. In the context
of stippling, Secordet al. [SHS02] describedan algorithm
basedoncomputingthecumulativedensityfunctionby pre-
integratingandinverting the imageintensities.Afterwards,
samplescanbedrawn from thecumulative densityfunction
in constanttime. This is a simple and ef�cient method,a
variantof whichweusein ourwork.

Agarwal et al. [ARBJ03] introduceda samplingmethod
for environment maps in which the sampledimportance
takes into accountboth the energy distribution in the en-
vironmentmapandthe solid angleseparatingthe samples.
In this way, closeclusteringof environmentmapsamplesis
avoided,whichreducesredundantshadow tests.In ourwork,
we canalsochooseto includethesolid anglein the impor-
tanceterm (Section5). Like other algorithms,Agarwal et
al.'smethodis basedonpointrelaxation,but in additionthey
requirequantizationof theenvironmentmap.

As an extensionto their work, Agarwal et al. [ARBJ03]
sortthesamplesfor eachshadingoperationby themagnitude
of their contribution to the �nal illumination. They sample
all point lightsdeterministically, in orderof contribution,un-
til thecontrastthat theremaininglights canaddfalls below
apredeterminedthreshold.Thisuseof theproductof BRDF
andenvironmentmapvalueis onesteptowardsourapproach
of drawing samplesaccordingto an importancethat is the
productof BRDFandlight distribution.

However, likeotherpoint-relaxationmethods,Agarwal et
al. generateonly onesamplingpatternanduseit through-
out the scene.This techniqueessentiallyreplacesthe en-
vironmentmap with a set of directional light sources.On
the one hand, this approacheliminatesnoise, but on the
otherhandit introducesaliasingvisible in theform of quan-
tizedpenumbraregions,banding,or missinghighlightsfrom
smallerlight sources.Kollig andKeller [KK03] proposeto
useinterleaved sampling[KH01] of multiple precomputed
patternsto reducethisproblem.

In our work, we usedifferent randomsamplingpatterns
for everysurfacelocation.While thisintroducesnoise,it gets
rid of aliasingandhelpsavoid visibility testsfor directions
thatarenot importantfor agivenBRDF.
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2.2. Sampling fr om BRDFs

Importancesamplingfrom the BRDF is a commonopera-
tion. Theexactmechanicsof it, however, dependonthespe-
ci�c representationused.Simpleanalyticalmodelssuchas
diffuse,Phong,or generalizedcosinemodelscanbesampled
analytically(seee.g.,[Shi00]).

For tabulated BRDFs, McCool and Harwood [MH97]
proposeda kd-tree representationthat can be ef�ciently
traversedfor importancesampling.Recently, Lawrenceet
al. [LRR04] introduceda methodthat works on a factored
representationinstead.This alsoreducesthe memoryfoot-
print of theBRDFrepresentation.

In thecaseof proceduralshaders,importancesamplingis
dif�cult, but it canbedoneif theshaderprovidesadditional
information.For example,Slusalleket al. [SPS95] propose
that the shadershouldprovide cosinelobesapproximating
the full re�ectancefunction for a given point. Theselobes
canthenbesampledanalytically.

In ourcurrentimplementationweuseonly Phonganddif-
fusere�ection models.However, ourmethodcouldeasilybe
extendedto incorporatemoresophisticatedmaterialsusing
any of theabovemethods.

2.3. Multiple SamplingApproaches

Therehasalsobeenwork on multiple samplingapproaches.
VeachandGuibas[VG95] weightsamplesdrawn from both
the light sourcesand the BRDF to reducethe varianceof
the results.Beforerendering,a decisionis madeasto how
many samplesto draw from eachdistribution.Theresulting
varianceis thereforea simpleblendbetweenthe variances
of the individual distributions(seeSection3). Our method
reducesvariancefurtherby samplingdirectly from theprod-
uct distribution, ratherthanjust mixing samplestakenfrom
theindividualdistributions.

