Chapter 7

Problems

33 (2) ELX+4X+4]= E[X] + 4E[X] + 4 = Var(X) + £[X] + 4E[X] + 4 = 14

(b) Var(4 +3X) = Var(3X) = 9Var(X) = 45

2. (@) 6-6-9=324

(b) X=(6-5)6-W)9-R)

(c) E[X]=6(6)(6)P{S=0,W=0,R=3}+63)OP{S=0, W=3,R=0}
+3(6)9)P{S =3, W=0,R=0} + 6(5))P{S=0, W=1,R=2}
+5(6)T)P{S=1,W=0,R=2} + 6(4)8)P{S=0, W=2,R =1}
+ 4(6)(B)P{S =2, W=0,R=1} + 5(4)9P{S=1, W=2, R= 0}
+ 4(5)O)P{S=2, W=1,R=0} +5(5)8)P{S=1,W=1,R=1)

1 9 6 9 6 6

= —21—[216(3) +324[ 3j +420- 6[ 2) +384( 2)9 +360( 2)6 + 200(6)(6)(9)}
3 j

~198.8

11
3. EJX =71 = [[lx—"dvdx. Now
! °° x 1
[lx=sA'ay = fee=yyay+ [r-xrdy
0 0 x

i[u”du + fu”du
0
[x

(="M a+1)

Hence,
1 1
Ellx -1 = j[x”” +(1=x)""dx
a+10
_ 2
(a+D(a+2)
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37. Let W, i=1, 2, denote the i" outcome.

Cov(X, V)= Cov(W, + W, , W, - W)
= Cov(W,, W) — Cov(W, W2)
= Var(W;) — Var(W,) =0

177 rg) |1
y —_— =

5. @) Cov(X + X, X, +Xy) 1
' JVar(X, + X))\ Var(X, + X3) 2
(b) 0

49, Let C; be the event that coin i is being flipped (where coin 1 is the one having head
probability .4), and let 7 be the event that 2 of the first 3 flips land on heads. Then

P(T|C)P(C))
P(T|C)HP(C)+ P(T|C,)P(C,)

_ 3(.4)2(.6) _
3(.4)2(.6)+3(7)(3)

pC D=

Now, with N, equal to the number of heads in the final j flips, we have
ENo| T1=2+E[N, | T
Conditioning on which coin is being used, gives
E[N, | T) = E[N; | TC)P(C1T) + E[N; TCo1P(C | T) = 2.8(.395) + 4.9(.605) = 4.0705

Thus, E[Ny| T] = 6.0705.

e’/ 1
'[e'y/ydx
g
y

1
EX | Y=y]= jxt-dx =14
y

0

53 Let X denote the number of days until the prisoner is free, and let 7 denote the initial door

chosen. Then

i = Bl 1= 1105) + Elx | 1=2)(3) + E[x|1=312)
[X]= [ (2 + E[X])(.5) + (4 + E[XD(3) + 2

Therefore, ,f

Epx) =12




55. Let N denote the number of ducks. Given N=n, let I, ..., I, be such that
1 if duck iis hit
0 otherwise
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E[Number hit| N = n]
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E[Number hit] = Zn(l—-—) e 6" In!

n=0

(a) 672+ 47

3 3
(b) .6e-2%+.4e—33_

3!
22 3
Gelet v deTe T =
P(3,0 !
@ reloy= 2% 3 3
P{0} 6e7 + 4e”?
(a) .[e_xe fdx =
0
o 3 ©
3. (a) EIR)=E[E[R| ST = £[S] = u ®) [ Zetae=o- [oryy =t =
;3 B 9% 16
(b) Var(R|$)=1, E[R|S]=§
Var(R) =1 + Var(§) = 1 + ¢ o 2
e te 3 e dx
©) filr)= [fs($)Fy5(r] $)ds (©) & _ 314 _ %
- C.[e—(x—,u)zlhrze—(r-s)z/2ds _[e_xe *dx
0

2 2
ko (5822 . | oo

Hence, R is normal.
(d) E[RS) = E[E[RS|ST) = E[SEIR| ST = E[S*) = 2 + &
Cov(R,S)=pf + & - if =&
75. X is Poisson with mean A =2 and Y is Binomial with parameters 10, 3/4. Hence
(a) P{X+Y=2}=P{X=0)P{Y=2} + P{X=1}P{Y=1} + P{X=2}P{Y= 0}

= 8_2(120 j(3/4)2(1/4)8 + 2e_2[110 ](3/ 4)(1/4) +2e7(1/49)"°

(b) P{XY=0} = P{X=0}+P{Y=0} - P{X=Y=0}
=7+ (1/4)0 ~ e7(1/4)"

(c) E[XY]=E[XIE[Y]=2-10" % =15
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Theoretical Exercises
1. Let 4= E[X]. Then for any a

E[(X—a) = E[(X - u+ ut — )]
E[(X — w1+ (u = a)} + 2E[(x - i)t — )]
E[(X — ]+ (= a) + 2(u— @)E[(X - )]
E[(X - )’ + (u-ay

I

Il

2, Ellx-al = '[(a—x)f(x)a’x+ j(x—a)f(x)dx

= aF(a) - jxf(x)dx + jxf(x)dx —a[l - F(a)]

x<a xX>q

Differentiating the above yields
derivative = 2afla) + 2F(a) — afla) ~ af{a) - |
Setting equal to 0 yields that 2F(a) = | which establishes the result.

17.  Var(AX, +(1-D)X,) = 2ol +(1- 1) c?
)
ol + 0o’

As Var(AX, + (1 — HX,) = E[(AX1 +(1-A)X, - ,u)z] we want this value to be small.

%( )=2402 =2(1- ot =0=> A =

19, Cov(X + ¥, X - ¥) = Cov(X, X) + Cov(X, -Y) + Cov(Y, X) + Cov(Y, ~Y)

= Var(X) — Cov(X, ¥) + Cov(¥, X) — Var(})
= Var(X) — Var(¥) = 0.

32, EXG| Y=y =B | Y=ylEX,| Y =)] =y
Therefore, ELX.X; | Y] = ¥2. As E[X,| Y] =7, this gives that

E[X.X)] = E[ELX\X, | Y= EifY?], E[X]=E[E[X | Y]] = E[Y]

Consequently,

Cov(Xy, X3) = E[X.X5] — E[X\JE[X3] = Var(Y)
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