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Abstract

Energy redistribution path tracing is a recent approach to
performing global illumination that combines basic Monte
Carlo path tracing with elements of Metropolis Light Trans-
port in order to achieve the advantages of each. The result
is an algorithm with reduced variance, better stratification,
and the ability to handle direct lighting, indirect lighting,
and caustics with a single method. It is also conceptually
simpler than Metropolis, and eliminates several of the disad-
vantages of traditional MLT, such as start-up bias and poor
convergence for direct illumination. This project describes
the details and results of an implementation of ERPT within
the framework provided by the freely available, educational
renderer, PBRT.

1 Introduction

The problem of global illumination is a fundamental topic
in computer graphics, and has received a great deal of atten-
tion over the past two decades. It focuses on the rendering
of photorealistic images by computing an approximation of
all the light paths in a scene. This is a difficult integration
problem that is typically solved using numerical integration
methods, such as Monte Carlo and Metropolis.

When Monte Carlo techniques are applied to this problem
the result is the Monte Carlo path tracing algorithm, which
generates random light paths, evaluates the radiance along
each path, and weights them by the probability of each path
being generated[Kajiya 1986]. This is the most common and
also the most flexible global illumination algorithm. How-
ever, there are common cases where path tracing is less than
ideal.

One difficult case is indirect illumination, which accounts
for light that has hit a surface and scattered one or more
times, producing effects such as colour bleeding. Because
paths are created starting from the eye, it may be hard to
generate paths that terminate at a light source, such as if the
camera is in one room, and a light source is placed behind
a partially closed door in an adjoining room. A second is-
sue is the effect of caustics, generated by specular surfaces
focusing light, and creating interesting patterns. This is also
challenging for the forward path tracer, since it requires a
path to be generated that hits a diffuse surface, and then is
scattered in just the right direction for it to hit a caustic sur-

face and reflect towards a light source. The path tracer has
no way of knowing in advance that this path is potentially
important.

One major flaw in path tracing is that it fails to take ad-
vantage of correlation between paths. That is, for any two
nearby points being rendered, they are likely to share a great
deal of “information” in common. As a result, many unim-
portant paths are generated even though their contribution
to the image should be minimal. This means that there is
high variance in the samples taken by the path tracer, and
this variance manifests as unsightly noise in the final render.
The energy redistribution path tracing algorithm [Cline et al.
2005] seeks to exploit correlation between paths to reduce
variance and allow better handling of the types of complex
lighting situations described above.

2 Previous Work

Several possibilities have been explored in attempting to
improve on basic path tracing. The most intuitively clear
is bidirectional path tracing [Lafortune and Willems 1993;
Veach and Guibas 1994], which generates sub-paths starting
from both the eye and the light, and connects the two in the
middle. In cases where a random path is unlikely to reach
the light source, this can be helpful in sampling useful paths.

Another approach to reducing variance is known as im-
portance sampling [Veach and Guibas 1995; Lawrence et al.
2004], and takes advantage of the flexibility provided by
Monte Carlo sampling in choosing the probability distrib-
ution function of samples being generated. The idea is to
generate samples using a distribution that attempts to ap-
proximate the actual function as closely as possible. This
focuses sampling where the function is expected to be large,
thus reducing variance.

Several “biased” algorithms use either caching or interpo-
lation to estimate lighting for nearby pixels, which reduces
variance and accelerates convergence. However, the unfor-
tunate side effect is that they do not necessarily converge
to the ideal, correct solution. Examples include irradiance
caching[Ward et al. 1988], photon mapping[Jensen 1996],
and density estimation[Shirley et al. 1995].

When Metropolis sampling approaches are applied to the
rendering equation, the result is the Metropolis Light Trans-
port algorithm [Veach and Guibas 1997]. It generates a sin-
gle path, and then mutates it repeatedly to explore all of path
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space. Mutations are accepted or rejected based on a rule
that enforces “detailed balance,” ie. the concept that flow
from one path sample to another should be equal to the re-
verse, ensuring that the stationary solution will eventually
be reached. As mutations occur, a histogram records where
the path mutates to, and the end result is proportional to the
integral required by the rendering equation. Energy redistri-
bution builds directly on these ideas.