The recentwork of Szecsiet al. [SSSK04] is basedon
correlatedsampling,in which the unoccludedillumination
is computedseparately, andonly the differencedueto vis-
ibility is sampled.This methodgenerallyperformswell in
fully visible regions,but ratherpoorly in occludedor par-
tially occludedregions,sincethesamplingof visibility does
not follow a specialsamplingpattern.Our work, by con-
trast,focusesvisibility testson directionsfor which we can
expectmajorcontributionsto theillumination.Ourapproach
is mathematicallystraightforwardandallowsfor directsam-
pling of theproductdistribution of illumination andBRDF
withoutany guesswork.

3. Bidir ectional Importance Sampling

As mentionedin theintroduction,weproposeabidirectional
samplingapproachin which both theenergy distribution in
the environmentmapandthe re�ectanceof the BRDF are

takeninto account.This is a two-stepapproach:we initially
createsamplesaccordingto either the BRDF aloneor the
environmentmapalone,andthenadjustthesesamplesto be
proportionalto the productdistribution. The adjustedsam-
plesarethenusedfor visibility testing.

We operateon theassumptionthatcreatingsamplesfrom
only theenvironmentmapor only theBRDF modelis inex-
pensive, andthat thevisibility testdominatesthecost.This
assumptionholdsfor sceneswith complex geometryandfor
BRDF modelsoptimizedfor sampling.In this scenario,one
canbene�t from extra time spentin attaininga goodsam-
ple distribution that takesboth the BRDF andenvironment
mapinto account.Sucha distribution selectsonly thosedi-
rectionsfor visibility testingthat contribute signi�cantly to
there�ectedradianceof thesurfaceunderevaluation.

Considerthedirect illumination at a point for a givenob-
serverdirectionwr :

Lr (wr ) =
Z

W
fr (wi ! wr ) cosqiLi(wi)V(wi)dwi ; (1)

with Li denotingthe incidentillumination from anenviron-
mentmap, fr representingtheBRDF, andV beingthebinary
visibility term.

Our approachis to perform importancesamplingusing
theproductof the incidentlight distribution andtheBRDF
astheimportancefunction:

p(wi) :=
fr (wi ! wr ) cosqiLi(wi)R

W fr (wi ! wr ) cosqiLi(wi)dwi
: (2)

Observethatthenormalizationtermin thedenominatoris
thedirectilluminationintegralwith thevisibility termV(wi)
omitted.In otherwords,this term is the exitant radiancein
theabsenceof shadows.We refer to it asLns (“radiance,no
shadows”):

Lns :=
Z

W
fr (wi ! wr ) cosqiLi(wi)dwi : (3)

If we draw sampledirectionswi; j � p(wi) accordingto
theproductdistributionin Equation2, wecanestimateEqua-
tion 1 with LN;p, where

LN;p(wr ) =
1
N

N

å
j= 1

fr (wi; j ! wr ) cosqi; jLi(wi; j )V(wi; j )
p(wi; j )

;

=
Lns

N

N

å
j= 1

V(wi; j ): (4)

We referto LN;p asthebidirectionalestimatorfor thedi-
rect illumination integral. Theevaluationof Equation4 can
be interpretedas taking the unoccludedre�ected radiance
Lns andscalingit by the averageresultof N visibility tests
performedalongdirectionsthatcontributemostsigni�cantly
to theradiance.

c
 TheEurographicsAssociation2005.



D. Burke, A. Ghosh& W. Heidrich / BidirectionalImportanceSamplingfor DirectIllumination

Wecancomputethevarianceof thisestimatorusingstan-
dardresultsfor importancesampling(e.g.[Shi00]), andob-
tain

wi; j � p(wi) ! var(LN;p) = L2
ns

N var(V(wi)) :

Notethatthevarianceof thebidirectionalestimatorfor the
re�ected radiancedependsonly on the variancein the vis-
ibility function. By contrast,conventionalapproachesper-
form importancesamplingeithersolelyfrom theintensityin
thelighting or solelyfrom theBRDF. In theformercase,we
gettheimportancefunction

qL(wi) :=
Li(wi)R

WLi(wi)dwi
(5)

with thecorrespondingMonteCarloestimator

LN;L(wr ) =
1
N

N

å
j= 1

fr (wi; j ! wr ) cosqi; jLi(wi; j )V(wi; j )
qL(wi; j )

