Chapter 5

Large scale problems

In this chapter we considerthe unconstrainedminimization problem

i 10

wheren is large. We will often make the assumption

(MV) : To form the product of r 2f (x) with a vector takes
muchfewer than O(n?) operations and storage locations.

In Example 4.5 we have seenan instancewhere(MV) holds: even though
storing the Hessianmatrix requiresn? locations, only O(n) storagelocations
and ops are neededto form the product [r 2f ( )] v for any vector v.

A rich sourceof problemssatisfying (MV) are sparse matrices. A matrix
is sparseif it has a high proportion of zero ertries. Also very important is
the structure of the nonzeroertries in the matrix. We have seenan ODE
example(Example 4.5) where A wastridiagonal. PDE discretizations( nite
di erence, nite volume, nite elememn) also give rise to sparsematrices,
but the structure is more involved. The nonzeroertries all concerrate in
particular diagonals,but thesediagonalsare no longer all bunched up near
the main diagonal of the matrix.

For both ODE and PDE discretizations, howewer, only O(n) storageis
required for A, and a matrix-vector product also requiresonly O(n) opera-
tions. In fact, even for solving a systemof linear equationsAx = b with sud
matrices there are techniqueswhich require much fewer than n? operations
and only O(n) storage.

Example 5.1
Occasionallythe Hessianfor a particular objective function f canbe written
as

r %f(x)= BA BT; (5.1)
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whereA ism m, nonsingularand sparseof the form descriled above, and
the alsosparseB isn m.

BecauseA ! isfull (dense),sois the Hessianmatrix r ?f in general. But

a matrix-vector product w = r 2f (x)v can be performedas follows:

1. Formwv = BTv.
2. Solve Aw = w.

3. Formw = Bw.

Ead of these operations can often be adchieved without increasingstorage
beyond the requiremerts of A and B and in much fewer than O(m? + n?)
operations.

We have seenso far three basic descenh directions { steepest desceh

Newton and quasi-Newton{ and two global seart strategies{ line seart
and trust region, the latter involving mixing those basic directions. Let us
examinewhat the ewvaluation of the basicdescen directions involves.

1. Steepestdesent

Wewill assumehat in all casesinder considerationthe gradiert r f
r f(xx) is required and is available at a reasonablecost, say O(n)
operations. Thus, the steepest descen direction

pk= r fy

is also available, una ected by the sizeof the problem.

The simplicity of evaluating the steepest desceh direction increasests
attraction for large problems. For instance, classicalneural network
algorithms are basedon it. The trouble with steepest desceh remains
that the iteration corverges(often painfully) slowly, and often this only
getsworsefor large problems.

. Newton

Here we have to solwe at ead iteration a linear systemof equations
Hkpk = r fk: (52)

If Assumption (MV) doesnot hold then there s little onecando. The
nonlinear conjugate gradient method descrited below in Section5.1is
then recommendednstead.
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If, howewer, Assumption (MV) does hold then we may well consider
solving (5.2). The question of how to do this has drawn tremendous
interestin recen years. The special caseof sparsematricesis the topic
of another courseCPSC517.

There are generallytwo approatesfor solving a linear systemof equa-
tions

Ax=Db
(of which (5.2) is an instance): direct and iterative.

(a) Direct methods are normally basedon variants of Gaussianelimi-
nation. The essetial step canbe seenasdecommsingthe matrix
into a product of lower triangular and upper triangular matrices,

A= LU:

For sparsematrices, though, the elimination processproduces| I-
in, viz., L+ U hasmany morenonzeroghan A has. There areways
to minimize the ll-in, involving fancy graph theory notions, see
CPSC517.But for really large, sparsematrices and for problems
satisfying (MV) which are not directly sparse(such asappearsin
Example 4.5), iterative methods o er the only viable alternative.

(b) Iterative methods for AXx = b generatea sequencef iterates, just
like our usual nonlinear algorithms. Within a Newton method for
minimizing f (x) we then have somethinglike

Xo given
For k = 0;1;::: % outer iteration
Ok = r F(X); Hi =1 2 (X))
Pk =0;
Generatea seriesof iterates % inner iteration

st: Hgpk = Ok;
Xk+1 = Xk +  kPk; % eg: line seard

There are various iterative methods for the inner iteration, both
for the casewhere Hy is positive de nite and (more mysterious
and lesssuccessfuln general)whenit's not. We will conceltrate
here on one sudh method, the linear conjugate gradient methal.
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3. Quasi-Newton

Generally the rationale of maintaining and updating By or Gy = B, !
is self-defeatingin caseswhere Assumption (MV) holds. There are
variants sud aslimited memory BFGSthat addressthis, and we refer
to Chapter 9 of [23] for more. In general,if any sucx method proved
to be really, really robust then probably Newton's method would not
be still alive and kicking today.

5.1 Conjugate gradient metho ds

The material coveredin this sectionis included in Chapter 5 of [23].
There are two variants of conjugategradiert (CG) methods:

1. Linear
Theseaddressthe minimization of quadratic models, i.e.,

(x) = :—ZLXTHX g’ x

whereH is aconstart, symmetric positive de nite matrix. As explained
earlier, thesearisein the inner iteration of a Newton-type method.

2. Nonlinear
Theseaddressthe minimization of a nonlinear function f (x) directly.

It is easierto understandthe basicsand principles of conjugategradierts
for the linear variant, sowe start with it.

