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Abstract

Image-basedepresentationsor illumination cancaptue comple real-worldlighting thatis dif cult to represent
in other forms. Currentimportancesamplingstrategies for image-basedllumination havedif culties in cases
whete boththeillumination and the surfaceBRDF containimportanthigh-frequencydetail — for example when
a specularsurfaceis illuminatedby an environmentmapcontainingsmalllight sources.

We introducethe notion of bidirectionalimportancesampling in which samplesare drawn from the product
distribution of both the surfacere ectanceand the light souice enegy. While this approac malesthe sample
selectionprocessmore expensive we drastically reducethe numberof visibility testsrequired to obtain good
image quality. Asa consequencgave achieve signi cant quality improvementover previoussamplingstrategies

for thesamecomputeime
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Illumination.
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1. Intr oduction

Image-basedepresentationfor illumination, suchasenvi-
ronmentmaps texturedarealights, andlight elds, havere-
ceived considerablattentionin recentyears.The mainrea-
son for this attentionis that imagescan capturecomple
real-world illumination thatis dif cult to representn other
forms.

Whenintegratingimage-basedighting suchas environ-
mentmapsinto a renderingsystemthe useof a goodsam-
pling stratgy for illumination is paramountWhile several
researcherbave recentlyworked on this problem,the ap-
proachtaken in mostof that work is an importancesam-
pling stratgy basedn the enegy distributionin theimage.
Unfortunately suchan approachperformspoorly for highly
speculasurfaces sincesampleshoserthis way have alow
probability of residingwithin the speculardobe. Similarly,
if importancesamplingis basedsolely on the BRDF of the
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surface,thenthe samplingwill not performwell for high-
frequeng illumination. In eithercase costly visibility tests
arerequiredfor directionsthatcontritutelittle to the surface
illumination for a particularviewpoint.

This paperintroduceshidirectionalimportancesampling
amethodthatsampleisibility accordingto animportance
derivedfrom the productof BRDF andervironmentmapil-
lumination! Thechallengeof this approachs to developan
efcient meansof draving samplesfrom this productdis-
tribution. The taskis complicatedby the fact that the 2D
BRDF slice variesfrom point to point on the surface.Fur
thermore,the ervironmentmap is usually representedel-
ative to a global coordinateframe, while the BRDF is ex-
pressedn a local framethat changeswith surfaceorienta-

T In ourdiscussiorwewill referto ervironmentmapsalthoughthe
methodalso appliesto texture-mappedarealight sourcesasillus-
tratedin Figure7.
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tion. For thesereasonsprecomputatiompproachessuchas
storingatableof the productdistribution, areinfeasible.

Oursolutionto this problemis atwo-stepapproachin the
rst step,the productdistribution is estimatedbasedsolely
on light sourceand BRDF information, but not visibility.
Thisestimatas implementedisingeitherrejectionsampling
(Sectiond.1) or sampling-importanceesamplingSIR, Sec-
tion 4.2). Sinceno visibility testsareinvolved in this rst
step,it canbe performedrapidly. The secondstepthenuses
the distribution generatedn the rst stepfor importance
samplingof thedirectillumination,includingvisibility tests.
This approachasthefollowing bene ts:

Visibility testsare restrictedto directionsthat can con-
tribute signi cantly to the illumination. The numberof
visibility testscanbereducedirasticallyasaresult.
While ourmethodncreaseshecostof samplegeneration,
we achieve signi cant quality improvementgor thesame
computetime undertheassumptiorof BRDF representa-
tionsthatsupportef cient evaluationandsampling.
Theperformanceainsincreasdor morecomplex scenes,
sincesamplegeneratiorns independentf scenecomple-
ity whereawisibility testsarenot.

Our methodcreatessampleson the y anddoesnot re-
quireexpensve precomputation.

Therestof this paperis structuredn the following man-
ner. Section2 reviews someof the relevant work in sam-
pling from imagesandervironmentmaps Section3 givesan
overview of ourapproachbeforedescribingwo realizations
in Section4. Strati cation aswell asan extensionaddinga
solidangletermto theimportancearediscusseth Sectionb.
We concludewith resultsandadiscussiorin Section6.

2. RelatedWork

All renderingsystemspoth global andlocal, mustat some
point computethe directillumination in the scene Unfortu-
nately this taskremainsexpensve, especiallyfor complex
light sourcessuchas ervironmentmapsand otherimage-
basedrepresentationduch effort hasfocusedon the de-
velopmentof moreef cient techniquedor completingthis
task.

2.1. Sampling from Environment Maps

lllumination from ernvironment mapshas beena topic of
muchrecentresearchMost of this work focuseson inter-
active applicationsandthereforeusesexpensve precompu-
tation[Gre8GHS99KMO00,KVHSO0Q]. In somerecentwork,
theillumination and/orBRDF areprojectednto nite bases
suchas sphericalharmonics(e.g., [RH01, RH02 SKS03)
andwavelets[NRH03.

Otherresearcherhiave usedimportancesamplingtech-
niquesto distribute samplesaccordingto the enegy distri-
bution in the ervironmentmap.Theimportancesamplingis

oftenimplementedisinga point relaxationschemdg CDO01,
KKO03] relatedto Lloyd's clusteringalgorithm[LI083]. This
methodhas also beenusedin a stippling context for im-
portancesamplingfrom imagedata[ DHvOS0Q. Thesere-
laxation methodshave the disadwantageof requiringtime-
consumingprecomputationAlso, Lloyd's algorithmis not
provento corvergein dimensionsigherthanl, andin prac-
tice thesealgorithmscan miss high-frequenyg detail in the
images.