=
R
WLi(wi)dwi

N

N

å
j= 1

fr (wi; j ! wr ) cosqi; jV(wi; j ):

Theresultingvarianceusingthis estimatorwi; j � qL(wi)
is then:

var(LN;L) =
R

Li
2

N
var( fr (wi ! wr ) cosqiV(wi)) :

In otherwords,whenproposingsamplesfrom the envi-
ronmentonly, the resultingvarianceis proportionalto the
variancein the BRDF. Similarly, when proposingsolely
from theBRDF, varianceis proportionalto thelights. It fol-
lows thatthegreatestreductionin imagenoiseoccurswhen
samplesaredrawn from the functionwith greatervariance.
This is consistentwith intuition. If the BRDFs arediffuse
but the lighting containshigh frequencies,then directions
shouldbechosenaccordingto the importanceof the lights.
On the otherhand,if light sourcesin the environmentmap
arerelatively broadbut thesurfacesareglossyor shiny, then
proposingfrom theBRDFwill bethebetterapproach.

Eitherapproachwill producesigni�cant noiseif boththe
BRDF and the illumination containany high frequency in-
formation.The solutionof VeachandGuibas[VG95] was
to combinesamplesdrawn exclusively from eitherthelights
or the BRDF. However, a mix of samplesstill suffers from
dependenceon thevariancesof theindividual techniques.

Figure1 shows angularplots of the probabilitydensities
correspondingto thevariousproposaldistributions.Thetop
image depictssamplesdrawn from a PhongBRDF over-
laid onto the energy distribution of an environmentmap.It
is obvious that samplingfrom the BRDF alonemissesthe
bright lights in the environment.The centerimageshows
samplesdrawn from anenvironmentmap,renderedinto the
importancefunctionfor thePhongBRDFataspeci�c view-
ing direction.It canbe seenthat mostof thesesamplesare
placedoutsidethe specularlobe of the BRDF. Finally, the

Figure 1: From top to bottom:angular plots of the impor-
tancefunctionof theGraceCathedral EM,a specularPhong
BRDFof exponent50,andtheir product.Samples(reddiscs)
drawn solelyfrom the BRDF or the environmentvastlyun-
dersamplethe product distribution. The sampleset in the
bottomimage was generated with our SIR technique(de-
scribedin Section4.2).

bottom imagerepresentssamplesdrawn form the product
distribution, aswell as the productdistribution itself. With
this method,all samplesresideon bright spotsof the envi-
ronmentmapbut alsoinsidethespecularlobe.

4. RealizingBidir ectionalSampling

The challengein realizing bidirectional importancesam-
pling is that the productdistribution of the BRDF anden-
vironmentmapis not only too expensive to computeon the
�y whendrawing samples,but alsotoo high-dimensionalto
precompute.TheBRDF is a 4D functionthatmapsfrom in-
coming directionsto outgoingdirections.The relevant 2D
sliceof theBRDF, correspondingto aspeci�c outgoinglight
directionwr , variesfrom point to point in the scenedueto
changesin the local surfaceorientation.Directionalillumi-
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nationsuchasanenvironmentmapis two-dimensional,and
thustheBRDF-EMproducthassix dimensions.Evenwith a
coarsediscretizationof theBRDF, which might causehigh
frequency featuresin theBRDFto belost,precomputingthe
productdistribution andstoringit in a tablefor samplingis
prohibitively expensive.

We suggestthe following processfor samplingfrom the
productof the lights and the BRDF. First, we createsam-
plesaccordingto eithertheenvironmentmapor theBRDF.
Then,we adjustthesampledistribution suchthat thedirec-
tionschosenfor visibility testingwill beproportionalto the
productdistribution.

We have developedtwo solutionsthat realizethis redis-
tribution of samples,one basedon rejectionsamplingand
the otheron the sampling-importanceresampling(SIR) al-
gorithm.Note that the overall algorithmis a two-stageap-
proach.Thatis, thelocal illumination integral is alwaysesti-
matedwith importancesampling,but thesubproblemof cre-
atingtheappropriatesamplesis solvedwith eitherrejection
samplingor SIR.

