
Chapter 5

Large scale problems

In this chapter we considerthe unconstrainedminimization problem

min
x 2 IRn

f (x)

wheren is large. We will often make the assumption

� (MV) : To form the product of r 2f (x) with a vector takes
muchfewer than O(n2) operations and storage locations.

In Example4.5we have seenan instancewhere(MV) holds: even though
storing the Hessianmatrix requiresn2 locations,only O(n) storagelocations
and 
ops are neededto form the product [r 2f (� )] � v for any vector v .

A rich sourceof problemssatisfying (MV) are sparsematrices. A matrix
is sparseif it has a high proportion of zero entries. Also very important is
the structure of the nonzeroentries in the matrix. We have seenan ODE
example(Example 4.5) whereA wastridiagonal. PDE discretizations(�nite
di�erence, �nite volume, �nite element) also give rise to sparsematrices,
but the structure is more involved. The nonzeroentries all concentrate in
particular diagonals,but thesediagonalsare no longer all bunched up near
the main diagonalof the matrix.

For both ODE and PDE discretizations, however, only O(n) storageis
required for A, and a matrix-vector product also requiresonly O(n) opera-
tions. In fact, even for solvinga systemof linear equationsAx = b with such
matrices there are techniqueswhich require much fewer than n2 operations
and only O(n) storage.

Example 5.1
Occasionallythe Hessianfor a particular objective function f can be written
as

r 2f (x) = BA � 1B T ; (5.1)
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52 Chapter 5: Large scaleproblems

whereA is m � m, nonsingularand sparseof the form described above, and
the alsosparseB is n � m.

BecauseA � 1 is full (dense),sois the Hessianmatrix r 2f in general.But
a matrix-vector product w = r 2f (x)v can be performedas follows:

1. Form ~v = B T v.

2. Solve A ~w = ~v.

3. Form w = B ~w.

Each of these operations can often be achieved without increasingstorage
beyond the requirements of A and B and in much fewer than O(m2 + n2)
operations.

�

We have seenso far three basic descent directions { steepest descent,
Newton and quasi-Newton{ and two global search strategies{ line search
and trust region, the latter involving mixing those basic directions. Let us
examinewhat the evaluation of the basicdescent directions involves.

1. Steepest descent

Wewill assumethat in all casesunderconsiderationthe gradient r f k �
r f (xk) is required and is available at a reasonablecost, say O(n)
operations. Thus, the steepest descent direction

pk = � r f k

is alsoavailable, una�ected by the sizeof the problem.

The simplicity of evaluating the steepest descent direction increasesits
attraction for large problems. For instance, classicalneural network
algorithms are basedon it. The trouble with steepest descent remains
that the iteration converges(often painfully) slowly, and often this only
getsworsefor large problems.

2. Newton

Here we have to solve at each iteration a linear systemof equations

Hkpk = � r f k : (5.2)

If Assumption (MV) doesnot hold then there is little onecan do. The
nonlinear conjugategradient method described below in Section5.1 is
then recommendedinstead.
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If, however, Assumption (MV) does hold then we may well consider
solving (5.2). The question of how to do this has drawn tremendous
interest in recent years. The special caseof sparsematricesis the topic
of another courseCPSC517.

There are generallytwo approachesfor solvinga linear systemof equa-
tions

Ax = b

(of which (5.2) is an instance): direct and iterative.

(a) Direct methods are normally basedon variants of Gaussianelimi-
nation. The essential step can be seenasdecomposingthe matrix
into a product of lower triangular and upper triangular matrices,

A = LU:

For sparsematrices, though, the elimination processproduces�l l-
in, viz., L+ U hasmany morenonzerosthan A has. Thereareways
to minimize the �ll-in, involving fancy graph theory notions, see
CPSC517.But for really large, sparsematrices and for problems
satisfying (MV) which are not directly sparse(such asappearsin
Example 4.5), iterativ e methods o�er the only viable alternative.

(b) Iterativ e methods for Ax = b generatea sequenceof iterates, just
like our usual nonlinear algorithms. Within a Newton method for
minimizing f (x) we then have somethinglike

x0 given

For k = 0; 1; ::: % outer iteration

gk = r f (xk); Hk = r 2f (xk);

p0
k = 0;

Generatea seriesof iterates % inner iteration

p1
k ; p2

k ; : : : ; p l
k ! pk

s:t : Hkpk = � gk ;

xk+1 = xk + � kpk ; % e:g: line search

There are various iterativ e methods for the inner iteration, both
for the casewhere Hk is positive de�nite and (more mysterious
and lesssuccessfulin general)when it's not. We will concentrate
hereon onesuch method, the linear conjugategradient method.
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3. Quasi-Newton

Generally, the rationale of maintaining and updating Bk or Gk = B � 1
k

is self-defeatingin caseswhere Assumption (MV) holds. There are
variants such as limited memory BFGS that addressthis, and we refer
to Chapter 9 of [23] for more. In general,if any such method proved
to be really, really robust then probably Newton's method would not
be still alive and kicking today.

5.1 Conjugate gradien t metho ds

The material covered in this sectionis included in Chapter 5 of [23].
There are two variants of conjugategradient (CG) methods:

1. Linear

Theseaddressthe minimization of quadratic models, i.e.,

� (x) =
1
2

xT H x � gT x

whereH is a constant, symmetricpositivede�nite matrix. As explained
earlier, thesearise in the inner iteration of a Newton-type method.

2. Nonlinear

Theseaddressthe minimization of a nonlinear function f (x) directly.

It is easierto understandthe basicsand principles of conjugategradients
for the linear variant, sowe start with it.