Ostromoukhw et al. [ODJ04 presenteda techniquefor
distributing 2D point samplesthat is much faster than
relaxation-base@pproachesand also appearsto produce
a good spatial distribution for the points. In the context
of stippling, Secordet al. [SHS02 describedan algorithm
basedn computingthe cumulative densityfunctionby pre-
integratingandinverting the imageintensities. Afterwards,
samplesanbe drawvn from the cumulatve densityfunction
in constanttime. This is a simple and ef cient method,a
variantof which we usein our work.

Agarwal et al. [ARBJO3 introduceda samplingmethod
for ervironment mapsin which the sampledimportance
takes into accountboth the enegy distribution in the en-
vironmentmap andthe solid angleseparatinghe samples.
In this way, closeclusteringof ervironmentmapsampless
avoided,whichreducesedundanshadaev testsIn ourwork,
we canalsochooseto includethe solid anglein theimpor-
tanceterm (Section5). Like other algorithms,Agarwal et
al'smethodis basedn pointrelaxation but in additionthey
requirequantizatiorof the ervironmentmap.

As an extensionto their work, Agarwal et al. [ARBJO3J
sortthesampledor eachshadingoperatiorby themagnitude
of their contrikution to the nal illumination. They sample
all pointlightsdeterministicallyin orderof contribution, un-
til the contrastthatthe remaininglights canaddfalls belov
apredeterminethresholdThis useof the productof BRDF
andervironmentmapvalueis onesteptowardsour approach
of drawing samplesaccordingto an importancethatis the
productof BRDF andlight distribution.

However, like otherpoint-relaxatiormethods Agarwal et
al. generateonly one samplingpatternand useit through-
out the scene.This techniqueessentiallyreplacesthe en-
vironmentmap with a setof directionallight sourcesOn
the one hand, this approacheliminatesnoise, but on the
otherhandit introducesaliasingvisible in theform of quan-
tizedpenumbraegions,banding.or missinghighlightsfrom
smallerlight sourcesKollig andKeller [KKO3] proposeto
useinterleaved sampling[KHO1] of multiple precomputed
patterngo reducethis problem.

In our work, we usedifferentrandomsamplingpatterns
for everysurfacelocation.While thisintroducesoise |t gets
rid of aliasingandhelpsavoid visibility testsfor directions
thatarenotimportantfor agivenBRDF

¢ TheEurographic#ssociation2005.
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2.2. Sampling from BRDFs

Importancesamplingfrom the BRDF is a commonopera-
tion. Theexactmechanic®f it, however, dependnthespe-
ci ¢ representatiomised.Simple analyticalmodelssuchas
diffuse,Phongor generalizedosinemodelscanbesampled
analytically(seee.g.,[Shi0Q).

For takulated BRDFs, McCool and Harwood [MH97]
proposeda kd-tree representatiorthat can be ef ciently
traversedfor importancesampling.Recently Lawrenceet
al. [LRR04 introduceda methodthat works on a factored
representatioinstead.This alsoreduceghe memoryfoot-
print of the BRDF representation.

In the caseof procedurakhadersimportancesamplingis
dif cult, butit canbedoneif the shadeiprovidesadditional
information. For example,Slusalleket al. [SPS9% propose
that the shadershouldprovide cosinelobesapproximating
the full re ectancefunction for a given point. Theselobes
canthenbesampledanalytically

In our currentimplementatiorwe useonly Phonganddif-
fusere ection models However, our methodcouldeasilybe
extendedto incorporatemore sophisticatednaterialsusing
ary of theabove methods.

2.3. Multiple Sampling Approaches

Therehasalsobeenwork on multiple samplingapproaches.

VeachandGuibas[VG95 weightsamplegiravn from both
the light sourcesand the BRDF to reducethe varianceof
the results.Beforerendering,a decisionis madeasto how
mary samplego draw from eachdistribution. Theresulting
varianceis thereforea simple blend betweenthe variances
of the individual distributions (seeSection3). Our method
reducewariancefurtherby samplingdirectly from the prod-
uct distribution, ratherthanjust mixing samplesakenfrom
theindividual distributions.

The recentwork of Szecsiet al. [SSSKO04 is basedon
correlatedsampling,in which the unoccludedilumination
is computedseparatelyandonly the differencedueto vis-
ibility is sampled.This methodgenerallyperformswell in
fully visible regions, but ratherpoorly in occludedor par
tially occludedregions,sincethe samplingof visibility does
not follow a specialsamplingpattern.Our work, by con-
trast,focusesvisibility testson directionsfor which we can
expectmajorcontritutionsto theillumination. Ourapproach
is mathematicallystraightforwardandallows for directsam-
pling of the productdistribution of illumination and BRDF
without ary guesswrk.

3. Bidir ectional Importance Sampling

As mentionedn theintroductionwe proposeabidirectional
samplingapproachin which boththe enegy distribution in
the environmentmap andthe re ectanceof the BRDF are
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takeninto accountThis is atwo-stepapproachwe initially
createsamplesaccordingto eitherthe BRDF aloneor the
ervironmentmapalone,andthenadjustthesesampledo be
proportionalto the productdistribution. The adjustedsam-
plesarethenusedfor visibility testing.