Ourtwo realizationsof bidirectionalimportancesampling
aredetailedin thefollowing two sections.

4.1. SampleGeneration thr oughRejection

Our �rst approachfor samplingfrom the productdistribu-
tion is throughrejectionsampling. To createsampleswi; j �
p(wi), we canapproximatep(wi) with a PDF q(wi), such
that p(wi) < c� q(wi) for someconstantc andall directions
wi . We thengeneraterandomsampleswi; j � q(wi) andac-
ceptthemwith aprobabilityof p(wi; j )=(c� q(wi; j )) .

In our particularcase,a simple way of boundingp(wi)
from Equation2 is to use qL, the energy distribution of
the light sources(Equation5), as the approximation.The
boundingconstantin this caseis fmax := maxwi qf (wi), the
largestvalueof theBRDFdistributionoverall incidentlight
directionsbut for a given �x ed exitant direction. Clearly,
p(wi) < fmax� qL(wi). Figure2 illustratesrejectionsampling
usingthisapproach.

SinceqL is just the usualimportancefrom the environ-
mentmapalone,we cansamplefrom it in constanttime by
pre-computingthecumulativedensityfunctionthroughinte-
grationandinversion,asdescribedby Secordetal. [SHS02].
This precomputationstepneedsto be performedonly once
perenvironmentmap,andonly requiresa fractionof a sec-
ond,sothatevendynamicchangesof theenvironmentmap
in aninteractive ray-tracershouldbefeasible.

In order to acceptN visibility samples,on averagewe
have to createM � fmax � N environmentmapsampleswi; j
throughimportancesampling,andthenaccepteachsample
individually with probability

reject region

fmax � qL(xi )

p(xi )

xi � qL(x)

acceptregion

u� fmax � qL(xi )

Figure 2: Samplegeneration by rejectionsampling. A sam-
plexi � qL(x) is acceptedasbeinga valid sampleof thetar-
get distribution p(x) if a uniformsamplein [0; fmax � qL(x))
falls undertheproductdistribution p(xi).

p(wi; j )
fmax� qL(wi; j )

=
fr (wi; j ) cosqi; j �

R
WLi(wi)dwi

fmax� Lns
:

Both this formula and the �nal radianceestimatefrom
Equation4 requirethe normalizationterm Lns from Equa-
tion 3. We canestimatethis termusinginformationthathas
alreadybeencomputedduringtherejectionsampling:since
we alreadyevaluateboth the BRDF andenvironmentmap
for theM directionswi; j � qL(wi), we canapproximateLns
as

Lns �
R
WLi(wi)dwi

M

M

å
j= 1

fr (wi; j ! wo) cosqi; j : (6)

Anotherinterpretationof this methodis thatwe estimate
theunoccludedillumination Lns with M samples,usingim-
portancesamplingfrom theenvironmentmap.However, we
evaluatethevisibility for only N of thosesamplesfor which
the BRDF is large enoughto amountto a signi�cant light
contribution. The directionsfor the visibility testsarecho-
senin anunbiasedfashion.

So far, we have boundedtheactualtarget PDF asa con-
stanttimestheenvironmentmapPDF. This is appropriateif
theBRDF containsmostly low frequencies,i.e., if fmax is a
closeboundof therealBRDF distribution. If this is not the
case,thenmostsampleswill be rejected,andthe rejection
samplingwill becomeinef�cient. In that case,we canper-
form thesamerejectionsamplingalgorithmby approximat-
ing theenvironmentmapwith aconservativeboundandthen
selectingsamplesaccordingto the real BRDF. Under this
scheme,wenow have p(wi) < Lmax� qf (wi), whichamounts
to generatingsamplesfrom theBRDFaloneandthenreject-
ing themaccordingto theproductdistributionasbefore.

Given thesetwo waysof rejectionsampling,we usually
want to draw the initial samplesin such a way that the
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boundingconstantis minimized.That is, if fmax < Lmax we
importancesamplefrom the environmentmap; otherwise,
we importancesamplefrom theBRDF. In practice,we ran-
domlychoosewhichof thetwo methodsto use.Themethod
with thesmallerboundingconstantis chosenwith a higher
probability.