5.1.1 Linear conjugate gradient (CG) metho d

The problem consideredis that of solving the linear system
Ax=Db (5.3)

with A an n n real symmetric positive de nite matrix. The matrix A
doesnot have to be sparsefor the algorithm to work, but its e ectivenesss
basedon the premisethat to form a matrix-vector product Ay is signi cantly
cheaperthan to form A ly (i.e. that Assumption(MV) holds). The notation
hereis the usual onein numerical linear algebra. Of coursein our nonlinear
cortext A shouldbe somemaodi cation of the Hessianb is minusthe gradiert
of the objective function f , and x is the seart direction which hasuntil now
beendenotedp; howewer, here we are strictly within the inner iteration, so
the notation p is resened for the serch direction within the inner iteration.
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The solution x of (5.3) is also the unique minimizer of the quadratic
function

(x) = :—ZLXTAX bTx: (5.4)

We look then for a method which generatesa sequenceof iterates f x; k =
1;2;:::g with Xo a given initial iterate and (Xxyx+1) < (Xx). The update
stepis written as

Xke1 = X+ kPk (5.5)

where py is a sarch direction (in IR" ) and the scalar  is the steplength
The important questionis how to obtain a good, cheapseard direction (the
one provided by Newton's method, namelyp, = A b Xy, is deemedtoo
expensiwe, although in theory it yields corvergencen onestepwith = 11).
Oncethe seart direction is chosen,the steplength is determinedto minimize

(x) alongthe line xx + pg. For generalobjective functionsf a (weak) line
seardr must be performed, but for our quadratic function (5.4),  can be
determined precisely

Let us de ne the enelgy norm:

P
kxkpn = XTAX: (5.6)

It is not di cult to verify that the energynorm is indeeda norm. Moreover,
it canbe veri ed that

(x) (x)= %kx X Ka: (5.7)

The squareof the energy norm therefore gives a measureof distancein
Depending on the application which givesrise to (5.3), closenes®f a given
point X to x in valuesof may sometimesbe moreimportant than closeness
in Euclideandistance.

Steepest descent

Let us considerthe \optimal" (steepest) desceh algorithm rst. Denote by
dy the gradiert vector at Xy,

de =1 (X¢) = Axx b: (5.8)

Thus, for the function of (5.4), the gradiert is the defect of (5.3). The
steepest desceh direction is

Pk = di:
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Moreover, unlike the general casehere we can easily calculate the corre-
sponding locally optimal step size for the quadratic objective function by
minimizing (Xx + pk) to yield

« = [kdk=kdka]?: (5.9
Further, we can write the iteration (pleaseverify) as
dk+1 = dk kAdk; (5.10)

so the algorithm can be set up sud that ead iteration involves only one
multiplication by A. Finally, note that the computed consecutie gradierts
are orthogonal, namely

d;—dk+1 = 0.

This is a very simple algorithm; howeer, even in the quadratic caseit
convergesonly very slovly whencondA) is large. (In this casethe gradierts
at consecutiwe iterates typically zig-zag,which is not preverted by orthogo-
nality.) In fact it canbe proved that

condA) 1

W]kkxo X Ka (5.11)

kxk X ka [

and this bound is often a realistic approximation in practice. Essetially, the
number of iterations neededto reducethe initial error by a factor is

k :5condA) In(1=)+ 1: (5.12)

For example,if A represetts a discretization of an elliptic partial di erential
equationin 2D (say, Poisson'sequationwith Dirichlet boundary conditions),
then typically condA) = O(n), yielding an unacceptably large number of
iterations.

Conjugate gradien ts

Sincethe steepest desceh directions appear to yield slov corvergence,we
now considera possiblemodi cation of the form

Pk = dk+ «k 1Pk 1 (5.13)

with po = do, and where , are parametersto be determined belon. The
stepsizes  are determinedas beforeby an exact line seart, yielding

k= Prd=prApk: (5.14)
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This is true in generalfor our quadratic objective function, not only for py
given by (5.13). (Also true in generalis the orthogonality betweenthe next
gradiert andthe currert seard direction, viz. d},, px = 0.) But for (5.13)we
have in addition that py = 0and ¢ = 0i Xx = X ; hence  iswell-de ned
aslong asit is needed.

The strategy in determining o; 1;::: IS to minimize at ead iteration
stepk the error in energynorm kx, x ka = kdyka 1 over a certain subset
of IR". From the recursion(5.5),(5.13) we get for any 's the expression

X«
de = do + Aldg (5.15)
=1
for appropriate coe cients | 6 0 dependingon k. Letting Sy  IR" be the

subspace

we require dy to give minimum error in energynorm in the set

Tk = do+ S;

kdks 1= min kdks 1 (5.16)

(Obviously, di 2 Tk.l)
A theorem that is not dicult to prove assuresus that the condition
(5.16) is satis ed by choosing

k= di APKPR ApK: (5.17)
Moreover, this condition alsoimplies that
did, = 0; | 6 k (5.18)

and
prAp; = 0; | 6 k: (5.19)

According to (5.19) the seart directions are A-conjugate whencethe
name of the algorithm conjugate gradient methal. Using the orthogonality

1The Krylo v subspace of degreek for A and do is de ned as
Ky = spanfdo;Ado;Azdo;:::;Akdog:

Clearly, Tx  Kg. Also, Sk is a Krylov spaceof degreek 1 for A and Ao = Ado.
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result (5.18), the expressiondor , and  canbesimplied to readas(5.20d)
and (5.20a) below. To summarize,the basiciteration stepis:

k = dpdi=pgApk (5.20a)

Xke1 = X+ kP (5.20Db)

desr = de+ KApxk (5.20c)

k = d,q i =dgdy (5.20d)

Pk+1 = dis1 + kPk (5.20e)

(for k = 0;1;:::, starting from Xxo a given guess,and calculating initially

Po=do= AXxp b).