We operateon the assumptionthatcreatingsampledrom
only theenvironmentmapor only the BRDF modelis inex-
pensve, andthatthe visibility testdominateshe cost.This
assumptioroldsfor scenesvith complex geometryandfor
BRDF modelsoptimizedfor sampling.In this scenariopne
canbene t from extra time spentin attaininga good sam-
ple distribution that takes both the BRDF and environment
mapinto account.Sucha distribution selectsonly thosedi-
rectionsfor visibility testingthat contritute signi cantly to
there ectedradianceof the surfaceunderevaluation.

Considetthedirectillumination ata point for a given ob-

senerdirectionw;:
Z

Lr(w) = Wfr(Wi! wr) cosgiLi(wi)V (w)dwi; (1)

with L; denotingthe incidentillumination from anenviron-
mentmap, f; representingheBRDF, andV beingthebinary
visibility term.

Our approachis to performimportancesamplingusing
the productof the incidentlight distribution andthe BRDF
astheimportanceunction:

Pl = R I @
w (Wi} +) cosgiLi(wi)dws
Obsenre thatthenormalizatiortermin thedenominators
thedirectilluminationintegral with thevisibility termV (w;)
omitted.In otherwords,this termis the exitant radiancein
theabsencef shadavs. We referto it asLps (“radiance,no

shadavs”):
z

Lns:= Wfr(vw ' w) cosgLi(w)dw: 3)

If we drav sampledirectionsw;;;  p(w) accordingto
theproductdistributionin Equation2, we canestimateEqua-
tion 1 with Ly;p, where

18 fe(wij! w)cosgjLi(wij)V (w;j)
L _ 1 , , ; ).
Np(W) = ,91 p(wi;j)
Lns & ,
= N a V(wij): 4)

We referto Ly;p asthe bidirectionalestimatorfor the di-
rectillumination integral. The evaluationof Equation4 can
be interpretedas taking the unoccludedre ected radiance
Lns andscalingit by the averageresultof N visibility tests
performedalongdirectionsthatcontritutemostsigni cantly
to theradiance.
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We cancomputethe varianceof this estimatomusingstan-
dardresultsfor importancesampling(e.g.[Shi0(), andob-
tain

Wi p(w) ! varLap) = RevarV(w)):

Notethatthevarianceof thebidirectionalestimatorfor the
re ected radiancedependsonly on the variancein the vis-
ibility function. By contrast,conventionalapproacheper
form importancesamplingeithersolelyfrom theintensityin
thelighting or solelyfrom theBRDF. In theformercasewe
gettheimportancdunction

Li(w)
wli(w)dw;

aL(w) = ®)

with the correspondindonte Carloestimator

EéN fr(wa;j ! w) cosajLi(wi; )V (w;))
N1 oL (W)

Ln;L (W)

Theresultingvarianceusingthis estimatorw;
is then:

ar(w)

R 2
VarlLn) = —vai(f(w | W) cosav(m):

In otherwords, when proposingsamplesfrom the envi-
ronmentonly, the resultingvarianceis proportionalto the
variancein the BRDF Similarly, when proposingsolely
from the BRDF, varianceis proportionalto thelights. It fol-
lows thatthe greatesteductionin imagenoiseoccurswhen
samplesaredravn from the function with greatervariance.
This is consistentwith intuition. If the BRDFs are diffuse
but the lighting containshigh frequenciesthen directions
shouldbe chosenaccordingto the importanceof the lights.
On the otherhand,if light sourcedn the ervironmentmap
arerelatively broadbut the surfacesareglossyor shiry, then
proposingfrom theBRDF will bethebetterapproach.

Eitherapproachwill producesigni cant noiseif boththe
BRDF and the illumination containary high frequeng in-
formation. The solution of Veachand Guibas[VG95 was
to combinesamplegravn exclusively from eitherthelights
or the BRDF. However, a mix of samplesstill suffers from
dependencenthevariancef theindividual techniques.

Figure 1 shaws angularplots of the probability densities
correspondingo the variousproposaldistributions. Thetop
image depictssamplesdravn from a PhongBRDF over
laid ontothe enegy distribution of an ervironmentmap. It
is obvious that samplingfrom the BRDF alonemissesthe
bright lights in the environment. The centerimage shavs
samplegdravn from anervironmentmap,renderednto the
importanceunctionfor thePhongBRDF ata speci ¢ view-
ing direction.It canbe seenthat mostof thesesamplesare
placedoutsidethe specularobe of the BRDF. Finally, the

Figure 1: Fromtop to bottom:angular plots of the impor-
tancefunctionoftheGraceCathedal EM, a speculaPhong
BRDFof exponent0,andtheir product.Samplegreddiscs)
drawn solelyfromthe BRDF or the ervironmentvastly un-
dersamplethe product distribution. The samplesetin the
bottomimage was geneated with our SIR technique (de-
scribedin Sectiord.2).

bottom image representsamplesdravn form the product
distribution, aswell asthe productdistribution itself. With

this method,all samplesesideon bright spotsof the ervi-

ronmentmapbut alsoinsidethe speculatobe.

