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Abstract — Zusammenfassung

Algorithms for the Maximum Satisfiability Problem. Old and new algorithms for the Maximum Satisfi-
ability problem are studied. We first summarize the different heuristics previously proposed, ie., the
approximation algorithms of Johnson and of Lieberherr for the general Maximum Satisfiability problem,
and the heuristics of Lieberherr and Specker, Poljak and Turzik for the Maximum 2-Satisfiability
problem. We then consider two recent local search algorithmic schemes, the Simulated Annealing
method of Kirkpatrick, Gelatt and Vecchi and the Steepest Ascent Mildest Descent method, and adapt
them to the Maximum Satisfiability problem. The resulting algorithms, which avoid being blocked as
soon as a local optimum has been found, are shown empirically to be more efficient than the heuristics
previously proposed in the literature.
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Algorithmen fiir das maximale Erfiillbarkeitsproblem. Es werden bekannte und neue Algorithmen fiir
das maximale Erfiillbarkeitsproblem untersucht. Zunichst geben wir eine Ubersicht iiber verschiedene
bisher vorgeschlagene Heuristiken wie z.B. die Approximationsalgorithmen von Johnson und von
Lieberherr fiir das allgemeine maximale Erfiillbarkeitsproblem und die Heuristiken von Lieberherr
und Specker, sowie von Poljak und Turzik fiir das maximale 2—Erfiillbarkeitsproblem. Sodann beachten
wir zwei neuere lokale Suchverfahren, wie die Simulated Annealing Methode von Kirkpatrick, Gelatt und
Vecchi sowie die Methods des steilsten Anstieges und flachsten Abstieges und adaptieren diese Verfahren
fiir das maximale Erfiillbarkeitsproblem. Es zeigt sich, daB diese Verfahren, die nicht in einem lokalen
Optimum stehen bleiben, empirisch effizienter sind als die bisher in der Literatur vorgeschlagenen
Heuristiken.

1. Introduction

A central problem in Artificial Intelligence, Logic and Computational Complexity
is the Satisfiability problem (sAT) which can be expressed as follows:

Given a collection C of m clauses involving n logical variables x, x,, ..., X,, determine
whether or not there exists a truth assignment for C such that all clauses are
simultaneously satisfied.

SAT has a wide variety of applications such as consistency in expert systems knowl-
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edge bases (see Hayes, Waterman and Lenat [30], Nguyen et al. [43]), integrity
constraints in databases (see e.g. Asirelli, de Santis and Martelli [3], Gallaire,
Minker and Nicolas [16]).

If the answer to SAT is “no”, a natural question, of great practical importance, arises,
i.e., how close can one get to satisfiability? Making that question precise leads to
the Maximum Satisfiability problem (see Karp [38]) studied in this paper. Expressed
as a decision problem it can be defined as follows:

Given a collection C of m clauses, involving n logical variables x,, x,, ..., X,, and a
positive constant k, determine whether or not there exists a truth assignment for C
such that at least k clauses can be simultaneously satisfied.

This problem can also be expressed as an optimization problem and then takes
the form:

Given a collection C of m clauses involving n logical variables x,, x,, .. ., X,, determine
a truth assignment for C that satisfies the maximum number of clauses.

We will consider later a subproblem of MAX—sAT, the Maximum r—Satisfiability
problem (MAX—r1SAT) which can be stated as follows:

Given a collection C of m clauses involving n logical variables x,, x,, ..., X, and such
that each clause contains at most r distinct literals, determine a truth assignment for
C that satisfies the maximum number of clauses.

As the MAX—SAT problem is Np-complete, one must often be content with an
approximate solution, obtained by some heuristic algorithm. Indeed, the computing
time required to find an optimal solution, or to prove the optimality of such a
solution when it is found, becomes prohibitive when the problem gets large.

Ascent methods constitute an important class of heuristics. In these methods, an
initial solution is found and subjected to a sequence of local changes which improve
each time the value of an objective function until a local optimum is found. The
objective function may be given in the problem formulation or may be an evaluation
function expressing the difference between the current solution and a target solution.
The main drawback of ascent algorithms is that they are unable to get out of a local
optimum. For some rare classes of problems all local optima are also global optima
and ascent methods, prominent among which are the so-called greedy algorithms,
yield optimal solutions. Much more often, there are many local optima and the first
one found may be far from globally optimal.

Recently, local improvement heuristic methods have been proposed which include
features allowing to get out of local optima. Exploiting an analogy with a problem
of thermodynamical statistics, Kirpatrick, Gelatt and Vecchi [39] have proposed
a general approach to combinatorial optimization called Simulated Annealing.
Following this approach, an initial solution is found and evaluated. Then a local
change is randomly obtained and its effect on the value of the objective function is
assessed. If there is an improvement, the local change is accepted. If there is some
deterioration, a probability of acceptance is calculated. This probability decreases
as the amount of deterioration and the elapsed time (or the number of local changes
already considered) increase. A random number in [0, 1] is generated and the local








































