This iteration stepis rather simple, requiring one matrix-vector multipli-
cation, Apx. We alsonote in passingthat in exact arithmetic the algorithm
must terminate in at most n iterations (for otherwisewe will have generated
n + 1 mutually orthogonal vectorsdy 6 0 of sizen eath { an impossibility).

Of course,n iterations are much too many when A is large, so we seek
a bound on the rate of corvergencefor only a few iterations (similar to, but
hopefully better than, the steepest desceh bounds (5.11), (5.12)). For this
we denoteby  the setof all polynomialspy of degreek sud that pc(0) = 1,
and let

Ti=fd 2 IR"; d = p(A)do; pc 2«0

Clearly, dy 2 Tk« Tk Ky (note (5.15) and ¢ 6 0). From the minimum
property (5.16) of kdyks : in Ty oneobtains, following a short proof, that
if for someconstart and somepolynomial px 2 « the inequality

maxfj px( i)j; 1= 1;:::;ng (5.21)
holds, then
kX, X Ka kXo X Ka: (5.22)

The questisthento nd apolynomial px sud that is small (minimized),
which would thereforeyield the mostrealistic bound on the corvergencerate.
Considerationof the correspnding minimax problemon the interval [ ; 1]
(which contains all the eigervaluesof A) yields the Chebyshevpolynomial ty
as a candidatefor a minimizer py, and the bound

kxik X Kka  tl( 1+ W)= 1 )] 'kXo X Ka: (5.23)

The number of iterations neededto reducethe initial error by a factor is
subsequetty boundedby

k :5p condA)In2=)+ 1 (5.24)
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which is a signi cant improvemer over the bound (5.12) for the steepest
descen algorithm.

Moreover, this bound canbeimproved for problemswherethe eigervalues
can be clusteredinto a few small subintervals. Indeed, (5.24) is often a
pessimisticbound, becausdo arrive at (5.23) we minimize maxfj px( )j; n

10, instead of just the valuesof jpx( ;)] asin (5.21).

For problems with a wide range of eigervalues, though, the speed of
convergenceof the conjugate gradiert method is still not satisfactory In
particular, if A arisesfrom a discretization of lgm elliptic partial di erential
equation in 2D then, accordingto (5.24), O(' n) iterations are neededto
achieve an error reduction of a xed amourt. For n = 10 we getshundreds
of iterations (whereasfor the steepestdescen algorithm it's tensof thousands
of iterations). Yet, this improvemen paleswhen comparedwith a constar
number of iterations neededwhenusing an alternative sud asthe multigrid
method for certain sud problems.

Preconditioned conjugate gradient metho d

Sincethe rate of convergenceof the conjugate gradiert method dependson
the spread of the eigervalues of A, we would like to rede ne the method
so that the basic iteration is applied to a transformed problem, in which
the matrix involved is better conditioned. This is the basicidea behind the
preconditioned conjugate gradient methad.

Let C be a symmetric positive de nite matrix, factoredin the form

C=EET
and considerthe quadratic minimization problem (5.4) for the variable
y = E™x:

This yields the minimization problem for the quadratic functional

N 1
(y) = éyTAy b'y (5.25)
where
A=E AE T; b=E 'b:

Note that A is symmetric positive de nite, and so the conjugate gradiert
method may be appliedto it, yielding the solutiony for the problem (5.25),
i.e., Ay = Db. The solution of interest x can then be retrieved by x =
E Ty.



60 Chapter 5: Large scaleproblems

Clearly, A hasthe sameeigervaluesasdoesC !A (to seethis, usea sim-
ilarit y transformation with ET), sothe questisto nd a good preconditioner
C sud that the condition number condC A) is much reducedcompared
to condA) (or the eigervaluesare nicely clustered)and, at the sametime, a
matrix-vector multiplication involving C ! is cheap (the latter requiremen
preverts us from simply choosingC = A: indeed,C ! may be consideredas
a cheap approximate inverse of A).

Before conceittrating on the preconditioner, let us note that rather than
applying the conjugate gradiert method (5.20) to the transformed problem,
it is possibleto transform the algorithm instead. The obtained algorithm
applied to the original problem hasthe basiciteration step

k = dihe=pgApy (5.26a)
Xker = Xkt kP (5.26b)
disn = di+ KApk (5.26¢)
hgep = C 1dk+1 (5.26d)

k = gy hea=dghyg (5.26¢e)
Pk+1 = Pk + kPx (5.261)

(for k = 0;1;:::, starting from Xo a given guess,and calculating initially
do= Axg b, po= ho=C !dy). This algorithm, aswell asthe obtained
convergencerate (which involvescond A) instead of condA) in (5.26)), are
ertirely independen of the way we chooseto factor C.

Now to the preconditioner. Having realizedthat C ! is in fact an ap-
proximate inverseof A, we may suspect that there are many choiceshereand
that probably noneis generallyalways satisfactory Typical methods usedin
practice include simple relaxation methods sud as Jacobi's method , more
complex relaxation methods sud as symmetric successi® over-relaxation
(SSOR), even more complex (especially in terms of data structures) incom-
plete LU (ILU), all the way to a multigrid cycle. Texts like Saad[26] and
Trottenberg et. al. [29] cover it all.