5.1.1 Linear conjugate gradien t (CG) metho d

The problem consideredis that of solving the linear system

Ax = b (5.3)

with A an n � n real symmetric positive de�nite matrix. The matrix A
doesnot have to be sparsefor the algorithm to work, but its e�ectivenessis
basedon the premisethat to form a matrix-vector product Ay is signi�cantly
cheaper than to form A � 1y (i.e. that Assumption(MV) holds). The notation
here is the usual one in numerical linear algebra. Of coursein our nonlinear
context A shouldbesomemodi�cation of the Hessian,b is minusthe gradient
of the objective function f , and x is the search direction which hasuntil now
beendenotedp; however, here we are strictly within the inner iteration, so
the notation p is reserved for the search direction within the inner iteration.
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The solution x � of (5.3) is also the unique minimizer of the quadratic
function

� (x) =
1
2

xT Ax � bT x: (5.4)

We look then for a method which generatesa sequenceof iterates f x k ; k =
1; 2; : : :g with x0 a given initial iterate and � (x k+1 ) < � (xk). The update
step is written as

xk+1 = xk + � kpk (5.5)

wherepk is a search direction (in IRn ) and the scalar � k is the step length.
The important questionis how to obtain a good, cheapsearch direction (the
one provided by Newton's method, namely pk = A � 1b � xk , is deemedtoo
expensive, although in theory it yieldsconvergencein onestepwith � k = 1!).
Oncethe search direction is chosen,the steplength is determinedto minimize
� (x) along the line xk + � pk . For generalobjective functions f a (weak) line
search must be performed, but for our quadratic function (5.4), � k can be
determinedprecisely.

Let us de�ne the energy norm:

kxkA =
p

xT Ax: (5.6)

It is not di�cult to verify that the energynorm is indeeda norm. Moreover,
it can be veri�ed that

� (x) � � (x � ) =
1
2

kx � x � k2
A : (5.7)

The squareof the energynorm therefore gives a measureof distance in � .
Depending on the application which gives rise to (5.3), closenessof a given
point x to x � in valuesof � may sometimesbemoreimportant than closeness
in Euclideandistance.

Steepest descent

Let us considerthe \optimal" (steepest) descent algorithm �rst. Denote by
dk the gradient vector at x k ,

dk = r � (xk) = Axk � b: (5.8)

Thus, for the function � of (5.4), the gradient is the defect of (5.3). The
steepest descent direction is

pk = � dk :
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Moreover, unlike the general casehere we can easily calculate the corre-
sponding locally optimal step size for the quadratic objective function by
minimizing � (xk + � pk) to yield

� k = [kdkk=kdkkA ]2: (5.9)

Further, we can write the iteration (pleaseverify) as

dk+1 = dk � � kAdk ; (5.10)

so the algorithm can be set up such that each iteration involves only one
multiplication by A. Finally, note that the computed consecutive gradients
are orthogonal, namely

dT
k dk+1 = 0:

This is a very simple algorithm; however, even in the quadratic caseit
convergesonly very slowly whencond(A) is large. (In this casethe gradients
at consecutive iterates typically zig-zag,which is not prevented by orthogo-
nality.) In fact it can be proved that

kxk � x � kA � [
cond(A) � 1
cond(A) + 1

]kkx0 � x � kA (5.11)

and this bound is often a realistic approximation in practice. Essentially , the
number of iterations neededto reducethe initial error by a factor � is

k � :5 cond(A) ln(1=� ) + 1: (5.12)

For example,if A represents a discretization of an elliptic partial di�erential
equationin 2D (say, Poisson'sequationwith Dirichlet boundary conditions),
then typically cond(A) = O(n), yielding an unacceptably large number of
iterations.

Conjugate gradien ts

Since the steepest descent directions appear to yield slow convergence,we
now considera possiblemodi�cation of the form

pk = � dk + � k� 1pk� 1; (5.13)

with p0 = � d0, and where � k are parametersto be determinedbelow. The
step sizes� k are determinedas beforeby an exact line search, yielding

� k = � pT
k dk=pT

k Apk : (5.14)
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This is true in generalfor our quadratic objective function, not only for pk

given by (5.13). (Also true in generalis the orthogonality betweenthe next
gradient and the current search direction, viz. dT

k+1 pk = 0.) But for (5.13)we
have in addition that pk = 0 and � k = 0 i� xk = x � ; hence� k is well-de�ned
as long as it is needed.

The strategy in determining � 0; � 1; : : : is to minimize at each iteration
step k the error in energynorm kx k � x � kA = kdkkA � 1 over a certain subset
of IRn . From the recursion(5.5),(5.13) we get for any � k 's the expression

dk = d0 +
kX

l=1


 lA ld0 (5.15)

for appropriate coe�cien ts 
 l 6= 0 depending on k. Letting Sk � IRn be the
subspace

Sk = spanf Ad0; A2d0; : : : ; Akd0g

we require dk to give minimum error in energynorm in the set

Tk = d0 + Sk ;

i.e.,
kdkkA � 1 = min

d2 Tk

kdkA � 1 : (5.16)

(Obviously, dk 2 Tk .1)
A theorem that is not di�cult to prove assuresus that the condition

(5.16) is satis�ed by choosing

� k = dT
k+1 Apk=pT

k Apk : (5.17)

Moreover, this condition also implies that

dT
k d l = 0; l 6= k (5.18)

and
pT

k Ap l = 0; l 6= k: (5.19)

According to (5.19) the search directions are A-conjugate, whencethe
name of the algorithm conjugate gradient method. Using the orthogonality

1The Krylo v subspace of degreek for A and d0 is de�ned as

K k = spanf d0; Ad0; A2d0; : : : ; Ak d0g:

Clearly, Tk � K k . Also, Sk is a Krylo v spaceof degreek � 1 for A and d̂0 = Ad0.
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result (5.18), the expressionsfor � k and � k canbesimpli�ed to readas(5.20d)
and (5.20a) below. To summarize,the basic iteration step is:

� k = dT
k dk=pT

k Apk (5.20a)

xk+1 = xk + � kpk (5.20b)

dk+1 = dk + � kApk (5.20c)

� k = dT
k+1 dk+1 =dT

k dk (5.20d)

pk+1 = � dk+1 + � kpk (5.20e)

(for k = 0; 1; : : :, starting from x0 a given guess,and calculating initially
� p0 = d0 = Ax0 � b).