4. Realizing Bidir ectional Sampling

The challengein realizing bidirectional importancesam-
pling is that the productdistribution of the BRDF and en-
vironmentmapis not only too expensve to computeon the
y whendrawving samplesput alsotoo high-dimensionato
precomputeThe BRDF is a 4D functionthatmapsfrom in-

coming directionsto outgoingdirections.The relevant 2D
sliceof theBRDF, correspondingo aspeci ¢ outgoinglight
directionw;, variesfrom point to point in the scenedueto
changesn thelocal surfaceorientation.Directionalillumi-
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nationsuchasanernvironmentmapis two-dimensionaland
thustheBRDF-EM producthassix dimensionsEvenwith a
coarsediscretizationof the BRDF, which might causehigh
frequeng featuresn theBRDFto belost, precomputinghe
productdistribution andstoringit in atablefor samplingis
prohibitively expensve.

We suggesthe following procesdor samplingfrom the
productof the lights andthe BRDF First, we createsam-
plesaccordingto eitherthe environmentmapor the BRDFE
Then,we adjustthe sampledistribution suchthatthe direc-
tionschoserfor visibility testingwill be proportionalto the
productdistribution.

We have developedtwo solutionsthat realizethis redis-
tribution of samplespone basedon rejectionsamplingand
the otheron the sampling-importanceesampling(SIR) al-
gorithm. Note that the overall algorithmis a two-stageap-
proach.Thatis, thelocalilluminationintegral is alwaysesti-
matedwith importancesampling put thesubproblenof cre-
atingthe appropriatesampleds solved with eitherrejection
samplingor SIR.

Ourtwo realization®f bidirectionalimportancesampling
aredetailedin thefollowing two sections.

4.1. SampleGenerationthr ough Rejection

Our rst approachfor samplingfrom the productdistribu-
tion is throughrejectionsampling To createsamplean:
p(w;), we canapproximatep(w;) with a PDF q(w;), such
thatp(w) < ¢ g(w;) for someconstant andall directions
w. We thengenerateandomsamplesy;;;  g(w) andac-
ceptthemwith a probabilityof p(w;j)=(c a(wi;j)).

In our particularcase,a simple way of boundingp(w;)
from Equation?2 is to useq., the enepgy distribution of
the light sources(Equation5), asthe approximation.The
boundingconstantin this caseis fmax:= maxyqs(w), the
largestvalueof the BRDF distribution over all incidentlight
directionshbut for a given x ed exitant direction. Clearly,
p(w) < fmax qL(w). Figure2illustratesrejectionsampling
usingthis approach.

Sinceqy is just the usualimportancefrom the ernviron-
mentmapalone,we cansamplefrom it in constantime by
pre-computinghecumulatize densityfunctionthroughinte-
grationandinversion,asdescribedy Secordetal. [SHS032.
This precomputatiorstepneedsto be performedonly once
perenvironmentmap,andonly requiresa fraction of a sec-
ond, sothateven dynamicchange®f the ervironmentmap
in aninteractive ray-tracershouldbefeasible.

In orderto acceptN visibility samples,on averagewe
have to createM  fmax N environmentmapsamplesw:
throughimportancesampling,andthenaccepteachsample
individually with probability

¢ TheEurographic#ssociation2005.

fmax OL(%)

Figure 2: Samplegenertion by rejectionsampling A sam-
plexi qL(x) isacceptedasbeinga valid sampleof thetar-

get distribution p(x) if a uniformsamplein [0; fmax AL (X))

falls underthe productdistribution p(x;).

p(w;;) _ fr(w;;j) cosgi;j RWLi(Wi)dwl:

fmax dL(wi;j) - fmax Lns

Both this formula and the nal radianceestimatefrom
Equation4 requirethe normalizationterm Lps from Equa-
tion 3. We canestimatethis termusinginformationthathas
alreadybeencomputedduringthe rejectionsampling:since
we alreadyevaluateboth the BRDF and environmentmap
for the M directionsw;;;  q.(w), we canapproximatel_ns
as

R
wki(w)dw

Lns M

M
a fr(w;j! wo)cosg.: (6)
=1

Anotherinterpretationof this methodis thatwe estimate
the unoccludedllumination Lps with M samplesusingim-
portancesamplingfrom the ervironmentmap.However, we
evaluatethevisibility for only N of thosesamplegor which
the BRDF is large enoughto amountto a signi cant light
contrikbution. The directionsfor the visibility testsare cho-
senin anunbiasedashion.

Sofar, we have boundedhe actualtamget PDF asa con-
stanttimesthe environmentmapPDF. This is appropriatef
the BRDF containsmostly low frequenciesi.e.,if fmaxisa
closeboundof the real BRDF distribution. If thisis notthe
casethenmostsampleswill be rejected,andthe rejection
samplingwill becomeinefcient. In thatcase we canper
form the samerejectionsamplingalgorithmby approximat-
ing theervironmentmapwith aconserative boundandthen
selectingsamplesaccordingto the real BRDF. Under this
schemewe now have p(w) < Lmax gf(w), whichamounts
to generatingsamplesrom the BRDF aloneandthenreject-
ing themaccordingto the productdistribution asbefore.

Given thesetwo ways of rejectionsampling,we usually
want to draw the initial samplesin such a way that the
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boundingconstanis minimized.Thatis, if fmax< LmaxWwe
importancesamplefrom the environmentmap; otherwise,
we importancesamplefrom the BRDF. In practice we ran-
domly choosewhich of thetwo methoddo use.Themethod
with the smallerboundingconstanis chosenwith a higher
probability.

As demonstrateth Section6, our rejectionsamplingap-
proachhasworked well in our experiments.However, the
inherentdownside of using rejectionsamplingis that one
cannotguarantedoundson the executiontime for creating
anew sample.lf the areabetweenc q(wi;j) and p(w;j) is
large,the probability of sampleacceptancwill below.