5.1.2 Nonlinear conjugate gradient metho d

Assumenow that f (x) is not necessarilyquadratic and consideradapting the
basiclinear CG algorithm given by (5.20). We have that

de =1 f(X)

no longerequalsthe defectAxx b, andthe exactline sear® formula for
no longer holds either. The obvious modi cation resulting from this obser-
vation is called the Fletcher-ReevesCG methal. Starting with fo = f (Xo),
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do=r1 f(Xp), po= do, the kth iteration reads

k = computedby line seart (5.27a)
Xke1 = Xkt kP (5.27b)
deer = 1 f(Xks1) (5.27¢)

k = dyyg dyer =dydy (5.27d)
Pk+1 = des1 + kPK: (5.27e)

It is better, asit turns out, to replacethe de nition of by

dieg (dier dy)
kd, k2

k = maxf ; 0g: (5.28)

Someextra careis neededin the line seard. SeeSection5.2 of [23]for
further details.

Nonlinear CG methods are generallyfasterthan steepestdescehn In fact,
they are the best methods amongthosewhich, like steepest desceh require
only ewvaluations of the gradiert. (So,they are particularly good for problems
which do not satisfy (MV).)

But for problemswhich do satisfy (MV) the combined useof somevariant
of Newton and the preconditionedlinear CG method usually works much bet-
ter, as secondorder information is put into use. The nonlinear CG methods
tend, like steepest descehy not to convergerapidly.

5.2 Inexact Newton-t yp e metho ds

The material coveredin this sectionis included in Chapter 6 of [23].

The alternatives{ nonlinear CG and limited memory BFGS{ have their
shareof di culties for large scaleproblems. We now focuson methods based
on Newton's direction

Heph = 1 fy (5.29)

adaptedto large scalescenarios.We will make assumption(MV). Under this
assumptionit is natural to consideriterative methods for solving (5.29), and
we will considerin particular the application of the linear CG method for
this purpose.
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Inexact Newton

The rst thing we must redon with is that the Newton direction p} will
not be calculated exactly { we will tend to terminate an iterative method
for (5.29) well beforeit yields an extremely small residual. Let px be the
direction thus calculated, and denote

re = HX)pk + r T (Xk): (5.30)

How small doeskr¢k needto be to obtain (fast) corvergence?
Note at rst that ry is not scaling-invariant, sowe askinstead how large
k can be sud that

krgk vkr fyk; k=01;2;:::: (5.31)

Surely we must have < 1, for otherwisepy = O is an acceptableapproxi-
mation in (5.29) and we get nowhere.

Theorem
Assumer f 2 Ctin aneighborhood of a minimizer x wherer 2f (x ) is
symmetric positive de nite. Considerthe iteration

Xk+1 = Xk T Pk;
wherepy satis es (5.301+(5.31).

I | for someconstart 2 [0; 1) then the iteration starting from
Xo Su ciently closeto x corvergeslinearly to x .

2. If in addition ! 0 then the corvergencerate is superlinear.
3. If in addition = O(kr f¢k) then the corvergencerate is quadatic.

The pro of is avariant of the proof given for Newtorfjs method in Chapter
3. The superlinearly corvergen variant where = O( kr f¢k) appearsto
be a practical favourite.

Newton-CG

Next we considerthe application of the (possibly preconditioned)linear CG
method to solve (5.29). Thus, we get a method satisfying (5.301+(5.31) for
some , and we may attempt to cortrol by the stopping criterion of the
linear CG method.

But recall that with Newton's method the matrix By = r 2f, is not nec-
essarilypositive de nite! The CG method works (provably) only for positive
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de nite matrices. In Chapter 4 we have seenone way to modify the Hes-
sian by adding I to it, where | is large enoughto push those eigervalues
into the positive range. Another way is to terminate the CG iteration once
a negative curvature has beendetected: near the minimum this should not
happen. The resulting technique is called Truncated Newton

Line search Newton-CG

The following Matlab program combinesa Newton-CG method whereneg-
ative curvature detection is incorporated, with line seart. It assumeshe
existenceof a matlab function of the form function x = precond (b,A)
(not necessarilywith this name, and with the formal argumert A optional)
which returns x = C b for given matrix A and vector b, where the pre-
conditioner C appraximates A somehav. (NB I'm not surethat this stu is
completely debugged.)

function [xk,fvals] = newtcgl (f,prec,x,tol,nmax)

%

%function [xk,fvals] = newtcgl (f,prec,x,tol,nmax)

%

% This function returns in X a column vector x_k such that

% | x k- x {k-1} || <tol (1 + [|x_K|])

%and in k the numberof iterations required (+1).

% Onentry, X contains an initial guess

%If k exceeds nmaxthen no convergence has been reached.

%Also, the values of f at subsequent iterations are

%in fvals

%

%in the input list, f is the function to be minimized.

%A call to f returns fx=f(x), gx=grad f(x) and hx = Hessian f(x).
%in the input list, prec is the function where the preconditioner
%for the Hessian is defined.

%

% The method used is Newton-CGwith line search.

