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Bnet Inference: General

Suppose the variables of the belief network aref X, X
@is the query variable 7!
iz,  Fyvarg the observed Var/ab/e§ (with their values)
@aréthe remaining variables
i/
What we want to compute: /P(Z[Y = 1,2 .Y, 2 Y, = )
Y

We can actually compute: | P(Z,Y, = 4,2 .Y, = 1, l

e

Dpizy =2 Yi=v,))  P(Z)Y,=v,2.Y,=V)

P(Z|Y,=v,2 Y =V )=
(2] )= P(Y, =v,,2 ,YJ—VJJ M P(Z,Y,=V,,2 Y, =v,)
/72
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Inference with Factors

Y
We can compute P(Z,[Y,=v,  5v)by

expressing the joint as a factor,

£
f(Z, YJ 4 /'YZJ i,/Z)J

_, assigning Y;=v,, /R
and (summing out the variables Z,, ) Z

IE)(Z,Y:L :V1,2 ’Yj :Vj)\zz 3 ZE(Z,Y]_,..,YJ-,Zl,..,ijlevl’z Yi=v.
7 i —
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Variable Elimination Intro (1)
P(ZY,=v,2 Y, =v))= % 3 Zf(ZY,..,Y Z,, ijlﬂi

Zk

Using the chain rule and then definition of/a Bnet, we

canwrite P(X;,  X,as  T]P(X;|pX)
4 1=

We can express the joint factor as a product of
factors -

nz v, v,z .2)  T]FX{pX)

/? |
1=1
: %
P(Z,Y,=v;,2 ,Y,=v,)=% 3 Hf(xi’@
Zy Z,| i=1 1=V.2 Y=V,
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Variable Elimination Intro (2)

Inference In belief networks thus reduces to
computing t he s ums product

o f
@ 0 ®
P(Z,Y,=V,,2 Y, =vj\)]=L 3 Y TIfX.pX) &

{zk Z, i=1 Yi=vi.2 Y=V,

1. Construct a factor for each conditional probability.

2. In each factor assign the observed variables to
their observed values.

3. Multiply the factors

4. For each of the other variables 2, {Z,, wh L
sum out Z;
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How to simplify the Computation?

Assume we have turned the CPTs into factors
o and performed the assignments

% M—) (varsX)

feved 1(CD.Ge-1—> L(( )
Z ZHf(X pX )\(1 v .2 Y=V, -PZ ZHf(varsX)

Zk 1|1 1|1

%/Q_L/\S focusNe basi c
C,D)x ‘(AB,D)x *(E,A)x (D)
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How to simplify: basic case
Let s focus on Zlﬂ[f(vé}sﬁ){fi C

> C,D)x ‘(AB,D)x ‘(E,A)x ‘(D)

A

How can we compute efficiently?
Factor out those terms that don't involve(Z

Hf(varsX)l Z Hf(varsX)|

||21¢varsX| ) \ Z, ||ZlevarsX| )
—_—
Ao wat condrrng 24 do conti

HC)vy x £(b) x 2; “%A/BIMXHE/’ZD
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General case: Summing out variables

efficiently
( )

Z 3 Zf1><3 X fh:Z 3 Z(fl><3 x )l Zfi+1><3 x f, |
Z Z; = T Z Z, /kif >
ZS‘ f,x3 x 1. x@é
Z, 7 .

Now to sum out a variable@from a product 7,x  xf, x f of
factors, again partition the factors into two sets

\ N
F- those that cowtr1 Z 2
F: those that Ao “eC

) N
T Fx2>TTF
£
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Anal ogy with Conrn

product s

This simplification is similar to what you can do in basic
algebra with multiplication and addition

It takes 74 multiplications or additions to evaluate the
expression

ab+ac+ad+aeh+arfh+agh.

Y

Thi s expression be eval ua

gt(b+c+d.+%*<€+ L+ a) aa

CPSC 322, Lecture 30 Slide 11



&

Variable elimination ordering
/s there only one way to simplify?