One way of dealingwith this is to choosea maximum
numberof sampleattemptsn the rejectionsampling.If no
samplesare accepteda possiblestratgy could be to test
visibility for a randomsubsetA lessexpensve but biased
possibility is to usethe unoccludedllumination wherever
visibility hasnotbeentestedatall. Therationalebehindthis
approachs thattherejectionprocesswill fail mostlyin very
dark areaswherethe productof illumination and BRDF is
very small. In theseareasthe visibility termwill not have
signi cant impactarnyway. In practice we have notfoundit
necessaryo resortto thesebiasedmethodssincetherejec-
tion samplingacceptancerobability hasbeensufciently
high even in the presenceof highly specularBRDFs and
comple ervironments.

4.2. SampleGenerationthrough SIR

Our secondmethodfrom samplingthe productdistribution
doesnotsuffer from theunboundeaxecutiontime of there-
jection sampling.This methodusesthe so-calledsampling-
importanceresampling(SIR) algorithm [Tan96 GCSR95
SG93.

asimpledistribution g(x). Theactualtargetdistribution p(x)
is evaluatedat theseM samples,and the resulting values
are usedto approximatep. In a secondstep,a smallerset

ple probabilitiesw(x;) proportionalto their importancera-
tio p(x)=q(x;). As thenumberof rst-round samplesM ap-
proachesdn nity , the samplesetY canbe shavn to have
beendrawn directly from p. The closerq approximates,
thefasterthe methodcorverges.

We canapplySIRto theproblemof drawing samplegrom
thebidirectionaldistribution. We canuseeitherq,_ (i.e.,sam-
pling from the light sources)r gs (i.e., samplingfrom the
BRDF) for the rst stage.As in the rejectionsamplingap-
proach,startingwith g is advantageousf the illumination
containshigherfrequencieshanthe BRDF andvice versa,
since the higher frequeng factor better approximateghe
shapeof the productdistribution.

Figure 3 summarizeghe approachThe total numberof

wij o f(wg)) L(w;j)
W1 L(wi;1) wij Lm(wj)
Wi L(wi2) Wi

=0l

E:>V(W|;|)

W\;M L(W\;N)

Figure 3: Sampling-importanceesampling(SIR).First, M
samplesare proposedfrom q¢, the PDF of the BRDF The
candidatedirectionsare then resampledbasedon the in-
cominglight along thosedirections,producingN samples
for visibility testing N is generlly muc lessthanM.

samplegeneratedor eachpixelis exactlyM + N. Thisis an

improvementover rejectionsamplingfor two reasonsFirst,

executiontimeis tightly boundedWe nolongerhave to wait

an indeterminatetime for the rejectioncriterion to accept
a sample.Using the SIR algorithm, samplescanbe dravn

directly from the productdistribution in constantime.

The secondmprovementover rejectionsamplingis that
thesamplesizesM andN canbechoserfreely, yielding ne
control over the tradeof betweenquality andtime. For ex-
ample,the BRDF samplesize canbe adjustedbasedon the
expenseof samplingirom theBRDF model.Thesamplesize
M dictatesthe quality of the estimateof L5, andhencethe
quality of unoccludedegions.Also, it is possibleto directly
selectN — the target numberof visibility raystracedper
pixel — basecbn, for example,scenecompleity.

As the costof ray tracingtypically dominatesendering
time, our generabpproacHor generatingesultshasbeento
x N andadjustM soasto increaseor decreas¢hevariance
in resamplediirections.Typical valuesof M areoneto two
ordersof magnitudelarger than N. Note that corventional
importancesamplingfrom eitherthe BRDF or theillumina-
tion alonearejust specialcaseof the SIR techniquewhere
M=N=1.

5. Enhancements

Strati cation. It is also possibleto stratify bidirectional
sampling,althoughthis would only male a differencefor
low frequeng illumination andBRDFs.Samplingfrom the
BRDF or ervironmentmapis justimportancesampling.and
canhencebestrati ed.

Oneway of achieving approximatestrati cationis to sam-
ple from the cumulative density function basedon a low-
discrepang seriesratherthan Poissondistributed samples
[SHSO02. This is the approachwe take in our implementa-
tion. If thesamplesn the rst stagearestrati ed, thevisibil-
ity raysin therejectionsamplingcaseareautomaticallyalso
strati ed, becauseve arejust usinga subsef the original
samplesin the SIR algorithm,theresamplingstages again
essentiallyanimportancesamplingstepandhencecanalso
bestrati ed.
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Solid Angle Weighting. Sofar, we have usedthe light in-
tensitiesdirectly as an importancefunction whenever we
sampledfrom the light sources Agarwal et al. [ARBJO3
pointed out that the varianceof the visibility testscanbe
reducedby introducinga solid angleterm that preventsthe
raysfrom clusteringin smallregions,sincethevisibility test
is likely to yield the sameresultfor similarrays.

This solid angleweightingis easyto incorporateinto our
samplingstrateyy, simply by adjustingthe probability func-
tion generatedrom the environmentmap. This proceedss
follows.Like Agarwal etal.,we rst quantizeheimageinto
k intensity levels. This binning is performedon the loga-

rithm of pixel intensityto accounfor HDR representations.