%

% constants
sigma = l.e-4; %minimumdecrease in f
alphamin = 1.e-4; % minimumstep length

if size(x,1) < size(x,2)
X = X"
end
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n = size(x,1);
n2 = sqgrt(n);
| = ye(n)
k =

% Iterate  newton-CG
while k < nmax
[fx,gx,hx] = feval(f,x);
k = k+1;
fvals(k) = fx;
ngx = norm(gx);

% Calculate a direction p using preconditioned CG
[p.resiits] = pcgn (-gx,hx,prec,sqrt(ngx));
fprintf(‘iteration %d, cgres = %ecgits = %d\n'k,res,its) %for debugging

%check for successful termination

np = norm(p);

if (np < tol*(n2 + norm(x))) & (ngx < tol)
X =X +p;
return

end

[x,alpha] = linesearch (f, x, p, fX, gx, sigma, alphamin);
if alpha < .99
fprintf(‘after iteration  %d, alpha = %e\n'k,alpha) %for debugging
end
% check for failure
if alpha < alphamin

fprintf(’ Procedure failed to locate a minimum; alpha = %e\n',alpha);
return
end
end
function [x,res,iter] = pcgn (b,A,prec,tol)
%
%function [x,res,iter] = pcgn (b,A,prec,tol)
%

% Preconditioned Conjugate gradient for Ax = b.
%prec is the function where the preconditioner is defined
%tol is tolerance for the residual (at most =0.1).
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% Return if either the tolerance has been reached or
%a direction of negative curvature has been encountered

0 constants
itmax = 100:;
mintol = 0.1;

tol = min (tol,mintol);

% initial solution

n = length(b);

tolnb = tol * norm(b);
x = zeros(n,1);

d = A*X-b;

h = feval (prec,d,A);
p=-h

iter = 0;

while (norm(d) > tolnb) & (iter < itmax)

iter = iter + 1;

ap = A*p; pap = p™ap;

if pap > 0 %the expected case, sure for A spd
alfa = (d*h) / pap;
X = x + alfa * p;
dn =d + alfa * ap;
hn = feval (prec,dn,A); %This returns hn=M\dnwhere M preconditions A
beta = (dn*hn) / (d*h);
p = -hn + beta*p;
h =hn; d=dn;

elseif iter > 1 %negative curvature, get out
res = norm(d);

return
else %negative curvature, but x=0 so can't just get out:
alfa = 1.e-2;

X =x + alfa * p;
d=d+ alfa * ap;
res = norm(d);
return

end
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end
res = norm(d);

Trust region Newton-CG

Instead of line searty we can use a trust region approad in a way that
addressesll di culties in onestrategy. Note that in the trust region model
problem

min - my(p) = f+ 1 7P+ 2pTBup (5.32)
s:it: kpk K

the matrix Bx neednot be positive de nite (although By did needto be
positive de nite to guarartee performanceof our doglegstrategy).

Thus, at ead iteration k we set B, = r ?f, and apply CG iterations to
sole

Bkpxk= 1 fi: (533)
The CG iteration is terminated if

1. the size of the appraximate solution for p, exceedsthe trust region
radius , or

2. the system(5.33) has beensolwed to the required accuracy( i as be-
fore), or

3. if a negative curvature is encourtered.

In the latter case,the only one not seenbefore, we follow the direction of
the negative curvature pl) to the boundary of the trust region. This is the
CG-Steihaugalgorithm. For full details, see[23).

5.3 Data tting and denoising

In this section we considera seriesof examples,where di erent techniques
are appliedto problemsconcerningnoisy obsenations with the goalof tting
the data but not the noise.

Example 5.2
Let us considerrecovering a function u(z) on the interval [0; 1] given noisy
data b at pointst; = (i 1=2)h, i = 1;:::;N, with N = 1=h. Because
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the data are noisy, we cannot simply set u(z) ui = b: Knowing that
u(z) should be piecewisesmaoth, we add a regularization term to penalize
excessie roughnessin u. See,for instance, Vogel[30], Tikhonov & Arsenin
[28], Wahba [31], or Poggio[25].
Assumingfor a momert that there is data everywhereon [0; 1] (i.e. h'!
0), our simplest minimization problem s
Z Z

171 )
min 2, [u(z) bz)]°dz+ >
where is a positive parameter which is xed prior to the minimization,
and u® fj"—‘; This is an instance of a Tikhonov-type regularization using a
membeane, or the attest model.

The necessaryconditions for the minimum in (5.34) are called the Euler-
Lagrangeequation,

l[u"(z)]zdz; (5.34)
0

u2)+u(z)=hz); 0 z 1, (5.35)
u%0) = uq1) = o:

Returning to the data that we actually have on a uniform grid, we dis-
cretize (5.34) on the samegrid: For the unknown vector u = (u¢;:::;un)’
we have to minimize

h X h u u 2 U U 2

fau) = 3 (W B+ S S

i=1 i=1
X 1w 2
L T N L ia W (5.36)
2 i=1 2 i=1 h

wherewe setug = Up; Un+1 = Uy in keepingwith the boundary condition
in (5.35). Note that the discretization of the rst derivative is certered.
We can write

@:
—~=hlu + —
@ [u b 2
and obtain the usual 3-point discretization for (5.35).
Let us expressthis in vector notation: this makesit easierto seewhat is
goingon. De ne the scaleddi erence matrix
0 1

( u 1+u u«)); 1 | N;

we ) <o,
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Then,

f,o(u) gku bk? + EkWukz;
r fo(u) = h(u b))+ W'Wu;

r?fo(u) = hl+ WTW:

Note that the N N matrix WTW is singularof rank N 1 (asbets a
discretization of the singular BVODE u®= 0; uq0) = uq1) = 0), whereas
hl + WTW is nonsingular.