P(G,D=t) = 5, ¢, fA,G) f(B,A) f(C,G) {B,C)

CRA W V/
P(G,D=t) =2 , (A, G,}ZB f(BA)ZC f(C‘ G) f(B, )4
GC A e\

P(G,D=t) =3, f(A.G) 3. f(C,G) zgcf(g C) [(B,A)
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Variable elimination algorithm: Summary

PE|Y, Y, 22
To compute Pz Y,=v,, ,Y~V):
1. Construct a factor for each conditional probabillity.

2. Setthe observed variables to their observed values.

3. Given an elimination ordering, simplify/decompose
sum of products

4. Perform products and sum out%
S, /UJILMQLIhE—L&m\mng factors (all in ? = )

6. Normalize: divide the resulting factor #2) by 2, #(Z) .
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Variable elimination example

LCompute PG/ H=/77);)
PGH) =245c0er, PABCDEFGH,I)
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Variable elimination example

Compute P(G [ H=h,).

IIIIII

IIIIII

CPSC 322, Lecture 30

Slide 16



Variable elimination example (stepl)

Compute P(G [ H=h,).

IIIIII

//////

o(A)

A (B A)
v e
B C (D,B,C)
i/ l fAE,C)
¢ E f+(F, D)

L (G, F.E)

N A

/ G\ e CPSC 322, Lecture 30 Slide 17
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Variable elimination example (step 2)

Compute P(G / Hzp%\}.
Previous state: o

//////

P(G,H=hy) = ZA,B,C,D,E,F,J o(A) [(B,A) 1(C) 14D, B,C) f,(E,C) I(F, D) I(G,F.E) 15(G) 15(1,G)

A fA) )
¢ £,(BA)
B = £AC)
¢ / fD,B,C)
D HEC)
¢ & (F, D)
F\ f,(G,F,E)
G
AN e
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Variable elimination example (steps 3-4)

Compute P(G [ H=h,).
Previous state:

rrrrrr

Elimination ordering A, C, E, I, B, D, F
P(G,H=,) = 1o(G) 21 Sy Io(F, D) 35 3)15(1,G) 2 (G, F.E) X0 1AC) (D.B,C) (E,C) 1, 1y(A) (BA)

-
To(A) 1o(G)
H1(BA)

2(C)
f(D,B,C)

TWE.C)
fs(F, D)

[T

Ie(G,F,E)

Ty — O ~— >
\O

5(1,G)
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Variable elimination example(steps 3-4)

Compute P(G / H=h, ). Elimination ordering A, C, E, I, B, D, F.
Previous state:
P(G,H=hy) = 1o(G) 2 2p 15(F, D) 252, 15(1,G) 2 (G, F,E) 2o 1AC) 5(D,B,C) 1,(E,C) 2, 1o(A) 1,(B,A)
Eliminate A:
P(G,H=hy) = 1(G) 3 Xp 1y(F, D) 25 110(B) 2,151,G) L 1o(G.F,E) X 1,(C) {DB,C) f,(E,C)

£(G)

‘i‘ _f(BA) | 18
Y £(C)
¢ (% (D,B,C)
5 s l £(EC)
,L 5 ,(F, D)
B 1,(G,F.E)
N

G
'Y £,0,6)
H I
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Variable elimination example(steps 3-4)

Compute P(G / H=h, ). Elimination ordering A, C, E, I, B, D, F.
Previous state:
P(G,H=h;) = 1,(G) 1e 3 f{F, D) 25 :0(B) 3, 1(,G) 25 To(G,F.E) S 1AC) F4(D,B,C) F(E,C)
Eliminate C: “

P(G,H=h,) = ,(G) 22 p 15(F, D) 25115(B) 2, 15(1,G) ;@fa(GiFiE)L’fzz(B/;D;EZ,
1o(G)
. |
¢ f10(B)
i ,2(B8,D,E)

D
,L £(F. D)
F £,(G,F.E)
N

G
'Y £,0,6)
H I
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Variable elimination example(steps 3-4)

Compute P(G / H=h, ). Elimination ordering A, C, E, I, B, D, F.
Previous state:
P(G,H=hy) = 1(G) 2 2p15(F, D) 25110(B) 2, 15(1,G) 2 15(G,F.E) f1(B,D,E)
Eliminate E:

P(G,H=hy) =1(G) 2 2p 1s(F, D) 251,0(B) 15(B,D,F,G) 2,1(1,G)

£(G)

A
J’ fo(B)
B
¢ (%
D/ l f,5(B,D,F,G)
,L E 1,(F, D)
F
N

G
¥ X £,0,G)
H I
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Variable elimination example(steps 3-4)

Compute P(G / H=h, ). Elimination ordering A, C, E, |, B, D, F.