This iteration step is rather simple, requiring onematrix-vector multipli-
cation, Apk . We alsonote in passingthat in exact arithmetic the algorithm
must terminate in at most n iterations (for otherwisewe will have generated
n + 1 mutually orthogonal vectorsdk 6= 0 of sizen each { an impossibility).

Of course,n iterations are much too many when A is large, so we seek
a bound on the rate of convergencefor only a few iterations (similar to, but
hopefully better than, the steepest descent bounds (5.11), (5.12)). For this
we denoteby � k the setof all polynomialspk of degreek such that pk(0) = 1,
and let

~Tk = f d 2 IRn ; d = pk(A)d0; pk 2 � kg:

Clearly, dk 2 ~Tk � Tk � K k (note (5.15) and 
 k 6= 0). From the minimum
property (5.16) of kdkkA � 1 in Tk oneobtains, following a short proof, that
if for someconstant � and somepolynomial ~pk 2 � k the inequality

maxfj ~pk(� i )j; i = 1; : : : ; ng � � (5.21)

holds, then
kxk � x � kA � � kx0 � x � kA : (5.22)

The questis then to �nd a polynomial ~pk such that � is small (minimized),
which would thereforeyield the most realistic bound on the convergencerate.
Considerationof the corresponding minimax problem on the interval [� n ; � 1]
(which contains all the eigenvaluesof A) yields the Chebyshevpolynomial tk

as a candidate for a minimizer ~pk , and the bound

kxk � x � kA � tk [(� 1 + � n )=(� 1 � � n )]� 1kx0 � x � kA : (5.23)

The number of iterations neededto reducethe initial error by a factor � is
subsequently boundedby

k � :5
p

cond(A) ln(2=� ) + 1 (5.24)
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which is a signi�cant improvement over the bound (5.12) for the steepest
descent algorithm.

Moreover, this bound canbe improvedfor problemswherethe eigenvalues
can be clustered into a few small subintervals. Indeed, (5.24) is often a
pessimisticbound,becauseto arriveat (5.23)weminimize maxfj ~pk(� )j; � n �
� � � 1g, instead of just the valuesof j ~pk(� i )j as in (5.21).

For problems with a wide range of eigenvalues, though, the speed of
convergenceof the conjugate gradient method is still not satisfactory. In
particular, if A arisesfrom a discretization of an elliptic partial di�erential
equation in 2D then, according to (5.24), O(

p
n) iterations are neededto

achieve an error reduction of a �xed amount. For n = 1002 we getshundreds
of iterations (whereasfor the steepestdescent algorithm it's tensof thousands
of iterations). Yet, this improvement paleswhen comparedwith a constant
number of iterations neededwhenusing an alternative such as the multigrid
method for certain such problems.

Preconditioned conjugate gradien t metho d

Sincethe rate of convergenceof the conjugategradient method dependson
the spread of the eigenvalues of A, we would like to rede�ne the method
so that the basic iteration is applied to a transformed problem, in which
the matrix involved is better conditioned. This is the basic idea behind the
preconditioned conjugategradient method.

Let C be a symmetric positive de�nite matrix, factored in the form

C = EE T

and considerthe quadratic minimization problem (5.4) for the variable

y = E T x:

This yields the minimization problem for the quadratic functional

~� (y) =
1
2

yT ~Ay � ~bT y (5.25)

where

~A = E � 1AE � T ; ~b = E � 1b:

Note that ~A is symmetric positive de�nite, and so the conjugate gradient
method may be applied to it, yielding the solution y � for the problem (5.25),
i.e., ~Ay � = ~b. The solution of interest x � can then be retrieved by x � =
E � T y � .
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Clearly, ~A hasthe sameeigenvaluesasdoesC � 1A (to seethis, usea sim-
ilarit y transformation with E T ), sothe questis to �nd a good preconditioner
C such that the condition number cond(C � 1A) is much reducedcompared
to cond(A) (or the eigenvaluesare nicely clustered)and, at the sametime, a
matrix-vector multiplication involving C � 1 is cheap (the latter requirement
prevents us from simply choosingC = A: indeed,C � 1 may be consideredas
a cheapapproximate inverseof A).

Beforeconcentrating on the preconditioner, let us note that rather than
applying the conjugategradient method (5.20) to the transformed problem,
it is possibleto transform the algorithm instead. The obtained algorithm
applied to the original problem has the basic iteration step

� k = dT
k hk=pT

k Apk (5.26a)

xk+1 = xk + � kpk (5.26b)

dk+1 = dk + � kApk (5.26c)

hk+1 = C � 1dk+1 (5.26d)

� k = dT
k+1 hk+1 =dT

k hk (5.26e)

pk+1 = � hk+1 + � kpk (5.26f)

(for k = 0; 1; : : :, starting from x0 a given guess,and calculating initially
d0 = Ax0 � b, � p0 = h0 = C � 1d0). This algorithm, as well as the obtained
convergencerate (which involvescond( ~A) instead of cond(A) in (5.26)), are
entirely independent of the way we chooseto factor C.

Now to the preconditioner. Having realized that C � 1 is in fact an ap-
proximate inverseof A, we may suspect that there aremany choiceshereand
that probably noneis generallyalways satisfactory. Typical methods usedin
practice include simple relaxation methods such as Jacobi's method , more
complex relaxation methods such as symmetric successive over-relaxation
(SSOR), even more complex (especially in terms of data structures) incom-
plete LU (ILU), all the way to a multigrid cycle. Texts like Saad[26] and
Trottenberg et. al. [29] cover it all.