From the expressiorfor f,, this is a leastsquaresproblem. Moreover, the
Hessianis constan, soit's a linear least squaresproblem. We can write this
as

0 D o 1 0 D Hbl
mnk@, ~Au @ Ak
w 0

and use standard software (such as badkslashin Matlab ). The equations

r fo(u) = 0 are simply the normal equationsfor this least squarestting.
Next, we de ne a problem instance,to try the above ideasnumerically.

To \synthesizedata" for a given N, we start with the \pure data function”

8
5 1 0 z<:25
2 25 z< 5
b(2) = By . -
§ 2 100 B)(7 z) BbH z< 7
"4 7 z 1

We ewaluate this at the grid points and then add noiseaccordingto a speci ed
fraction (i.e. relative perceriage) 'fnois€. The resulting valuesare the data
which our program \sees".

Putting together the problem generationand least squaresrecovery we
obtain the following Matlab program.

function [u,f2] = Isfits(N,noise,beta,tol)

%

% function [u,f2] = Isfits(N,noise,beta,tol)

%

% Solve the denoising problem for

% u = b, u smooth

%

% Nis the numberof data and uniform meshsubintervals.
%

% For data values data(i),i=1..N,
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% min_u h/2 sum_{i=1}*N (u_i-data_i)"2 +

% beta/h”"2 sum_{i=1}N-1} (u_{i+1}-u_i"2

%

% if beta = 0 then program generates beta>0 based on noise level
%

% if tol = 0 then just solve linear least squares " exactly"

% else integrate using steepest descent or conjugate gradient

% till error gradient satisfies tol
h = 1/N;

h2 = sqrt(h);

data = zeros(N,1);

for i=1:N

ti) = (i-1/2)*h;
data(i) = fdata(t(i));
end

itmax = 1000;
% synthesize data by adding noise
randn('state’,0);

noisev = randn(size(data)) * mean(abs(data)) * noise;
data = data + noisev;

%if on input beta = 0 then set it automatically based on noise level

if beta ==
tm = norm(noisev);

sdat = norm(data - mean(data));
beta = tm / abs(sdat - tm)
end

% Construct first difference matrix W

W= sparse(N-1,N);
for i=1:N-1
W(@,i) = -1;
W(,i+l) =1,
end
W= W/ h2;
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if tol == % Set up least squares problem and reconstruct u

A = [h2*speye(N); sqrt(beta)*W];
b = [h2*data; zeros(N-1,1)];
u=A\ b;

f2 = .5 * norm(A*u - b)"2;

else %iterate using steepest decent or cg
u = data;

g = beta*W™*(W*u); ng0 = norm(g);

H = h*speye(N) + beta*W*W;

it =0;
alfamax = 0; alfamin = 1.e+10;

icg = input (‘enter 1 for steepest descent, 2 for CG:");
if icg == 1 %steepest descent

while it < itmax & norm(g) > tol*(ng0+1)

alfa =g*g / (g*H*g); %optimal step size
alfamax = max(alfa,alfamax);
alfamin = min(alfa,alfamin);

u=u- alfa * g;

it =it + 1;
g = h*(u-data) + beta*W™*(W*u);
end
else %cg
P = -0
while it < itmax & norm(g) > tol*(ng0+1)
Hp = H*p; % one matrix-vector —mult

alfa = g*g / (p*Hp); %optimal step size
alfamax = max(alfa,alfamax);
alfamin = min(alfa,alfamin);
u=u+alfa * p; % update solution
gn =g + alfa * Hp; % update defect (gradient)
beta = (gn*gn)/ (g*g);% step size for combination for next p
g =gn
p = -g + beta*p; %next conjugate direction
it =it + 1,
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end
end
fprintf(’ terminate after %oditerations, [lgl]] = %e\n’, it, norm(g))
fprintf(’ min step size: %e, maxstep size: %e\n',alfamin,alfamax)

f2 =.5 * ( h*norm(u - data)*2+beta*norm(W*u)*2 );
end
% plot results

plot (t,data’,'bd't,u’,'r");
xlabel('z")
ylabel('u’)

function u = fdata(x)

%

%function u = fdata(z)

%

% specify unpolluted data value
%

if z<.25
u=1,
elseif z < .5
u=2;
elseif z < .7
u=2-100* (z - 0.5 * (0.7 - 2);

else

u =4
end

The results of applying this program with = 10 3; N = 128 for two
noise levels, 1% and 10%, are displayed in Figure 5.1. Corresponding re-
sults with the smaller regularization parameter = 10 4 are displayed in
Figure 5.2.

Note that the larger is, the more smearedthe recovered curve. For
noise = :01 the reconstructionfor = 10 * doesa more faithful job than

that for = 10 2 while still not appearingtoo \noisy". For the higher noise
level of 0:1, howewer, the small producesan oscillatory curve which seems
to t the noiserather than the \true data" (presumedto be smaother). In
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Figure 5.1: Leastsquareseconstructionfor Example5.2with = :00%;, N =
128.
this casethe reconstructionwith = 10 3 appearsto be doing a better job.

This example,like Example 4.1, hasa constar, positive de nite Hessian.
Thus, it canbe solvedin oneNewtoniteration (which is what we have donein
our program, in e ect, whenTol = 0). With other methods sud as steefest
descen or CG we still have an iterative method, though. For the steepest
desceh method we have the iteration

Uk+1 = Uk k[h(ux b))+ WTWUk]; (5.37)

where  is the step size. In fact, this looks like the forward Euler method
for the ordinary di erential equation system(ODE)

cé_l: = [h(u b))+ W'Wu]; 0 t<1: (5.38)
The \time" t is an arti cial time, of course. This is an example of a con-
tinuation methal. Starting from someguessednitial solution u(0) = uy,
oneintegratesthis ODE in t with the goal of reading steady state ‘f'j—Lt‘ =
Unlike for a generalODE, herewe have a preciserecipe for choosingthe step
size  with the goal of reading steady state rapidly, given by (5.9).