Though not directly relevant to this project, there has been
much additional work on MLT since its introduction. This
includes adding support for participating media, [Pauly et al.
2000], an analysis of its statistical properties, [Ashikhmin
et al. 2001], simplications and speedups, [Kelemen et al.
2002], and an analysis of the start-up bias issue [Szirmay-
Kalos et al. 1999].

3 Concepts

3.1 Energy Flow

Monte Carlo path tracing generates samples to compute an
approximation of the integral at a given point in an image. If
f(x) is the value of a pathx, andp(x) is the probability of
that path being generated for a given probability distribution,
a sample has the value

Xf (x) =
f(x)
p(x)

For each image pixel numerous paths are generated and eval-
uated in this way to produce an unbiased estimate of the in-
tegrals forming a complete image.

Figure 1: An example of correlation in paths. The above
scene is rendered from the points of view of the two red dots
in the image. The renders on the right illustrate that these
points share a great deal of information, ie. they are highly
correlated.

As described above, path tracing discards a great deal of
information by generating an entirely new path on each iter-
ation. If it could be modified to exploit the correlation be-
tween nearby paths, variance could be substantially reduced.

This is what energy redistribution does, by taking each path
and mutating it to spread its sample energy around to nearby,
closely related paths. At each mutated path in a long chain,
it deposits some fraction of the original sample energy. To
understand why this works, we must consider the details of
energy flow. Energy flow is the idea of allowing energy to be
transferred directly between related samples. The creation of
a connection between two samples is the role performed by
a mutation in the ERPT algorithm. The expected flow from
one sample to another is given by:

E[φ(x → y)] = E[Xf (x)p(x)T (x → y)q(x → y)]

wherex andy are two correlated samples,φ(x → y) in-
dicates flow fromx to y, T is the transition function which
gives the probability of a mutation fromx to y occurring,
andq dictates the fraction of the energy at x flowing to y, if
such a mutation occurs.

The key to ensuring that such a strategy remains unbiased
is satisfying a property known as “general balance”. This is
the property of a mutation strategy that ensures it will con-
verge to the stationary distribution, by requiring that total
flow into a given point equals the total flow out of that point.
If we consider an energy distribution that is already at the
stationary solution, it is clear that general balance will en-
sure that it remains there. Similarly, enforcing general bal-
ance causes an non-stationary distribution to converge to the
correct solution. A more restrictive requirement that inher-
ently satisfies general balance is “detailed balance” which
says that the flow from a point x to another point y must
equal the flow from y to x. By enforcing detailed balance,
ERPT can be made to be unbiased.

The mutation acceptance criterion used by MLT (which
ERPT also adopts) that enforces detailed balance is:

a(x → y) = min
(

1,
f(y)T (y → x)
f(x)T (x → y)

)

wheref is the radiance value of a path andT is again the
transition probability. Taking the minimum of the two terms
causes all mutations in one direction to be accepted, while
only some in the opposing direction are accepted. This is
done to increase the number of accepted mutations and speed
convergence.

3.2 Mutations and Path Density

There are two types of mutations used by the algorithm.
Caustic mutations perturb the outgoing direction from a light
source or second diffuse vertex in a path. The modified path
is then followed back through specular bounces until the dif-
fuse vertex preceding the eye is reached. This point is then
projected onto the image plane to get the new sample lo-
cation. This mutation allows for exploration of paths that
typically give large contributions to the interesting caustics
generated by specular surfaces.
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The second type is referred to as a lens perturbation in
[Cline et al. 2005], but is actually a combination of lens
and multi-chain perturbation. The image plane coordinates
of an existing path are perturbed slightly, and a new ray is
shot from that point. This path is then followed through the
same types of bounces as before, perturbing the bounce di-
rection at each diffuse vertex that is followed by a specular
surface. When a diffuse vertex followed by a diffuse vertex
is reached, the mutated path is connected directly up to the
old path. Lens, multi-chain and caustic mutations are de-
scribed in further detail in [Cline and Egbert 2005; Veach
and Guibas 1997; Veach 1997].

In order to apply these mutations, we must compute the
change between the probabilities of generating the existing
and mutated paths with our path tracer. A small set of five
rules determines how these “path densities” are computed
change for each component of a mutation. For example, for
perturbing the pixel coordinates of a sample, as done in a
lens mutation, there is no change in density. Specific, easily
implementable formulas are given in [Cline et al. 2005] for
the remaining four cases, including connecting a path to the
eye, and perturbing directions of light bounces. The only
difficulty is knowing exactly when and how to apply these
rules, which will be discussed in section 4.2.