5.1.2 Nonlinear conjugate gradien t metho d

Assumenow that f (x) is not necessarilyquadratic and consideradapting the
basic linear CG algorithm given by (5.20). We have that

dk = r f (xk)

no longerequalsthe defectAx k � b, and the exact line search formula for � k

no longer holds either. The obvious modi�cation resulting from this obser-
vation is called the Fletcher-ReevesCG method. Starting with f 0 = f (x0),
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d0 = r f (x0), p0 = � d0, the kth iteration reads

� k = computedby line search (5.27a)

xk+1 = xk + � kpk (5.27b)

dk+1 = r f (xk+1 ) (5.27c)

� k = dT
k+1 dk+1 =dT

k dk (5.27d)

pk+1 = � dk+1 + � kpk : (5.27e)

� It is better, as it turns out, to replacethe de�nition of � k by

� k = maxf
dT

k+1 (dk+1 � dk)
kdkk2

; 0g: (5.28)

� Someextra careis neededin the line search. SeeSection5.2 of [23] for
further details.

NonlinearCG methodsaregenerallyfaster than steepestdescent. In fact,
they are the best methods amongthosewhich, like steepest descent, require
only evaluationsof the gradient. (So, they areparticularly good for problems
which do not satisfy (MV).)

But for problemswhich do satisfy (MV) the combined useof somevariant
of Newtonand the preconditionedlinear CG method usually worksmuch bet-
ter, assecondorder information is put into use. The nonlinear CG methods
tend, like steepest descent, not to convergerapidly.

5.2 Inexact Newton-t yp e metho ds

The material covered in this sectionis included in Chapter 6 of [23].
The alternatives{ nonlinear CG and limited memory BFGS { have their

shareof di�culties for largescaleproblems. We now focuson methods based
on Newton's direction

HkpN
k = � r f k (5.29)

adaptedto largescalescenarios.We will make assumption(MV). Under this
assumptionit is natural to consideriterativ e methods for solving (5.29), and
we will consider in particular the application of the linear CG method for
this purpose.
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Inexact Newton

The �rst thing we must reckon with is that the Newton direction pN
k will

not be calculated exactly { we will tend to terminate an iterativ e method
for (5.29) well before it yields an extremely small residual. Let pk be the
direction thus calculated,and denote

r k = H (xk)pk + r f (xk): (5.30)

How small doeskr kk needto be to obtain (fast) convergence?
Note at �rst that r k is not scaling-invariant, sowe ask instead how large

� k can be such that

kr kk � � kkr f kk; k = 0; 1; 2; : : : : (5.31)

Surely we must have � k < 1, for otherwisepk = 0 is an acceptableapproxi-
mation in (5.29) and we get nowhere.

Theorem
Assumer f 2 C1 in a neighborhood of a minimizer x � wherer 2f (x � ) is

symmetric positive de�nite. Considerthe iteration

xk+1 = xk + pk ;

wherepk satis�es (5.30)+(5.31).

1. If � k � � for someconstant � 2 [0; 1) then the iteration starting from
x0 su�cien tly closeto x � convergeslinearly to x � .

2. If in addition � k ! 0 then the convergencerate is superlinear.

3. If in addition � k = O(kr f kk) then the convergencerate is quadratic.

The pro of is a variant of the proof given for Newton'smethod in Chapter
3. The superlinearly convergent variant where� k = O(

p
kr f kk) appearsto

be a practical favourite.

Newton-CG

Next we considerthe application of the (possiblypreconditioned) linear CG
method to solve (5.29). Thus, we get a method satisfying (5.30)+(5.31) for
some� k , and we may attempt to control � k by the stopping criterion of the
linear CG method.

But recall that with Newton's method the matrix Bk = r 2f k is not nec-
essarilypositive de�nite! The CG method works (provably) only for positive
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de�nite matrices. In Chapter 4 we have seenone way to modify the Hes-
sian by adding � k I to it, where � k is large enoughto push thoseeigenvalues
into the positive range. Another way is to terminate the CG iteration once
a negative curvature has beendetected: near the minimum this should not
happen. The resulting technique is called Truncated Newton.

Line search Newton-CG

The following Ma tlab program combinesa Newton-CG method whereneg-
ative curvature detection is incorporated, with line search. It assumesthe
existenceof a matlab function of the form function x = precond (b,A)
(not necessarilywith this name,and with the formal argument A optional)
which returns x = C � 1b for given matrix A and vector b, where the pre-
conditioner C approximates A somehow. (NB I'm not sure that this stu� is
completelydebugged.)

function [x,k,fvals] = newtcgl (f,prec,x,tol,nmax)
%
% function [x,k,fvals] = newtcgl (f,prec,x,tol,nmax)
%
% This function returns in x a column vector x_k such that
% || x_k - x_{k-1} || < tol (1 + ||x_k||)
% and in k the number of iterations required (+1).
% On entry, x contains an initial guess
% If k exceeds nmaxthen no convergence has been reached.
% Also, the values of f at subsequent iterations are
% in fvals
%
% in the input list, f is the function to be minimized.
% A call to f returns fx=f(x), gx=grad f(x) and hx = Hessian f(x).
% in the input list, prec is the function where the preconditioner
% for the Hessian is defined.
%
% The method used is Newton-CGwith line search.
%

% constants
sigma = 1.e-4; % minimumdecrease in f
alphamin = 1.e-4; %minimumstep length

if size(x,1) < size(x,2)
x = x';

end
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n = size(x,1);
n2 = sqrt(n);
I = eye(n);
k = 0;

% Iterate newton-CG
while k < nmax

[fx,gx,hx] = feval(f,x);
k = k+1;
fvals(k) = fx;
ngx = norm(gx);

%Calculate a direction p using preconditioned CG
[p,res,its] = pcgn (-gx,hx,prec,sqrt(ngx));
fprintf('iteration %d, cgres = %ecgits = %d\n',k,res,its) % for debugging