The obvious questionis, why even cortemplate using steepest descetf!
The answer is, asusual, its simplicity: We are avoiding the needto solwe a
system of linear equations. This can becomean issueif the sameproblem
is posedin two, and even more so in three, spacedimensions. Moreover,

the iteration can be cortrolled with a coarsetolerance. In Figure 5.3 the
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Figure 5.2: Least squares reconstruction for Example 5.2 with =
:0003 N = 128.
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Figure 5.3: Leastsquaregeconstructionfor Example5.2with noise=.1; =
0L, N = 128.
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tolerancelevel Tol = :01 was readed after 57 iterations, and results look
relatively very good.

Example 5.3
Unfortunately, if the data function contains jump disconinuities then they
will be smearedby (5.34), and thus alsoby its discretization (5.36), because
a -function is not square-itegrable. On a discretization grid, therefore,the
smearingis a function of the resolution becausehere is no well-de ned limit
ash! 0.

A -function isintegrable,though. So,considerthe minimization problem

lZ 1 Z 1
min 5, [u(z) b(z)]’dz+ ) juYz)jdz: (5.39)

This regularization functional is called Total Variation (TV).
The Euler-Lagrangenecessarycondition is

[WP+u=b; 0 z 1, (5.40)
uY0) = uq1) = o;

—_— — 1 .

= @)= ey

This sort of di erential term is called anisotropic di usion . Note that (5.40)
is nonlinear, unlike (5.35).

In the discretization of (5.39) we add a small parameter" in orderto avoid
problemswhen u® (or the variation) changesits sign. Thus, one minimizes

S
X X 1 _ 2
fl(u)zg (U B)2+ h % . (5.41)
i=1 i=1
This yields,
!
@, u u 1 U U+
=Z>=Hhluy bh+— P +p ;1 | N
@ "y U uw)2+'h2 T (U u.+1)2+"h2]

which leadsto a discretization for (5.40).
In vector-matrix notation, letting

p
O = 8ia9fh= (Ui+1  U)?+ "h2g;
¢ = D
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the vector EWu hasthe elemets

Ui+1  U; -
[(Uisa U2+ "h2=

Multiplying this by another € and then by WT, we obtain
r fiqu)=hu b)+ W' EWu=h(u b)+ W'DWu:

Note that whereasW "W has a factor of 1=h embeddedin the notation,
in WTDWu this factor cancelsout.
The equations

r fo(u)=0
necessaryfor a minimum are nonlinear, becausel) = D (u). Moreover, the
Hessiantends to becomesingular as™ ! 0, so we cannot use Newton's

method. But we can consideran obvious xed point iteration, called lagge
di usivity : Starting from an initial guessug, for k = 0;1;2;::: solwe

h(ug.1  b) + WTS(Uk)WUku = 0:

At ead iteration k the above equations are the normal equationsfor the
least squaresproblem
1 0

0 p_
hi hb
min k@p Ay @ TAx

“C(u )W 0

for which we use an obvious modi cation of our least squaresalgorithm to
obtain uyx.;. The other name of the method, Iterative Reweighted Least
Squares(IRLS), now arisesnaturally. It is well-known that this method
convergeslinearly under suitable assumptions(see, e.g., Vogel [30]). The
convergencerate is independert of N.

Turning to the numerical test outlined in Example 5.2, for an initial
guessu, | usedthe (noisy) data. Using" = 10 © and stopping the iteration
if kuy uy 1k tolkuyk, Figure 5.4 is obtained for = :01.

We seethat for the caseof 1% noise the reconstructed solution with

= 10 2 is fairly good, although we may expect better for smaller . For
10% noise, this value of vyields pleasingresults. Resultsfor = :001are
gatheredin Figure 5.5. Theseappear to be very good for the lower noise
level, but not for the higher one.

The iteration courts are low (< 5 for the caseslisted in thesetwo g-
ures, except for Figure 5.5(b) where 19 IRLS ierations were required) for
relatively large tolerances.But they get signi cantly higher when the toler-
anceis decreasedpecausethe corvergencerate is only linear. Fortunately,
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(a) noise= :01

Figure 5.4: Total variation reconstructionfor Example5.3with = :0L, N =

128 Tol = :01.
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no stringen toleranceis neededwhen the measureof result quality is what
pleaseghe eye.

The Matlab codefminunc (which usesa Newton-CG method) alsodoes
adecen job here(although note that ead iteration of this codeis much more
demandingthan an IRLS iteration).