4 Implementation

4.1 Integration with PBRT

I decided to add ERPT to the PBRT renderer [Pharr and
Humphreys 2004], so that I would have time to focus on the
details of the ERPT algorithm implementation, rather than
the low-level minutiae inherent in creating a renderer from
scratch. PBRT provides mechanisms for ray-shooting and
intersection detection, sampling and filtering, shape repre-
sentations, image output, several integration techniques, and
a variety of other features necessary for successful rendering.

My initial hope was that ERPT could be implemented as a
plugin, so that it might be distributed independently and used
in the same fashion as the other integrators already provided.
However, PBRT’s core rendering loop assumes that the inte-
grator creates a single path and returns a single sample value
to be added at that pixel. In contrast, ERPT generates a sam-
ple, and then deposits fractions of it at numerous points in
a mutation chain. As a result, I was forced to modify the
files in the core of PBRT. The main code for the implemen-
tation is in scene.cpp, which contains the main rendering
loop, anderpt.cpp, which provides the path creation, muta-
tion and evaluation routines.

For the path generation and evaluation component, I be-
gan with the standard PBRT path tracing implementation,
path.cpp. This code performs tracing and evaluation in a
single pass, and it sums the energy of all sub-paths of the
computed path as well, improving convergence at the ex-
pense of biasing the result. I removed this latter feature,

and separated creation and evaluation into distinct functions
operating on an array of vertices containing the path data
(vertex location, incoming/outgoing direction vectors, spec-
ular/diffuse flags, etc). Next I created a mutatePath func-
tion that detects the path type and performs a mutation ac-
cordingly. Note that caustic mutations are possible only for
paths of the formL(S|D)∗SDE. I choose randomly be-
tween the two mutation types whenever both are applicable,
and in other cases simply apply the appropriate. Once I thor-
oughly understood PBRT’s path tracing, writing code to per-
form these mutations was relatively straightforward, albeit
slightly time-consuming and error-prone.

4.2 Issues and Clarifications

Although it isn’t terribly complicated, in the interests of clar-
ity I present the exact algorithm I used for estimating the de-
position energy, in algorithm 1.

Algorithm 1 Deposition Energy Estimation
function COMPUTEED

energy = (0, 0, 0)
count = 0
for each pixel in imagedo

create a pathx in the current pixel.
Xf (x) = f(x)/p(x)
energy = energy + Xf (x)
count + +

end for
ed = luminance(energy)/(count ∗mutations)

end function

One element of the original paper that is somewhat un-
clear is how to compute the value of the mutation acceptance
functionq in practice. Due to the organization of the original
paper, it is implied that we must compute all the terms in:

q(x → y) = min
(

1,
Xf (y)p(y)T (y → x)
Xf (x)p(x)T (x → y)

)

However, sinceXf (x)p(x) = f(x), we just need to com-
pute:

q(x → y) = min
(

1,
f(y)T (y → x)
f(x)T (x → y)

)

Furthermore, it is never explicitly stated exactly how the path
density change from x to y, here denoted∆density(x →
y), is used in computing the acceptance. Careful reading of
[Cline and Egbert 2005] indicates that the following is the
correct interpretation. Path density change computed using
the supplied rules is equivalent to:

∆density(x → y) =
T (y → x)
T (x → y)

and recalling that we are actually dealing with luminance of
the evaluated paths, we have:

q(x → y) = min
(

1,
lum(f(y))
lum(f(x))

∆dens(x → y)
)

3
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Thus to findq we just need to compute the luminance of
the current and mutated paths, and the path density change
between the two.

A second issue I had trouble with was understanding how
to apply the equal deposition flow rule, in terms of what ex-
actly was deposited at each point. In practice it is very sim-
ple. If e(r, g, b) is the rgb triple from the original sample
location, anded is the scalar deposition energy computed as
in 1, we depositdepositionV alue(r, g, b) = e/lum(e)∗ ed.
The first way to look at this is that we are normalizing the
colour given by the initial sample, and scaling byed to en-
sure we deposit the correct total energy. The other way to
look at it is that the ratio oflum(e) : ed should equal the
ratio of e : depositionV alue(r, g, b). This is valid because
luminance is a linear function of the individual components
of the spectrum.