Next, connectedcomponentgarefoundin the quantizedm-
ageby runningabreadth- rstsearchThesolidangleof each
connectedomponents found by summingthe solid angles
of eachpixel makingup the connecteccomponentimpor-
tancesL; of the pixels, originally taken just from intensity
arenow scaledby this solid anglearea.Thenew importance
is given qE = L (min(0:0% DW))b asdiscussedy Agarwal
etal.[ARBJO3, wherebisin therang€[0:1; 0:2], depending
on the averagesize of the light sourcesn the ervironment
map.

Thetime complity of the area-weightinglgorithmde-
scribedabove is linear in the size of the ervironmentmap,
and can be performedin negligible time during loading.
Samplingis still constanin time usingthe cumulative den-
sity function of the new importancedistribution. In our ex-
perimentswe foundthatthis additionalsolid angleweight-
ing doesnotmeasurablymprove ourresults We believe that
this is due to the fact that we work with very small sam-
ple sizes which makesclusteringof visibility raysunlikely,
even without the solid angleweighting. However, sincein-
cludingthetermis cheapwe useit aryway.

6. Results

In the following, we comparethe resultsof our techniques
with previous samplingstratgiesfor renderingfrom ervi-
ronmentmaps.In ourtests,llumination comesfrom image-
basedrepresentationsf illumination, suchaservironment
mapsand texture-mappedarealight sourcesimageswere
generatedvith areasonablyvell-optimizedray tracerusing
avoxel grid astheacceleratiomlatastructurefor intersection
gueries.Our comparisongxaminethe outputquality of the
variousrenderingalgorithmsfor a x ed amountof comput-
ing time. We performedhesetestson a 3.0 GHz P4running
Linux.

Figures 8, 4, and 6 containimagesof Michelangelos
David in the GraceCathedrakrvironment.We usethe ver
sionof David with 700k-trianglesacquiredfrom the Digital
MichaelangeloProject[Sta0]. In our implementation,n-
tersectinga ray with the David modeltakes,on average 6.1
nsonourtestmachineThe GraceCathedrakrnvironmentis
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a1024 512 HDR mapwith a contrastratio of 107 : 1. In
all tests,eachalgorithmwasgiven 13.0secondgo rendera
176 248image.Thissmallimageresolutionwaschoserin
orderdistinguishdifferencesdetweertheimageswhenpre-
sentedn print form.

In a rst test,we comparedrejectionsamplingand SIR
(Figure8). Both thealgorithmsproducedmagesof indistin-
guishablequality at the samecomputingtime for a variety
of combinationsof materialsandenvironmentmaps.In the
restof this sectionwe thereforecompareprevioussampling
techniqueonly to our SIR algorithm,which we preferbe-
causeof its deterministigperformanceharacteristics.

Figure6 comparedbidirectionalsamplingto earliermeth-
ods: samplingonly from either the lights or BRDFs, and
Veach&Guibas'multiple importancesampling[VG95. In
the latter case the weightsfor choosingbetweerlights and
BRDF were optimized manually through trial and error.
For bidirectionalimportancesampling,we usedSIR with
M = 800 primary samplesand N = 15 nal samplesfor
which visibility wastested.

The rst row of the gure usesaglossyPhongBRDFwith
an exponentof 10. In this case samplingfrom the erviron-
mentmaponly (left column)is still preferableto sampling
fromtheBRDF (centedeft), sincetheenvironmentmapcon-
tainshigherfrequencieshanBRDF. Evenso,samplingfrom
the environmentmaponly resultsin visible noise.Multiple
importancesamplingproducesa resultcomparabldo envi-
ronmentmapsamplingwhile bidirectionalsamplingclearly
outperformsall othermethods.

The secondow of Figure6 shavs the samescenewith a
shinierBRDF (Phongexponentof 50). Now, samplingfrom
the BRDF producesbetterresultsthan samplingfrom the
ervironmentmap.Multiple importancesamplingfurtherim-
proveson this result.However, bidirectionalsamplingagain
outperformsall othermethodsIn thelastrow of the gure,
we addeda diffusecomponentThis signi cantly lowersthe
quality of BRDF sampling.Again, bidirectional sampling
is superiorto the other stratgjies without having to adjust
weightsasin the caseof multiple importancesampling.

Figure 7 shavs more comparisondetweenbidirectional
samplingand importancesamplingfrom light sources.In
the left imagepair, the illumination is from an HDR ervi-
ronmentof lower frequeng thanthe GraceCathedralvhile
the BRDF of the Buddhamodel has signi cant specular
(Phongexponenibf 50,ks = 0:5) aswell asdiffuse(ky = 0:5)
componentsin this case samplingonly accordingto either
the BRDF or the illumination performsparticularly poorly
comparedo bidirectionalsampling.In theright imagepair,
the light sourceis now a texture-mappedarealight. Note
how the re ections of the windows on the shiry oor are
smoothemwith bidirectionalsampling.

Figure4 presents quality comparisorbetweenbidirec-
tional samplingand the best casescenariosfor sampling
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Figure 4: Quality comparisonbetweenSIR algorithm and
thebestcasedor importancesamplingtechniquesTop row:

Davidwith a purely diffuseBRDFin highfrequencyighting.