%check for successful termination
np = norm(p);
if (np < tol*(n2 + norm(x))) & (ngx < tol)

x = x + p;
return

end

[x,alpha] = linesearch (f, x, p, fx, gx, sigma, alphamin);
if alpha < .99

fprintf('after iteration %d, alpha = %e\n',k,alpha) %for debugging
end
%check for failure
if alpha < alphamin

fprintf(' Procedure failed to locate a minimum; alpha = %e\n',alpha);
return

end

end

function [x,res,iter] = pcgn (b,A,prec,tol)
%
% function [x,res,iter] = pcgn (b,A,prec,tol)
%
% Preconditioned Conjugate gradient for Ax = b.
% prec is the function where the preconditioner is defined
% tol is tolerance for the residual (at most =0.1).
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% Return if either the tolerance has been reached or
% a direction of negative curvature has been encountered

% constants
itmax = 100;
mintol = 0.1;

tol = min (tol,mintol);

% initial solution
n = length(b);
tolnb = tol * norm(b);
x = zeros(n,1);

d = A*x-b;
h = feval (prec,d,A);
p = -h;
iter = 0;

while (norm(d) > tolnb) & (iter < itmax)

iter = iter + 1;
ap = A*p; pap = p'*ap;
if pap > 0 % the expected case, sure for A spd

alfa = (d'*h) / pap;
x = x + alfa * p;
dn = d + alfa * ap;
hn = feval (prec,dn,A); % This returns hn=M\dn where M preconditions A
beta = (dn'*hn) / (d'*h);
p = -hn + beta*p;
h = hn; d = dn;

elseif iter > 1 %negative curvature, get out
res = norm(d);
return

else %negative curvature, but x=0 so can't just get out:
alfa = 1.e-2;
x = x + alfa * p;
d = d + alfa * ap;
res = norm(d);
return

end
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end

res = norm(d);

Trust region Newton-CG

Instead of line search we can use a trust region approach in a way that
addressesall di�culties in onestrategy. Note that in the trust region model
problem

min
p

mk(p) = f k + r f T
k p +

1
2

pT Bkp (5.32)

s:t: kpk � � k

the matrix Bk need not be positive de�nite (although Bk did need to be
positive de�nite to guarantee performanceof our doglegstrategy).

Thus, at each iteration k we set Bk = r 2f k and apply CG iterations to
solve

Bkpk = � r f k : (5.33)

The CG iteration is terminated if

1. the size of the approximate solution for pk exceedsthe trust region
radius � k , or

2. the system(5.33) has beensolved to the required accuracy(� k as be-
fore), or

3. if a negative curvature is encountered.

In the latter case,the only one not seenbefore, we follow the direction of
the negative curvature p (j ) to the boundary of the trust region. This is the
CG-Steihaugalgorithm. For full details, see[23].

5.3 Data �tting and denoising

In this section we considera seriesof examples,where di�erent techniques
areapplied to problemsconcerningnoisy observations with the goalof �tting
the data but not the noise.

Example 5.2
Let us considerrecovering a function u(z) on the interval [0; 1] given noisy
data bi at points t i = (i � 1=2)h, i = 1; : : : ; N , with N = 1=h. Because
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the data are noisy, we cannot simply set u(zi ) � ui = bi : Knowing that
u(z) should be piecewisesmooth, we add a regularization term to penalize
excessive roughnessin u. See,for instance,Vogel [30], Tikhonov & Arsenin
[28], Wahba [31], or Poggio[25].

Assumingfor a moment that there is data everywhereon [0; 1] (i.e. h !
0), our simplest minimization problem is

min
u

1
2

Z 1

0
[u(z) � b(z)]2dz +

�
2

Z 1

0
[u0(z)]2dz; (5.34)

where � is a positive parameter which is �xed prior to the minimization,
and u0 � du

dz . This is an instance of a Tikhonov-type regularization using a
membrane, or the 
attest model.

The necessaryconditions for the minimum in (5.34) are called the Euler-
Lagrangeequation,

� � u00(z) + u(z) = b(z); 0 � z � 1; (5.35)

u0(0) = u0(1) = 0:

Returning to the data that we actually have on a uniform grid, we dis-
cretize (5.34) on the samegrid: For the unknown vector u = (u1; : : : ; uN )T

we have to minimize

f 2(u) =
h
2

NX

i =1

(ui � bi )2 +
� h
4

NX

i =1

�
ui � ui � 1

h

� 2

+
�

ui � ui +1

h

� 2

;

=
h
2

NX

i =1

(ui � bi )2 +
� h
2

N � 1X

i =1

�
ui +1 � ui

h

� 2

; (5.36)

where we set u0 = u1; uN +1 = uN in keepingwith the boundary condition
in (5.35). Note that the discretization of the �rst derivative is centered.

We can write

@f 2

@ul
= h [ul � bl +

�
h2

(ul � ul � 1 + ul � ul+1 )]; 1 � l � N;

and obtain the usual 3-point discretization for (5.35).
Let us expressthis in vector notation: this makesit easierto seewhat is

going on. De�ne the scaleddi�erence matrix

W =
1

p
h

0

B
B
B
B
B
B
@

� 1 1

� 1 1
. . . . . .

� 1 1

1

C
C
C
C
C
C
A

2 < (N � 1)� N :
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Then,

f 2(u) =
h
2

ku � bk2 +
�
2

kWuk2;

r f 2(u) = h(u � b) + � W T Wu;

r 2f 2(u) = hI + � W T W:

Note that the N � N matrix W T W is singular of rank N � 1 (as be�ts a
discretization of the singular BVODE u00= 0; u0(0) = u0(1) = 0), whereas
hI + � W T W is nonsingular.

From the expressionfor f 2, this is a leastsquaresproblem. Moreover, the
Hessianis constant, so it's a linear least squaresproblem. We can write this
as

min k

0

@
p

hI
p

� W

1

A u �

0

@
p

hb

0

1

A k;

and use standard software (such as backslash in Ma tlab ). The equations
r f 2(u) = 0 are simply the normal equationsfor this least squares�tting.