Example 5.4
In Example 5.3 we have faced di cult y especially when y; U 1. Then
the correspnding terms in the Hessianare very large. Moreover, the total
variation seminorm¢(i.e. the |;-norm of the discretizedderivative) tends to
atten the recoveredsolution whereit doesnot admit jump discortinuities.
Instead, we can usea mix of |- and l,-norms for the solution derivative.
Thus, weinvokethe |;-norm only whenju; u; 4j \wants to be" large (whence
we want the penalty weight of the correspnding link to be small). This is
called the Hub er norm , ewen though the obtained function is not quite a
norm (Exercise: Why?).  The original referenceis Huber [20]. Seealso

Sapiro [27].
At the cortinuouslevel we extend (5.34) into

1 Z 1 Z 1

min 5 [u(x) b(x)]%dx + (udx)j)dx (5.42a)
0 0

v 0 t
= ()= 2 5.42b
M= @)= 5 = (5.42b)

where is a parameterto be determined.
Note that hasa cortinuous,bounded rst derivative, but is not in C2.
The Euler-Lagrangeequation is

[ uWP+u=b; 0 x 1 (5.43)
uq0) = uq1) = o;

= (Ju(x)j) = minfl, ——g:

(Ui U0

The discretization of (5.42) yields the minimization of

1. .
JUi+a  Uj)

h X
fH(U)=§ (i h)*+ h H

i=1 i=1

(5.44)

Comparingto (5.41), note that " is no longer required.
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The necessaryconditions for a minimum are then

r fu(u)=0
where
r fu(u) = h(u b)Y+ W'DWu (5.45a)
D = C?=diagf h=max[ h; jui.1 uijlg: (5.45b)

An IRLS (laggeddi usivit y) method can now be constructed as for the
TV regularization, with C replacing C.
There is an additional questionhereof determining the parameters and
. The algorithm | useddetermines adaptively:

1. Determine basedon the given noise statistics (or by guessingit as
before).

2. Setug to be the data. In other, inverseproblemswherethe data does
not correspnd directly to u, Let up be the minimizer of the least
squaresproblem.

3. Fork=0;1;2;::: until kKug+;  ugk < tolkugk:
(a) Determine = | by
b( 1
= h jUis1  Ujj: (5.46)
i=1
(b) Apply an IRLS iteration to (5.45), calling the solution uy+1 .

For the numerical instance of Examples5.2 and 5.3 the results are fairly
similar to those of Example 5.3.

Having obtainedanideaof what to expect and what to look for from these
1D examples,we next considersimilar problemsin two spacedimensions.

Example 5.5
The problem correspnding to (5.42) now reads

z z
muin% [u(z) Kz)]%dz+ (jr uj)dz; (5.47)
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where IR? and
S 2 2
jr uj = _g?L + 5@%
@ @
Wetake to bethe unit square.
Let
).

()= (5.48)

Then the Euler-Lagrangeequation (the necessaryconditions for a minimum)
for (5.47)is

u b r [(ru)ru = O (5.49)
@. _

Here we consider rst the leastsquarescase ( ) = % 2. Then () 1.
We discretizein an analogousway to the one dimensional case(5.36) and
obtain the minimization problem for

_ XX
fao(u) = > (uij b;) (5.50)
i=1 j=1 4
+ XX iy uy 2+ X Uy uy 2
o h o h
i=1 j=1 i=1 j=1
We can write
%;= h?(uk; b))+ (BUks Uk 1 Uk 11 Uesr U )l 10 kil NG

and obtain the usual 5-point discretization for a Poissonequation.

Ordering the unknownsf u;; g into a vector yields a linear systemof equa-
tions Au = b which is large and sparse. For instance,if N = 64 then our
linear algebraproblemis 64> 642. Moreover, the resulting matrix A is not
simply banded. Henceiterative methods comein handy.

Herewe employ a preconditionedconjugategradiert method (PCG). For
the preconditioner we use a multigrid V-cycle. This is a very e cient pre-
conditioner, and a CG toleranceof 10 2 is satis ed after oneiteration.

For a\true model" we took the Matlab examplepeaks and modi ed it
accordingto the following:
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(a) True model (b) Actual data with 10% added noise

Figure 5.6: 2D data for Example 5.5 with N = 64. The actual data for the
reconstruction program correspnd to the right hand gure.

for i=1:N
for j=1:N
if ( abs(u(i,j)) > 0.01)
u@j) =u(j)  + 10*sign(u(ij));
end
end
end

The resulting surfaceis shown in Figure 5.6(a), and onewith 10%noiseadded
is shavn in Figure 5.6(b).

The reconstruction results for = :001 are showvn in Figure 5.7. The
results look agreeable,although someapparernt noiseis left in the surface
and somesmearingacrossthe discortinuities can be obsened.

For larger , e.g. = :03,the recoreredsurfaceis smaoth but very much
smearedacrossdiscortinuities. This is unacceptable(and not shown).

Example 5.6

The problem of denoising{ removal of high frequencynoisewithout destroy-

ing discortinuous featuresof the original surface{ hasbeeninvestigatedin

various commnunities including Computer Vision, Computer Graphics and

Numerical Computing. Instead of the |,-regularization one choosesa better
in (5.29)-(5.31) We have consideredabove the choiceof total variation and
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Figure 5.7: Least squaresrecovery using

Figure 5.8: Huber norm recovery using =

= :001;, N = 64.

03 = 1:1; N = 64.

81
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Huber regularizations. In Figure 5.8 we display the result using Huber's. For
a tolerance of :01 the laggeddi usivit y method is utilized employing PCG
with a V-cycle preconditioner (with the sametolerance). The program takes
3 iterations and a total of 4 V-cycles,which is very good indeed. The result
is sharper than what was achieved with the least squaresregularization.

For other, even braver choicesfor see,e.g., Sapiro[27]. Theseinclude
Gaussor Tukey biweight, and aim and penalizingjump discortinuities even
lessthan Huber. Unfortunately, though, there is a resulting lossof convexity
of the regularization functional and this leadsto spuriouslocal minima..