Bottomrow: David with a purely specularBRDF (Phong
exponent0) in low-frequencyighting. Top left: Importance
samplingaccodingto EM. Topright: SIRalgorithmpropos-
ing samplesaccoding to EM and resamplingaccoding

to BRDF Bottom left: Importancesamplingaccoding to

BRDF Bottomright: SIRalgorithmproposingsampledrom
the BRDFandresamplingaccodingto EM. 176 248im-

agescomputedn 13:0 seconds.

from eitherthelights or the BRDF only. Thetop row shavs
the David modelwith a purely diffuse BRDF in high fre-
qgueng lighting of the GraceCathedralThisis thebestcase
for importancesamplingfrom thelights, astheenvironment
map containsall the high frequeng information, whereas
the BRDF is very smooth.Veach&Guibasmultiple impor
tancesamplingmoreor lessreducego pureimportancesam-
pling from illumination in this case Bidirectionalsampling
doesbetterthanpurely samplingfrom theillumination even
in this case,sinceit accountsfor the cosinefalloff of the
diffusematerial.

The bottom row of Figure 4 shavs a highly specular
David in the comparatiely low frequeng lighting of the
Uf zi Gallery Thisis the oppositescenariowhereit makes
sensdo sampleaccordingio the BRDF, whichis a highfre-

queng function. Even here,bidirectionalsamplingoutper
forms pureimportancesampling resultingin a higherqual-
ity imagefor the samecomputetime.

Convergence (RMS Error vs. Time)
0.1 T T

\ — Importance Sampling
0.09+ Bidirectional Sampling | -

0.07} \

L \
0.06 \

0.05-

RMS Error

0.03-

0.02-

0.01-

10 10

Time (s)

Figure 5: Corvergenceplots of RMSerrors for importance
samplingandbidirectionalsampling Notehowthe RMSer-
ror reducedasterfor bidirectionalsampling

Finally in Figure5, we presenta comparisorof the con-
vergencein termsof RMS errorsfor importancesampling
andbidirectionalsampling.The plot herewascomputedor
the David model(Phongexponents0, ks = 0:5;kq = 0:5) in
the GraceCathedraknvironment,with rst roundsampling
from theillumination andresamplingobasednthe BRDF It
is clearfrom the gure thatthe RMS error corvergesfaster
for bidirectional sampling.We found similar behaior for
othermaterialsandernvironmentmaps.

In summary the results presentechere clearly demon-
stratethatthe approachof samplingdirectly from the prod-
uct distribution outperformsprevious sampling stratgies.
What is more, we are able to achieze comparablequality
with farfewerrays,meaningthatour techniquesreparticu-
larly bene cialtorenderingcomplex scenesvhereray-scene
intersectiomjueriesareexpensve.

7. Conclusions

We presentedtwo Monte Carlo stratgies for sampling
the incident illumination from ervironment maps, taking
into accountboth the light distribution and the surfacere-
ectance. By providing a meansof samplingfrom a more
complex tamgetdistribution, our methodsachieve lower vari-
ance especiallyin rendering®f scenesvith high frequeng
lighting or speculaBRDFs,ascomparedo traditionalim-
portancesamplingstrata@jies.

Althoughour proposedidirectionalmethodgake longer
to generatesamplesthan simpler approachesthe number
of samplegequiredto achievze goodquality is considerably
lessthanwhensamplingaccordingo a simplefunction. For
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Figure 6: David in GraceCathedal — 176 248imagesrendeedin 13:0 secondsLeft column:Importancesamplingpurely
from the illumination (100 samples) Centerleft: Importancesamplingpurely from the BRDF (75 samples) Centerright:
Combinedsampling(Veah&Guibas) with manually ne-tuned weights.Right: Bidirectionalimportancesamplingwith SIR
(15/800samples)Toprow: Phongexponentl0,ks = 1:0; kg = 0:0. Center:Phongexponents0,ks = 1:0; kq = 0:0. Bottomrow:

Phongexponents0, ks = 0:5;ky = 0:5.

large datasetsvith complec structuresthe time requiredto

traceshadav rayswill dominatetherenderingtime. In such
casespur methodsprovide greaterbene t over importance
samplingfrom the EM or BRDF alone.

Futurework in this direction could be the examination

¢ TheEurographic#ssociation2005.

of othersamplingstrat@iesthatexist in the literature,such
as iterative SIR, Metropolis-Hastings,and particle lter -
ing [AdFDJO3. The generalideabehindthesestratgjiesis
to usesampleghat have alreadybeendravn asa basisfor
proposingfurther, tter sampleslt would be interestingto
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explore how thesemethodsof samplingfrom more com-
plicateddistributions could be appliedto otherproblemsin
computemgraphics.

8. Acknowledgements

We would lik e to thankPaul Debevecfor the HDR environ-
mentmapsusedin the paperandMarc Levoy for providing
uswith the David model. The secondauthorwassupported
by anATI Technologies-ellowship.