Next, we de�ne a problem instance, to try the above ideasnumerically.
To \synthesizedata" for a given N , we start with the \pure data function"

bp(z) =

8
>>><

>>>:

1 0 � z < :25

2 :25 � z < :5

2 � 100(z � :5)(:7 � z) :5 � z < :7

4 :7 � z � 1

:

Weevaluate this at the grid points and then addnoiseaccordingto a speci�ed
fraction (i.e. relative percentage) 'fnoise'. The resulting valuesare the data
which our program \sees".

Putting together the problem generationand least squaresrecovery we
obtain the following Ma tlab program.

function [u,f2] = lsfits(N,noise,beta,tol)
%
% function [u,f2] = lsfits(N,noise,beta,tol)
%
% Solve the denoising problem for
% u = b, u smooth
%
% N is the number of data and uniform meshsubintervals.
%
% For data values data(i),i=1..N,
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% min_u h/2 sum_{i=1}^N (u_i-data_i)^2 +
% beta/h^2 sum_{i=1}^{N-1} (u_{i+1}-u_i)^2 .
%
% if beta = 0 then program generates beta>0 based on noise level
%
% if tol = 0 then just solve linear least squares ``exactly''
% else integrate using steepest descent or conjugate gradient
% till error gradient satisfies tol

h = 1/N;
h2 = sqrt(h);
data = zeros(N,1);
for i=1:N

t(i) = (i-1/2)*h;
data(i) = fdata(t(i));

end

itmax = 1000;

% synthesize data by adding noise

randn('state',0);
noisev = randn(size(data)) * mean(abs(data)) * noise;
data = data + noisev;

% if on input beta = 0 then set it automatically based on noise level
if beta == 0

tm = norm(noisev);
sdat = norm(data - mean(data));
beta = tm / abs(sdat - tm)

end

% Construct first difference matrix W

W= sparse(N-1,N);
for i=1:N-1

W(i,i) = -1;
W(i,i+1) = 1;

end
W= W/ h2;
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if tol == 0 % Set up least squares problem and reconstruct u

A = [h2*speye(N); sqrt(beta)*W];
b = [h2*data; zeros(N-1,1)];
u = A \ b;
f2 = .5 * norm(A*u - b)^2;

else % iterate using steepest decent or cg

u = data;
g = beta*W'*(W*u); ng0 = norm(g);
H = h*speye(N) + beta*W'*W;
it = 0;
alfamax = 0; alfamin = 1.e+10;

icg = input ('enter 1 for steepest descent, 2 for CG: ');

if icg == 1 % steepest descent

while it < itmax & norm(g) > tol*(ng0+1)
alfa = g'*g / (g'*H*g); % optimal step size

alfamax = max(alfa,alfamax);
alfamin = min(alfa,alfamin);

u = u - alfa * g;
it = it + 1;
g = h*(u-data) + beta*W'*(W*u);

end

else % cg

p = -g;
while it < itmax & norm(g) > tol*(ng0+1)
Hp = H*p; %one matrix-vector mult
alfa = g'*g / (p'*Hp); %optimal step size

alfamax = max(alfa,alfamax);
alfamin = min(alfa,alfamin);

u = u + alfa * p; %update solution
gn = g + alfa * Hp; %update defect (gradient)
beta = (gn'*gn)/ (g'*g);% step size for combination for next p
g = gn;
p = -g + beta*p; %next conjugate direction
it = it + 1;
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end

end

fprintf(' terminate after %diterations, ||g|| = %e\n', it, norm(g))
fprintf(' min step size: %e, max step size: %e\n',alfamin,alfamax)
f2 = .5 * ( h*norm(u - data)^2+beta*norm(W*u)^ 2 );

end

% plot results

plot (t,data','bd',t,u','r');
xlabel('z')
ylabel('u')

function u = fdata(x)
%
% function u = fdata(z)
%
% specify unpolluted data value
%

if z < .25
u = 1;

elseif z < .5
u = 2 ;

elseif z < .7
u = 2 - 100* (z - 0.5) * (0.7 - z);

else
u = 4;

end

The results of applying this program with � = 10� 3; N = 128 for two
noise levels, 1% and 10%, are displayed in Figure 5.1. Corresponding re-
sults with the smaller regularization parameter � = 10� 4 are displayed in
Figure 5.2.

Note that the larger � is, the more smearedthe recovered curve. For
noise = :01 the reconstruction for � = 10� 4 does a more faithful job than
that for � = 10� 3 while still not appearing too \noisy". For the higher noise
level of 0:1, however, the small � producesan oscillatory curve which seems
to �t the noiserather than the \true data" (presumedto be smoother). In
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Figure 5.1: Leastsquaresreconstructionfor Example5.2with � = :001; N =
128.

this casethe reconstructionwith � = 10� 3 appearsto be doing a better job.

This example,like Example4.1, hasa constant, positive de�nite Hessian.
Thus, it canbesolved in oneNewton iteration (which is what wehavedonein
our program, in e�ect, whenTol = 0). With other methods such assteepest
descent or CG we still have an iterativ e method, though. For the steepest
descent method we have the iteration

uk+1 = uk � � k [h(uk � b) + � W T Wuk ]; (5.37)

where � k is the step size. In fact, this looks like the forward Euler method
for the ordinary di�erential equation system(ODE)

du
dt

= � [h(u � b) + � W T Wu]; 0 � t < 1 : (5.38)

The \time" t is an arti�cial time, of course. This is an exampleof a con-
tinuation method. Starting from someguessedinitial solution u(0) = u0,
one integrates this ODE in t with the goal of reaching steady state du

dt = 0.
Unlike for a generalODE, herewe have a preciserecipe for choosingthe step
size� k with the goal of reaching steadystate rapidly, given by (5.9).