Both of these details are spelled out explicitly in the mod-
ified version of the equal deposition flow algorithm, given in
Algorithm 2.

Algorithm 2 Equal Deposition Flow

function EQUALDEPOSITIONFLOW(x, e(r, g, b), m, ed)
numChains = brandom(0, 1) + lum(e)/(m ∗ ed)c
depV al(r, g, b) = e/lum(e) ∗ ed/samplesPerP ixel
for i = 1 tonumChains do

y = x
for j = 1 tom do

(z, ∆density(x → y)) = mutate(y)
lfz = lum(f(z))
lfy = lum(f(y))
q = lfz/lfy ∗∆density(x → y)
if q >= random(0, 1) then

y = z
end if
depositdepV al aty

end for
end for

end function

I also implemented the second of the two filters described
in the paper. “Consecutive sample” filtering reduces bright
spots that occur as a result of a mutation chain getting
“stuck” on the same path for a very large number of itera-
tions. It does this by counting the number of iterations where
a mutation fails, and if it exceeds a threshold of 10 or 20, it
ceases to deposit energy at that sample until it mutates away
from that point.

Another issue that the paper doesn’t go into is how to en-
sure that the energy deposition works correctly in the pres-
ence of an image filter being used for depositing samples. If
the samples deposited at a point are averaged (as they nor-
mally would be) rather than summed (as required by ERPT)
all the pixels in the image end up having a luminance the
same as the deposition energy, which naturally gives a very
poor result. The correct behaviour is for samples being de-

posited to simply be accumulated and not averaged, so that
pixels that receive more energy depositions correctly become
brighter. I also found it necessary to divide the deposition en-
ergy by the number of samples per pixel in the image, so the
final sum works out to be the same as the desired average
energy. (ie. if we don’t perform this division the image sim-
ply gets brighter and brighter as more samples per pixel are
deposited.)

Although the original paper provides an appendix outlin-
ing how rules are used in two example paths, their caustic
mutation fails to include any specular surfaces, despite the
fact that they themselves do not apply caustic mutations to
this type of path. Therefore I provide a full description of
how each rule is applied in the renderer.

For a lens perturbation, when the pixel coordinates are
adjusted on the image plane, we apply rule 1, which states
that the path density does not change. When directions are
perturbed outgoing from a diffuse surface, we apply rule 2,
multiplying path density by the the ratio of two cosine val-
ues. Finally when we hit two consecutive diffuse vertices,
we reconnect with the old path, and apply the formula from
rule 3. If the path continues all the way to a light source, we
apply rule 4, for connecting to lights. For an implicit path
this implies again applying rule 3, and for explicit paths, we
do nothing. We did not mutate paths of the form LE.

For a caustic perturbation, we apply rule 5 for connecting
the final point back to the eye. This was the only rule that
appeared to be necessary. The only other rule that might be
applied is rule 4, as in the example in the appendix, but in
our case these paths were implicit implying application of
rule 3. However, rule 3 applies only to connecting diffuse
vertices, and here we are connecting a specular vertex to the
light (or diffuse vertex), so it doesn’t appear to apply. The
results indicate that this is the correct choice.

5 Results

As demonstrated by the following collection of Cornell box
images, the algorithm appears to work correctly, although it
is still substantially slower than the render times quoted in
[Cline et al. 2005]. This is at least partly because they per-
formed renders on a 3.4GHz P4 Desktop, while all renders
in this project were performed on a 2.4GHz Compaq laptop
with 512MB of RAM.

The two images of mostly indirect lighting in figures 2
and 3 were rendered in approximately 2 hours each. The
basic MC path tracing image used 1400 samples per pixel,
while the ERPT image used 100 mutations per chain, with
24 samples per pixel. It is clear that the path tracing image
produces much worse speckled noise, and ERPT produces
much smoother images. However, ERPT has some problems
with unevenness in the results, which would likely require
a larger number of mutations to resolve. When the number
of paths is relatively low, ERPT images possess a large de-
gree of blotchiness and bright spots. Even for the multi-hour
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Figure 2: MC path tracing with 1400 samples per pixel.