Previous state: P(G,H=h,) =1,(G) 22, (F, D) 251,,(B) f,5(B.D,F,G) 2, I41,G)

Eliminate I:
P(G,H=h,) =f(G) [,(G) 2 2p Is(F, D) 251,o(B) f,5(B,D,F,G)
fo(G)
A
¢ f10(B)
B
L
¢ Pl l f,5(B,D,F.G)
’ 45 0) e

E\Q/’TJ-'(—U
2

||
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Variable elimination example(steps 3-4)

Compute P(G / H=h, ). Elimination ordering A, C, E, I, B, D, F.

Previous state: P(G,H=h,) =(G) F,(G) 22, Ts(F, D) 257,,(B) f,5(B,D,FG)
Eliminate B:
P(G,H=h,) = 1y(G) f,(G) 22, I5(F, D) f,5(D,F,G)

£(G)
J
B
(%
D
R S o
F\ f(DF,C)

=
%

||
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Variable elimination example(steps 3-4)

Compute P(G / H=h, ). Elimination ordering A, C, E, I, B, D, F.

Previous state: P(G,H=h,) = ,(G) f,,(G) 22, 5(F, D) f,5(D,F,G)
Eliminate D:
P(G,H=h,) =1y(G) 1,(G) 2 T,5(F, G)

e
A
;
5 £
D
y G (G
F
N\
fuol  G)

=
%

||
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Variable elimination example(steps 3-4)

Compute P(G / H=h, ). Elimination ordering A, C, E, I, B, D, F.

Previous state: P(G,H=h,) = I((G) 1,(G) 2r11s(F, G)
Eliminate F:

P(G,H=h,) :lfg,(G) f14G) 1A 6)7 1o(G)

-— U -— -

f14(G)

/’TJ"(—U

H1iAG)

=
%

||
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Variable elimination example (step 5)
Compute@ Elimination ordering A, C, E, /, B, D, F.

Previous state: P(G,H=h,) = ,(G) 1,,(G) ,AG)
Multiply remaining factors:
[ PG H=h,))= 1,4(G)

-— 0 -—

/’TJ"(—U

f15(G)

=
%

||
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-— 0 ~— -

/ﬁ"(—U

L

Variable elimination example (step 6)

Compute P(G | H=h,). Elimination ordering A, C, £, /, B, D, F.
Previous state:
P(G,H=hy) = 1,5(G)
Normalize:

PG [H=hy) =115(G) /2y some) F15(C)

CPSC 322, Lecture 30 Slide 28



Lecture Overview

Variable Elimination

Independence
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Variable elimination and conditional
independence

Variable Elimination looks incredibly painful for large graphs?
We used conditional |l ndepende

Pk, - X)) = 1| T Wm%é<3>

Can we use it to make variable elimination simpler?

‘all the variables from which the query is conditional

Independent given the observations can be pruned from
the Bnet
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VE and conditional independence: Example

All the variables from which the query is conditional
iIndependent given the observations can be pruned from
the Bnet

§%: N
| 0.9, P [ 5 i5 i)
o =7
4 S
/\( ‘ \OOMAM\:\ G 6 LS COMO]AJ'\\OV\Q/}7
¢/ / \5(9 A BD

L gt yrom e
. | y \0\06\/\

' The obser Vavs
KNy deserved H,F €

I
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VE and conditional independence: Example

All the variables from which the query is conditional
Independent given the observations can be pruned from
the Bnet

P
P

P
7 i ét/ﬁﬁs cg/txfﬁv\c T

<k

A

I

o

e.g., P(G [H=v,, F= v, C=V3).
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Learning Goals f ol

You can:

Carry out variable elimination by using factor
representation and using the factor
operations.

Use techniques to simplify variable
elimination.
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