References

[AdFDJO3] ANDRIEU C., DE FREITAS N., DOUCET A.,
JORDAN M.: An introductionto MCMC for machine
learning,2003. 9

[ARBJO3] AGARWAL S., RAMAMOORTHI R., BE-
LONGIE S., JENSEN H. W.: Structuredmportancesam-
pling of ervironmentmaps.ACM Transaction®n Graph-
ics (Proc. Siggraph) 22, 3 (July 2003),605-612. 2, 7

[CDO1] CoOHEN J., DEeBEVEC P:
http:  /lwww.ict.usc.edu/~jcohen/lightgen/
lightgen.html ,2001. 2

[DHvOS00] DEUSSEN O., HILLER S., VAN OVERVELD
C., STROTHOTTE T.: Floatingpoints:A methodfor com-
puting stippledrawings. In Proc. of Eurographics(Aug.
2000),pp.41-50. 2

[GCSR95] GELMAN A., CARLIN J., STERN H., RUBIN
D.: Bayesiandataanalysis ChapmarandHall, London,
1995. 6

[Gre86] GREENE N.: Environmentmappingandotherap-
plicationsof world projectionsIEEECG&A 6, 11(1986),
21-29.2

[HS99] HEIDRICH W., SEIDEL H.-P: Realistic,
hardware-acceleratedhadingand lighting. In Proc. of
ACM Siggraph'99 (Aug. 1999),pp.171-178. 2

[KHO1] KELLER A., HEIDRICH W.: Interleaved sam-
pling. In Eurographics Workshopon Rendering(June
2001),pp.269-276. 2

[KKO3] KoLLiGg T., KELLER A.: Efcient illumination
by high dynamicrangeimages.In EurographicsSympo-
siumon RenderingJune2003),pp.45-51. 2

[KM00] KAuTz J., McCooL M.: Approximation of
glossyre ection with pre Itered ervironmentmaps. In
Proc. of Graphicsinterface(May 2000),pp.119-126. 2

[KVHS00] KauTtz J., VAzZQUEZ P.-P., HEIDRICH W.,
SEIDEL H.-P.: Unied approacho pre Itered erviron-
ment maps. In Eurographics Workshopon Rendering
(2000),pp.185-196. 2

[LIo83] LLoyD S.: An optimizationapproachto relax-
ation labelling algorithms. Image and Vision Computing
1,2(1983),85-91. 2

Light-gen.

[LRRO4] LAWRENCE J., RUSINKIEWICZ S., RA-
MAMOORTHI R.: Efcient BRDF importancesampling
using a factoredrepresentation. ACM Transactionson
Graphics(Proc. Siggraph) 23, 3 (Aug. 2004),496-505.
3

[MH97] McCooL M. D., HARwooD P. K.: Probability
trees.In Proc. Graphicsinterface(1997),pp.37-46. 3

[NRHO3] NG R., RAMAMOORTHI R., HANRAHAN P:
All-frequeng/ shadevs usingnon-linearwaveletlighting
approximation. ACM Transactionson Graphics (Proc.
Siggraph) 22, 3 (July 2003),376-381. 2

[ODJO4] OsSTROMOUKHOV V., DONOHUE C., JODOIN
P.-M.: Fasthierarchicalimportancesamplingwith blue
noiseproperties. ACM Transactionson Graphics(Proc.
Siggraph) 23, 3 (Aug. 2004),488-495. 2

[RHO1] RAMAMOORTHI R., HANRAHAN P.: An ef cient
representatioffor irradianceervironmentmaps.In Proc.
of ACM Siggraph'01 (2001),pp.497-500. 2

[RHO2] RAMAMOORTHI R., HANRAHAN P.: Frequeng
spaceervironmentmaprendering.In Proc. of ACM Sig-
graph'02 (2002),pp.517-526. 2

[SG92] SmITH A., GELFAND A.: Bayesianstatistics
withouttears:asampling-resamplingerspectie. vol. 46,
pp.84-88. 6

[Shi00] SHIRLEY P.: RealisticRayTracing A K Peters,
Natick, 2000. 3, 4

[SHS02] SEcoRD A., HEIDRICH W., STREIT L.: Fast
primitive distribution for illustration. In Eurographics
Workshopon Rendering(June2002), pp. 215-226. 2,
56

[SKS02] SLOAN P, KAUTZ J., SNYDER J.: Precomputed
radiancdransferfor real-timerenderingn dynamic,low-
frequeng ervironments. In Proc. of ACM Siggraph'02
(2002),pp.527-536. 2

[SPS95] SLusALLEK P., PFLAUM T., SEIDEL H.-P.: Us-
ing proceduratendermarshadergor globalillumination.
In Proc. of Eurographics(1995),vol. 14,pp.311-324. 3

[SSSKO04] Szecsi L., SBERT M., SZIRMAY-KALOS L.:
Combinedcorrelatedand importancesamplingin direct
light sourcecomputationand ervironmentmapping. In
Proc. of Eurographics(2004),vol. 23, pp.585-593. 3

[Sta01] STANFORD GRAPHICS GRouUP: Digital Michae-
langelo project, 2001. http: //graphics.stanford.
edu/projects/mich/ .7

[Tan96] TANNER M.: Tools for statistical inference
3rd ed. SpringerVerlag,New York, 1996. 6

[VG95] VEACH E., GuiBAS L.: Optimally combining
samplingtechniquedor montecarlorendering.In Proc.
of ACM Siggraph'95 (Aug. 1995),pp.419-428.3, 4,7

¢ TheEurographic#ssociation2005.



D. Burke, A. Ghosh& W. Heidrich / BidirectionallmportanceSamplingfor Directlllumination

Figure 7: Quality comparisonof our methodagainststandad importancesamplingfor the samecomputetime Left image
pair: illumination froman ernvironmentmap.Rightimage pair: illuminationfroman arealight source Leftcolumn:traditional
importancesamplingfromthelight source Rightcolumn:bidirectionalimportancesampling

Figure 8: Quality comparisonbetweenour two proposedbidirectional samplingmethodsLeft: Rejectionsampling Right:
Sampling-importanceesampling SIR).176 248imagescomputedn 13:0 secondsising15/800rejectionand SIRsamples.
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