As demonstratedin Section6, our rejectionsamplingap-
proachhasworked well in our experiments.However, the
inherentdownsideof using rejectionsamplingis that one
cannotguaranteeboundson theexecutiontime for creating
a new sample.If the areabetweenc� q(wi; j ) and p(wi; j ) is
large,theprobabilityof sampleacceptancewill below.

One way of dealingwith this is to choosea maximum
numberof sampleattemptsin the rejectionsampling.If no
samplesare accepted,a possiblestrategy could be to test
visibility for a randomsubset.A lessexpensive but biased
possibility is to usethe unoccludedillumination wherever
visibility hasnotbeentestedatall. Therationalebehindthis
approachis thattherejectionprocesswill fail mostlyin very
darkareas,wheretheproductof illumination andBRDF is
very small. In theseareas,the visibility term will not have
signi�cant impactanyway. In practice,we have not foundit
necessaryto resortto thesebiasedmethods,sincetherejec-
tion samplingacceptanceprobability hasbeensuf�ciently
high even in the presenceof highly specularBRDFs and
complex environments.

4.2. SampleGeneration thr oughSIR

Our secondmethodfrom samplingthe productdistribution
doesnotsuffer from theunboundedexecutiontimeof there-
jectionsampling.This methodusestheso-calledsampling-
importanceresampling(SIR) algorithm [Tan96, GCSR95,
SG92].

SIR �rst drawsasetof M samplesX = f x1; : : : ;xMg from
asimpledistributionq(x). Theactualtargetdistribution p(x)
is evaluatedat theseM samples,and the resultingvalues
areusedto approximatep. In a secondstep,a smallerset
of N samplesY = f y1; : : : ;yNg is drawn from X with sam-
ple probabilitiesw(xi) proportionalto their importancera-
tio p(xi)=q(xi). As thenumberof �rst-round samplesM ap-
proachesin�nity , the samplesetY can be shown to have
beendrawn directly from p. The closerq approximatesp,
thefasterthemethodconverges.

WecanapplySIRto theproblemof drawingsamplesfrom
thebidirectionaldistribution.WecanuseeitherqL (i.e.,sam-
pling from the light sources)or q f (i.e., samplingfrom the
BRDF) for the �rst stage.As in the rejectionsamplingap-
proach,startingwith qL is advantageousif the illumination
containshigherfrequenciesthanthe BRDF andvice versa,
since the higher frequency factor better approximatesthe
shapeof theproductdistribution.

Figure3 summarizesthe approach.The total numberof

wi;M L(wi;N)

wi; j � f (wi; j )

wi;2

L(wi; j )

L(wi;1)

L(wi;2)

...
...

wi;1

wi;1

wi;N

...

wi; j � LM(wi; j )

V(wi; j )

Figure 3: Sampling-importanceresampling(SIR).First, M
samplesare proposedfrom q f , the PDF of the BRDF. The
candidatedirectionsare then resampledbasedon the in-
cominglight along thosedirections,producingN samples
for visibility testing. N is generally much lessthanM.

samplesgeneratedfor eachpixel is exactlyM + N. This is an
improvementover rejectionsamplingfor two reasons.First,
executiontimeis tightly bounded.Wenolongerhaveto wait
an indeterminatetime for the rejectioncriterion to accept
a sample.Using the SIR algorithm,samplescanbe drawn
directly from theproductdistribution in constanttime.

The secondimprovementover rejectionsamplingis that
thesamplesizesM andN canbechosenfreely, yielding �ne
control over the tradeoff betweenquality andtime. For ex-
ample,theBRDF samplesizecanbeadjustedbasedon the
expenseof samplingfrom theBRDFmodel.Thesamplesize
M dictatesthequality of theestimateof Lns, andhencethe
qualityof unoccludedregions.Also, it is possibleto directly
selectN — the target numberof visibility rays tracedper
pixel — basedon, for example,scenecomplexity.