Figure 3: ERPT with 100 mutations and 24 samples per
pixel.

renders shown above, the result in dark regions is very un-
even. This issue was noted by Cline et al, and they suggest
chains of 100-1000 are required. I used chains of 100 simply
due to time constraints, and presumably longer chains would
further smooth out the unevenness.

For caustic lighting, I set up a scene with a mirror ring
against the back wall of a Cornell box, and a glass sphere
closer to the viewer on the right. These images required

roughly 7.5 hours to render, although for the ERPT case the
number of mutations and samples was identical to the pre-
ceding test. This is because in the previous example, with
purely diffuse surfaces, there is no opportunity for multi-
chain or specular mutations to occur, so all the mutations
are very short, and quick to apply.

Considering the results in figures 4 and 5, MC path tracing
successfully generates a nice cardioid caustic inside the ring,
as one might expect. However the details of this caustic are
blurry and indistinct, and there is a great deal of noise inside
the ring. In contrast ERPT generates some very attractive
cardioid caustics, with more detail and less noise. In front
of the sphere and to the left, there is an additional caustic
that is barely hinted at in the path tracing version. However,
it is unclear whether the additional coloured caustic effects
near the sphere and on the left and right walls are correct, or
evidence of an error in the implementation.

There are also random bright spots that look like caustics,
but are in fact artifacts of the algorithm. The original paper
demonstrates these same types of artifacts in their “torus-
in-a-glass-cube” renders. The explanation for this is that
a low probability path with very high energy content was
generated and deposited. Increased mutations and samples
reduces these problems, although presumably a very large
number is required to eliminate them entirely. In defense of
ERPT, it is also worth noting that in renders taking just a
few minutes to complete, ERPT already begins to flesh out
the caustics, while a path tracing render shows nothing but
bright speckled noise filling the ring.

Another interesting feature is the curved black square re-
flected in the sphere in the Monte Carlo images. This is a
result of paths bouncing back out of the scene into the void
beyond. Notice that this feature is entirely lacking in the
ERPT images. The reason for this is that sample paths of this
type have zero energy, and hence energy cannot be redistrib-
uted. One possible solution might be to split up the integral,
and blend the ERPT solution with a Monte Carlo solution for
just the zero energy paths. This would be similar in nature to
how Metropolis typically uses MC path tracing to compute
direct lighting, and MLT for the remaining paths.

The consecutive sample filter implementation worked ex-
actly as claimed in the paper, despite the fact that the authors
provided no examples demonstrating it. Figure 6 shows a
render with and without this filter (using a consecutive sam-
ple cutoff of 10), clearly demonstrating that it has the desired
effect.

6 Conclusion

Although ERPT is indeed easier to understand and apply
than the original MLT formulation, some details of the al-
gorithm were not crystal clear. This report has highlighted
some of the difficulties encountered during implementation,
and attempted to clarify details where possible. I have also
successfully reproduced the qualitative behaviour of the re-
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Figure 4: MC path tracing with 5625 samples per pixel.

Figure 5: ERPT with 100 mutations and 24 samples per
pixel.

sults shown in [Cline et al. 2005], as well as the problems
with the algorithm, such as bright spots and blotchiness due
to insufficient sampling or mutations.

There are several areas on which future work could po-
tentially focus. In terms of the current implementation, the
“proposed mutations” noise filter has not yet been imple-
mented. In the original paper it is shown to improve noise in
smooth areas while successfully retaining sharp edges. Fur-

Figure 6: A comparison between (a) unfiltered and (b) fil-
tered renders of a portion of a Cornell box. Note that
the incorrectly bright pixels (due to mutation chains getting
“stuck”) are eliminated in the filtered version.

ther code optimizations would also be helpful to accelerate
the mutation and evaluation of paths, and thus produce faster
renders.

As for extensions to the algorithm, deriving filters that
would not bias the final result would be beneficial, as Cline
et al suggest. Combining ERPT with existing variance re-
duction approaches such as importance sampling would be
another useful avenue to explore. Lastly, looking for tech-
niques to address the blotchiness of short mutation chains
and the occurrence of bright spots in the presence of specu-
lar surfaces would also be helpful in making ERPT a more
effective rendering method.
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