The obvious question is, why even contemplate using steepest descent?!
The answer is, as usual, its simplicity: We are avoiding the needto solve a
system of linear equations. This can becomean issueif the sameproblem
is posed in two, and even more so in three, spacedimensions. Moreover,
the iteration can be controlled with a coarsetolerance. In Figure 5.3 the
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Figure 5.2: Least squares reconstruction for Example 5.2 with � =
:0001; N = 128.
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Figure 5.3: Leastsquaresreconstructionfor Example5.2with noise =.1; � =
:01; N = 128.
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tolerance level Tol = :01 was reached after 57 iterations, and results look
relatively very good.

�

Example 5.3
Unfortunately, if the data function contains jump discontinuities then they
will be smearedby (5.34), and thus alsoby its discretization (5.36), because
a � -function is not square-integrable. On a discretization grid, therefore,the
smearingis a function of the resolution becausethere is no well-de�ned limit
as h ! 0.

A � -function is integrable,though. So,considerthe minimization problem

min
u

1
2

Z 1

0
[u(z) � b(z)]2dz + �

Z 1

0
ju0(z)jdz: (5.39)

This regularization functional is called Total Variation (TV).
The Euler-Lagrangenecessarycondition is

� � [� u0]0+ u = b; 0 � z � 1; (5.40)

u0(0) = u0(1) = 0;

� = � (u0(z)) =
1

ju0(z)j
:

This sort of di�erential term is calledanisotropic di�usion . Note that (5.40)
is nonlinear, unlike (5.35).

In the discretizationof (5.39)weadd a small parameter" in order to avoid
problemswhen u0 (or the variation) changesits sign. Thus, oneminimizes

f 1(u) =
h
2

NX

i =1

(ui � bi )2 + � h
N � 1X

i =1

s �
ui +1 � ui

h

� 2

+ ": (5.41)

This yields,

@f 1

@ul
= h [ul � bl +

�
h

 
ul � ul � 1p

(ul � ul � 1)2 + "h 2
+

ul � ul+1p
(ul � ul+1 )2 + "h 2

!

]; 1 � l � N;

which leadsto a discretization for (5.40).
In vector-matrix notation, letting

D̂ = diagf h=
p

(ui +1 � ui )2 + "h 2g;

Ĉ =
p

D̂ ;
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the vector ĈWu has the elements

ui +1 � ui

[(ui +1 � ui )2 + "h 2]1=4
; i = 1; : : : ; N � 1:

Multiplying this by another Ĉ and then by W T , we obtain

r f 1(u) = h(u � b) + � W T ĈT ĈWu = h(u � b) + � W T D̂Wu:

Note that whereasW T W has a factor of 1=h embeddedin the notation,
in W T D̂Wu this factor cancelsout.

The equations
r f 1(u) = 0

necessaryfor a minimum are nonlinear, becauseD̂ = D̂ (u). Moreover, the
Hessiantends to becomesingular as " ! 0, so we cannot use Newton's
method. But we can consideran obvious �xed point iteration, called lagged
di�usivity : Starting from an initial guessu0, for k = 0; 1; 2; : : : solve

h(uk+1 � b) + � W T D̂ (uk)Wuk+1 = 0:

At each iteration k the above equations are the normal equations for the
least squaresproblem

min k

0

@
p

hI
p

� Ĉ(uk)W

1

A u �

0

@
p

hb

0

1

A k;

for which we usean obvious modi�cation of our least squaresalgorithm to
obtain uk+1 . The other name of the method, Iterativ e Reweighted Least
Squares(IRLS), now arises naturally. It is well-known that this method
convergeslinearly under suitable assumptions(see, e.g., Vogel [30]). The
convergencerate is independent of N .

Turning to the numerical test outlined in Example 5.2, for an initial
guessu0 I usedthe (noisy) data. Using " = 10� 6 and stopping the iteration
if kuk � uk� 1k � tolkukk, Figure 5.4 is obtained for � = :01.

We seethat for the caseof 1% noise the reconstructed solution with
� = 10� 2 is fairly good, although we may expect better for smaller � . For
10% noise, this value of � yields pleasingresults. Results for � = :001 are
gathered in Figure 5.5. These appear to be very good for the lower noise
level, but not for the higher one.

The iteration counts are low (< 5 for the caseslisted in these two �g-
ures, except for Figure 5.5(b) where 19 IRLS ierations were required) for
relatively large tolerances.But they get signi�cantly higher when the toler-
anceis decreased,becausethe convergencerate is only linear. Fortunately,
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Figure 5.4: Total variation reconstructionfor Example5.3with � = :01; N =
128; Tol = :01.
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Figure 5.5: Total variation reconstruction for Example 5.3 with � =
:001; N = 128; Tol = :001.
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no stringent toleranceis neededwhen the measureof result quality is what
pleasesthe eye.

The Ma tlab code fminunc (which usesa Newton-CGmethod) alsodoes
a decent job here(although note that each iteration of this codeis much more
demandingthan an IRLS iteration).

�

Example 5.4
In Example 5.3 we have faced di�cult y especially when uj � uj � 1. Then
the corresponding terms in the Hessianare very large. Moreover, the total
variation seminorm(i.e. the l1-norm of the discretizedderivative) tends to

atten the recoveredsolution whereit doesnot admit jump discontinuities.

Instead, we can usea mix of l1- and l2-norms for the solution derivative.
Thus,weinvokethe l1-norm only whenjuj � uj � 1j \w ants to be" large(whence
we want the penalty weight of the corresponding link to be small). This is
called the Hub er norm , even though the obtained function is not quite a
norm (Exercise: Why?). The original referenceis Huber [20]. Seealso
Sapiro [27].