As the costof ray tracingtypically dominatesrendering
time,ourgeneralapproachfor generatingresultshasbeento
�x N andadjustM soasto increaseor decreasethevariance
in resampleddirections.Typical valuesof M areoneto two
ordersof magnitudelarger thanN. Note that conventional
importancesamplingfrom eithertheBRDF or theillumina-
tion alonearejust specialcasesof theSIR techniquewhere
M = N = 1.

5. Enhancements

Strati�cation. It is also possibleto stratify bidirectional
sampling,althoughthis would only make a differencefor
low frequency illumination andBRDFs.Samplingfrom the
BRDFor environmentmapis just importancesampling,and
canhencebestrati�ed.

Onewayof achievingapproximatestrati�cationis tosam-
ple from the cumulative densityfunction basedon a low-
discrepancy seriesratherthan Poissondistributed samples
[SHS02]. This is the approachwe take in our implementa-
tion. If thesamplesin the�rst stagearestrati�ed, thevisibil-
ity raysin therejectionsamplingcaseareautomaticallyalso
strati�ed, becausewe arejust usinga subsetof theoriginal
samples.In theSIRalgorithm,theresamplingstageis again
essentiallyan importancesamplingstepandhencecanalso
bestrati�ed.
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Solid Angle Weighting. So far, we have usedthe light in-
tensitiesdirectly as an importancefunction whenever we
sampledfrom the light sources.Agarwal et al. [ARBJ03]
pointedout that the varianceof the visibility testscan be
reducedby introducinga solid angleterm thatpreventsthe
raysfrom clusteringin smallregions,sincethevisibility test
is likely to yield thesameresultfor similar rays.

This solid angleweightingis easyto incorporateinto our
samplingstrategy, simply by adjustingtheprobabilityfunc-
tion generatedfrom theenvironmentmap.This proceedsas
follows.LikeAgarwal etal.,we�rst quantizetheimageinto
k intensity levels. This binning is performedon the loga-
rithm of pixel intensityto accountfor HDR representations.
Next, connectedcomponentsarefoundin thequantizedim-
ageby runningabreadth-�rstsearch.Thesolidangleof each
connectedcomponentis foundby summingthesolid angles
of eachpixel makingup the connectedcomponent.Impor-
tancesLi of the pixels,originally taken just from intensity,
arenow scaledby thissolidanglearea.Thenew importance
is givenq0

L = L � (min(0:01;Dw))b asdiscussedby Agarwal
etal. [ARBJ03], whereb is in therange[0:1;0:2], depending
on the averagesizeof the light sourcesin the environment
map.

Thetime complexity of thearea-weightingalgorithmde-
scribedabove is linear in the sizeof the environmentmap,
and can be performedin negligible time during loading.
Samplingis still constantin time usingthecumulative den-
sity functionof thenew importancedistribution. In our ex-
periments,we foundthat this additionalsolid angleweight-
ing doesnotmeasurablyimproveourresults.Webelievethat
this is due to the fact that we work with very small sam-
ple sizes,which makesclusteringof visibility raysunlikely,
even without the solid angleweighting.However, sincein-
cludingthetermis cheap,weuseit anyway.

6. Results

In the following, we comparethe resultsof our techniques
with previous samplingstrategies for renderingfrom envi-
ronmentmaps.In our tests,illuminationcomesfrom image-
basedrepresentationsof illumination, suchasenvironment
mapsand texture-mappedarealight sources.Imageswere
generatedwith a reasonablywell-optimizedray tracerusing
avoxel grid astheaccelerationdatastructurefor intersection
queries.Our comparisonsexaminetheoutputquality of the
variousrenderingalgorithmsfor a �x edamountof comput-
ing time.Weperformedthesetestsona3.0GHzP4running
Linux.

Figures8, 4, and 6 contain imagesof Michelangelo's
David in theGraceCathedralenvironment.We usethever-
sionof David with 700k-trianglesacquiredfrom theDigital
MichaelangeloProject[Sta01]. In our implementation,in-
tersectinga ray with theDavid modeltakes,on average,6.1
msonour testmachine.TheGraceCathedralenvironmentis

a 1024� 512 HDR mapwith a contrastratio of 107 : 1. In
all tests,eachalgorithmwasgiven13.0secondsto rendera
176� 248image.Thissmallimageresolutionwaschosenin
orderdistinguishdifferencesbetweentheimageswhenpre-
sentedin print form.

In a �rst test,we comparedrejectionsamplingandSIR
(Figure8). Boththealgorithmsproducedimagesof indistin-
guishablequality at the samecomputingtime for a variety
of combinationsof materialsandenvironmentmaps.In the
restof thissection,wethereforecompareprevioussampling
techniquesonly to our SIR algorithm,which we preferbe-
causeof its deterministicperformancecharacteristics.

Figure6 comparesbidirectionalsamplingto earliermeth-
ods: samplingonly from either the lights or BRDFs, and
Veach&Guibas'multiple importancesampling[VG95]. In
the lattercase,theweightsfor choosingbetweenlights and
BRDF were optimized manually through trial and error.
For bidirectional importancesampling,we usedSIR with
M = 800 primary samplesand N = 15 �nal samplesfor
whichvisibility wastested.

The�rst row of the�gure usesaglossyPhongBRDFwith
anexponentof 10. In this case,samplingfrom theenviron-
mentmaponly (left column)is still preferableto sampling
fromtheBRDF(centerleft), sincetheenvironmentmapcon-
tainshigherfrequenciesthanBRDF. Evenso,samplingfrom
theenvironmentmaponly resultsin visible noise.Multiple
importancesamplingproducesa resultcomparableto envi-
ronmentmapsampling,while bidirectionalsamplingclearly
outperformsall othermethods.

Thesecondrow of Figure6 shows thesamescenewith a
shinierBRDF(Phongexponentof 50).Now, samplingfrom
the BRDF producesbetterresultsthan samplingfrom the
environmentmap.Multiple importancesamplingfurtherim-
proveson this result.However, bidirectionalsamplingagain
outperformsall othermethods.In the last row of the�gure,
weaddedadiffusecomponent.Thissigni�cantly lowersthe
quality of BRDF sampling.Again, bidirectionalsampling
is superiorto the other strategies without having to adjust
weightsasin thecaseof multiple importancesampling.

Figure7 shows morecomparisonsbetweenbidirectional
samplingand importancesamplingfrom light sources.In
the left imagepair, the illumination is from an HDR envi-
ronmentof lower frequency thantheGraceCathedralwhile
the BRDF of the Buddhamodel has signi�cant specular
(Phongexponentof 50,ks = 0:5)aswell asdiffuse(kd = 0:5)
components.In this case,samplingonly accordingto either
the BRDF or the illumination performsparticularlypoorly
comparedto bidirectionalsampling.In theright imagepair,
the light sourceis now a texture-mappedarealight. Note
how the re�ections of the windows on the shiny �oor are
smootherwith bidirectionalsampling.

Figure4 presentsa quality comparisonbetweenbidirec-
tional samplingand the best casescenariosfor sampling
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Figure 4: Quality comparisonbetweenSIRalgorithm and
thebestcasesfor importancesamplingtechniques.Toprow:
Davidwith a purelydiffuseBRDFin highfrequencylighting.
Bottomrow: David with a purely specularBRDF (Phong
exponent50) in low-frequencylighting. Topleft: Importance
samplingaccordingto EM.Topright: SIRalgorithmpropos-
ing samplesaccording to EM and resamplingaccording
to BRDF. Bottom left: Importancesamplingaccording to
BRDF. Bottomright: SIRalgorithmproposingsamplesfrom
theBRDFandresamplingaccording to EM. 176� 248 im-
agescomputedin 13:0 seconds.

from eitherthelights or theBRDF only. Thetop row shows
the David model with a purely diffuse BRDF in high fre-
quency lighting of theGraceCathedral.This is thebestcase
for importancesamplingfrom thelights,astheenvironment
map containsall the high frequency information,whereas
theBRDF is very smooth.Veach&Guibas'multiple impor-
tancesamplingmoreor lessreducesto pureimportancesam-
pling from illumination in this case.Bidirectionalsampling
doesbetterthanpurelysamplingfrom theilluminationeven
in this case,sinceit accountsfor the cosinefalloff of the
diffusematerial.

The bottom row of Figure 4 shows a highly specular
David in the comparatively low frequency lighting of the
Uf�zi Gallery. This is theoppositescenario,whereit makes
senseto sampleaccordingto theBRDF, which is ahigh fre-

quency function.Even here,bidirectionalsamplingoutper-
formspureimportancesampling,resultingin a higherqual-
ity imagefor thesamecomputetime.
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Figure 5: Convergenceplotsof RMSerrors for importance
samplingandbidirectionalsampling. NotehowtheRMSer-
ror reducesfasterfor bidirectionalsampling.

Finally in Figure5, we presenta comparisonof thecon-
vergencein termsof RMS errorsfor importancesampling
andbidirectionalsampling.Theplot herewascomputedfor
theDavid model(Phongexponent50,ks = 0:5;kd = 0:5) in
theGraceCathedralenvironment,with �rst roundsampling
from theilluminationandresamplingbasedon theBRDF. It
is clearfrom the �gure that theRMS errorconvergesfaster
for bidirectionalsampling.We found similar behavior for
othermaterialsandenvironmentmaps.

In summary, the resultspresentedhere clearly demon-
stratethat theapproachof samplingdirectly from theprod-
uct distribution outperformsprevious samplingstrategies.
What is more, we are able to achieve comparablequality
with far fewerrays,meaningthatour techniquesareparticu-
larly bene�cial to renderingcomplex sceneswhereray-scene
intersectionqueriesareexpensive.

7. Conclusions

We presentedtwo Monte Carlo strategies for sampling
the incident illumination from environment maps, taking
into accountboth the light distribution and the surfacere-
�ectance.By providing a meansof samplingfrom a more
complex targetdistribution,ourmethodsachieve lowervari-
ance,especiallyin renderingsof sceneswith high frequency
lighting or specularBRDFs,ascomparedto traditionalim-
portancesamplingstrategies.

Althoughour proposedbidirectionalmethodstake longer
to generatesamplesthan simpler approaches,the number
of samplesrequiredto achieve goodquality is considerably
lessthanwhensamplingaccordingto asimplefunction.For

c
 TheEurographicsAssociation2005.



D. Burke, A. Ghosh& W. Heidrich / BidirectionalImportanceSamplingfor DirectIllumination

Figure 6: David in GraceCathedral – 176� 248imagesrenderedin 13:0 seconds.Left column:Importancesamplingpurely
from the illumination (100 samples).Center left: Importancesamplingpurely from the BRDF (75 samples).Centerright:
Combinedsampling(Veach&Guibas)with manually�ne-tuned weights.Right: Bidirectional importancesamplingwith SIR
(15/800samples).Toprow: Phongexponent10,ks = 1:0;kd = 0:0. Center:Phongexponent50,ks = 1:0;kd = 0:0. Bottomrow:
Phongexponent50,ks = 0:5;kd = 0:5.

largedatasetswith complex structures,the time requiredto
traceshadow rayswill dominatetherenderingtime. In such
cases,our methodsprovide greaterbene�t over importance
samplingfrom theEM or BRDFalone.

Futurework in this direction could be the examination

of othersamplingstrategiesthatexist in the literature,such
as iterative SIR, Metropolis-Hastings,and particle �lter -
ing [AdFDJ03]. The generalideabehindthesestrategiesis
to usesamplesthat have alreadybeendrawn asa basisfor
proposingfurther, �tter samples.It would be interestingto
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explore how thesemethodsof samplingfrom more com-
plicateddistributionscouldbeappliedto otherproblemsin
computergraphics.
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Figure 7: Quality comparisonof our methodagainststandard importancesamplingfor the samecomputetime. Left image
pair: illumination fromanenvironmentmap.Rightimagepair: illumination fromanarealight source. Left column:traditional
importancesamplingfromthelight source. Rightcolumn:bidirectionalimportancesampling.

Figure 8: Quality comparisonbetweenour two proposedbidirectional samplingmethods.Left: Rejectionsampling. Right:
Sampling-importanceresampling(SIR).176� 248imagescomputedin 13:0 secondsusing15/800rejectionandSIRsamples.
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