At the continuous level we extend (5.34) into

min
u

1
2

Z 1

0
[u(x) � b(x)]2dx + �

Z 1

0
� (ju0(x)j)dx (5.42a)

� (t) = � (t; 
 ) =

(
t2

2 0 � t � 



 t � 
 2

2 t > 

(5.42b)

where
 is a parameter to be determined.
Note that � hasa continuous,bounded�rst derivative, but � is not in C2.
The Euler-Lagrangeequation is

� � [� u0]0+ u = b; 0 � x � 1; (5.43)

u0(0) = u0(1) = 0;

� = � (ju0(x)j) = minf 1;



ju0(x)j
g:

The discretization of (5.42) yields the minimization of

f H (u) =
h
2

NX

i =1

(ui � bi )2 + � h
N � 1X

i =1

�
�

jui +1 � ui j
h

�
: (5.44)

Comparing to (5.41), note that " is no longer required.
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The necessaryconditions for a minimum are then

r f H (u) = 0

where

r f H (u) = h(u � b) + � W T ~DWu (5.45a)
~D = ~C2 = diagf 
 h=max[
 h; jui +1 � ui j]g: (5.45b)

An IRLS (laggeddi�usivit y) method can now be constructedas for the
TV regularization, with ~C replacingĈ.

There is an additional questionhereof determining the parameters
 and
� . The algorithm I useddetermines
 adaptively:

1. Determine � basedon the given noisestatistics (or by guessingit as
before).

2. Set u0 to be the data. In other, inverseproblemswherethe data does
not correspond directly to u, Let u0 be the minimizer of the least
squaresproblem.

3. For k = 0; 1; 2; : : : until kuk+1 � ukk < tolkukk:

(a) Determine 
 = 
 k by


 = h
N � 1X

i =1

jui +1 � ui j: (5.46)

(b) Apply an IRLS iteration to (5.45), calling the solution uk+1 .

For the numerical instanceof Examples5.2 and 5.3 the results are fairly
similar to thoseof Example 5.3.

�

Having obtainedan ideaof what to expect andwhat to look for from these
1D examples,we next considersimilar problemsin two spacedimensions.

Example 5.5
The problem corresponding to (5.42) now reads

min
u

1
2

Z



[u(z) � b(z)]2dz + �

Z



� (jr uj)dz; (5.47)
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where
 � IR2 and

jr uj =

s �
@u
@z1

� 2

+
�

@u
@z2

� 2

:

We take 
 to be the unit square.
Let

� (� ) =
� 0(� )

�
: (5.48)

Then the Euler-Lagrangeequation(the necessaryconditions for a minimum)
for (5.47) is

(u � b) � � r � [� (jr uj)r u] = 0 (5.49)
@u
@n

j@
 = 0:

Here we consider�rst the least squarescase� (� ) = 1
2 � 2. Then � (� ) � 1.

We discretize in an analogousway to the one dimensional case(5.36) and
obtain the minimization problem for

f 2(u) =
h2

2

"
NX

i =1

NX

j =1

(ui;j � bi;j )2 (5.50)

+ �
N � 1X

i =1

NX

j =1

�
ui +1 ;j � ui;j

h

� 2

+ �
NX

i =1

N � 1X

j =1

�
ui;j +1 � ui;j

h

� 2
#

:

We can write

@f 2

@uk;l
= h2(uk;l � bk;l )+ � (4uk;l � uk;l � 1� uk� 1;l � uk;l+1 � uk+1 ;l )]; 1 � k; l � N;

and obtain the usual 5-point discretization for a Poissonequation.
Ordering the unknowns f ui;j g into a vector yieldsa linear systemof equa-

tions Au = b which is large and sparse. For instance, if N = 64 then our
linear algebraproblem is 642 � 642. Moreover, the resulting matrix A is not
simply banded. Henceiterativ e methods comein handy.

Herewe employ a preconditionedconjugategradient method (PCG). For
the preconditioner we usea multigrid V-cycle. This is a very e�cien t pre-
conditioner, and a CG toleranceof 10� 3 is satis�ed after one iteration.

For a \true model" we took the Ma tlab examplepeaks and modi�ed it
accordingto the following:
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(a) True model (b) Actual data with 10% added noise

Figure 5.6: 2D data for Example 5.5 with N = 64. The actual data for the
reconstructionprogram correspond to the right hand �gure.

for i=1:N
for j=1:N

if ( abs(u(i,j)) > 0.01 )
u(i,j) = u(i,j) + 10*sign(u(i,j));

end
end

end

The resulting surfaceis shown in Figure 5.6(a), andonewith 10%noiseadded
is shown in Figure 5.6(b).

The reconstruction results for � = :001 are shown in Figure 5.7. The
results look agreeable,although someapparent noise is left in the surface
and somesmearingacrossthe discontinuities can be observed.

For larger � , e.g. � = :03, the recoveredsurfaceis smooth but very much
smearedacrossdiscontinuities. This is unacceptable(and not shown).

�

Example 5.6
The problem of denoising{ removal of high frequencynoisewithout destroy-
ing discontinuous featuresof the original surface{ has beeninvestigated in
various communities including Computer Vision, Computer Graphics and
Numerical Computing. Instead of the l2-regularization onechoosesa better
� in (5.29)-(5.31). Wehave consideredabove the choiceof total variation and
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Figure 5.7: Least squaresrecovery using � = :001; N = 64.

Figure 5.8: Huber norm recovery using � = :03; 
 = 1:1; N = 64.
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Huber regularizations. In Figure 5.8we display the result usingHuber's. For
a toleranceof :01 the laggeddi�usivit y method is utilized employing PCG
with a V-cycle preconditioner(with the sametolerance). The program takes
3 iterations and a total of 4 V-cycles,which is very good indeed. The result
is sharper than what was achieved with the least squaresregularization.

For other, even braver choicesfor � see,e.g., Sapiro [27]. Theseinclude
Gaussor Tukey biweight, and aim and penalizing jump discontinuities even
lessthan Huber. Unfortunately, though, there is a resulting lossof convexity
of the regularization functional and this leadsto spuriouslocal minima..

�


