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Outline 

ÅReach sets 
ïBackwards vs forward, sets vs tubes, maximal vs minimal 

ïImplicit surface representation of sets 

ïGame of two identical vehicles 

ÅComputing reach sets 
ïFormulation as a time-dependent HJ PDE 

ïThe Toolbox of Level Set Methods 

ÅThe mixed implicit explicit formulation of reach sets 
ïDynamics with terminal integrators 

ïHamilton-Jacobi / optimal control formulation of terminal 
integratorôs reach set / tube 

ïExamples: various double integrators and the pursuit of the 
oblivious evader 

ÅDecoupling & other tricks 
ïExample: Glideslope recapture 
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Typical Application: Safety Analysis 

ÅDoes there exist a trajectory of system 
H leading from a state in initial set I  to a 

state in terminal set T (under some 

policy for input u(¢))? 

ÅAssumption: given z, t  and u(¢) the 

trajectory is unique 

ÅApplicable to general dynamic systems: 

ODEs, OæEs, discrete systems, hybrid 

systems, etc. 
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Nondeterministic, Nonlinear Systems 

ÅSystems with unknown parameters p(t) 

ÅBounded value inputs p(t) 2  P 

ïControls: double integrator time to reach 

ïDisturbances: robust reach sets 

ÅStochastic perturbations p(t) ~ P 

ïContinuous state Brownian motion: double integrator with 

stochastic viscosity 

ïDiscrete state Poisson processes: stochastic hybrid system 

model of TCP communication protocol 
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Forward Reachability 

ÅStart at initial conditions and compute forward 
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Forward Reachability Algorithms 

ÅForward approach typical of Lagrangian algorithms 

ïRepresentation moves with the underlying dynamics 

ïFixed representation of sets 

ïVarying ability to handle nonlinearity and/or inputs 

ïDemonstrated ability to handle high dimensions 

ÅExamples 

ï[Henzinger, Ho & Wong-Toi, IEEE TAC 1998] 

ï[Greenstreet & Mitchell, HSCC 1999] 

ï[Bemporad, Torrisi & Morari HSCC 2000] 

ï[Kurzhanski & Varaiya, HSCC 2000] 

ï[Asarin, Dang & Girard, HSCC 2003] 

ï[Girard, Guernic & Maler, HSCC 2006] 

ï[Han & Krogh, HSCC 2006] 
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Backward Reachability 

ÅStart at terminal set and compute backwards 
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Backward Reachability Algorithms 

ÅBackward approach typical of Eulerian algorithms 

ïRepresentation not moving (although it may adapt) 

ïMore general set representation 

ïGenerally handle nonlinear and multiple inputs 

ïNo examples beyond four dimensions? 

ÅExamples 

ï[Broucke, Benedetto, Gennaro & Sangiovanni-Vincentelli, 

HSCC 2001] 

ï[Saint-Pierre, HSCC 2002] 

ï[Sethian & Vladimirsky, HSCC 2002] 

ï[Mitchell, Bayen & Tomlin, IEEE TAC 2005] 

ï[Gao, Lygeros & Quincampoix, HSCC 2006] 
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Dealing with Inputs 

ÅInput u(¢) can maximize or minimize the set or tube 

ïInterpretation as best or worst case depends on context 

Backward maximal reach set 

(exists a control) 

Backward minimal reach tube 

(for all controls) 
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Determining Reach Sets 

ÅThree primary challenges 

ïHow to represent set of reachable states 

ïHow to evolve set according to dynamics 

ïHow to compare sets of reachable states 

ÅDiscrete systems xk+1 = d(xk) 

ïEnumerate trajectories and states 

ïEfficient representations: Binary Decision Diagrams 

ÅContinuous systems dx/dt = f (x)? 



ÅSet S(t) is defined implicitly by an isosurface of a 

scalar function f(x,t), with several benefits 

ïState space dimension does not matter conceptually 

ïSurfaces automatically merge and/or separate 

ïGeometric quantities are easy to calculate 
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Implicit Surface Functions 
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Game of Two Identical Vehicles 

ÅClassical collision avoidance example 

ïCollision if vehicles get within five units of one another 

ïEvader chooses turn rate |a| Ò 1 to avoid collision 

ïPursuer chooses turn rate |b| Ò 1 to cause collision 

ïFixed equal velocity ve = vp = 5 

evader aircraft (control) pursuer aircraft (disturbance) 

y 

5 

x 

a 

ve 

q 

b 

vp 

dynamics (pursuer) 
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Collision Avoidance Computation 

ÅUse relative coordinates with evader fixed at origin 

ïState variables are now relative planar location (x,y) and 

relative heading y 

 

evader aircraft (control) pursuer aircraft (disturbance) 

x 

y 

a 

ve 

y 

b 

vp 

target set description 
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ïFormulation as a time-dependent HJ PDE 

ïThe Toolbox of Level Set Methods 

ÅThe mixed implicit explicit formulation of reach sets 
ïDynamics with terminal integrators 

ïHamilton-Jacobi / optimal control formulation of terminal 
integratorôs reach set / tube 

ïExamples: various double integrators and the pursuit of the 
oblivious evader 

ÅDecoupling & other tricks 
ïExample: Glideslope recapture 



Nov 2011 Ian Mitchell (UBC Computer Science) 16 

Evolving Reachable Sets 

ÅModified Hamilton-Jacobi partial differential equation 
ï [Lygeros, Tomlin & Sastry, Automatica 1999], [Lygeros, Automatica 

2004], [Mitchell, Bayen & Tomlin, IEEE TAC 2005] 
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Validating the Numerical Algorithm 

Å Analytic solution for reachable set can be found [Merz, 1972] 

ï Applies only to identical pursuer and evader dynamics 

ïMerzôs solution placed pursuer at the origin, game is not symmetric 

ï Analytic solution can be used to validate numerical solution 

ï [Mitchell, 2001] 

 



Nov 2011 Ian Mitchell (UBC Computer Science) 18 

Alternative Eulerian Approaches 

ÅStatic Hamilton-Jacobi (Falcone, Sethian, é) 

ïMinimum time to reach 

ï(Dis)continuous implicit representation 

ïSolution provides information on optimal input choices  

ÅViability kernels (Aubin, Saint-Pierre, é) 

ïBased on set valued analysis for very general dynamics 

ïDiscrete implicit representation 

ïOverapproximation guarantee 

ÅTime-dependent Hamilton-Jacobi (this method) 

ïContinuous solution 

ïInformation on optimal input choices available throughout 

entire state space 

ïHigh order accurate approximations 

ÅAll three are theoretically equivalent 
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Time-Dependent Hamilton-Jacobi Eqôn 

ÅFirst order hyperbolic PDE 

ïSolution can form kinks (discontinuous derivatives) 

ïFor the backwards reachable set, find the ñviscosityò solution 

[Crandall, Evans, Lions, é] 

ÅLevel set methods 

ïConvergent numerical algorithms to compute the viscosity 

solution [Osher, Sethian, é] 

ïNon-oscillatory, high accuracy spatial derivative 

approximation 

ïStable, consistent numerical Hamiltonian 

ïVariation diminishing, high order, explicit time integration 
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Level Set Methods 

ÅNumerical algorithms for dynamic implicit surfaces 

and time dependent Hamilton-Jacobi partial 

differential equations 

ÅApplications in 

ïGraphics, Computational Geometry and Mesh Generation 

ïFinancial Mathematics and Stochastic Differential Equations 

ïRobotics, Control and Dynamic Programming 

ïFluid and Combustion Simulation 

ïImage Processing and Computer Vision 
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The Toolbox of Level Set Methods 

ÅA collection of Matlab routines to approximate the 

viscosity solution of time-dependent HJ PDEs 

ïFixed Cartesian grids 

ïArbitrary dimension (computational resource limited) 

ïVectorized code achieves reasonable speed 

ïDirect access to Matlab debugging and visualization 

ïSource code is provided for all toolbox routines 

ÅUnderlying algorithms 

ïSolve various forms of Hamilton-Jacobi PDE 

ïFirst and second spatial derivatives 

ïFirst temporal derivatives 

ïHigh order accurate approximation schemes 

ïExplicit temporal integration 
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Using the Toolbox 

ÅSimilar to Matlabôs ODE integrators 

ïMore parameters to specify 

ïFormulation and scaling must be considered 

ïMany examples are available 

ÅPDE forms applicable to systems analysis  

ï[Mitchell & Templeton, HSCC 2005] 
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Example: Continuous Reachable Sets 

Å Game of two identical vehicles 

Å Nonlinear dynamics with adversarial 

inputs 
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Example: Continuous Reachable Sets 

Å Two vehicle collision avoidance 

Å Nonlinear dynamics with cooperative 

inputs 

max 
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A Different Continuous Reachable Set 

Å Acoustic capture [Cardaliaguet, Quincampoix & Saint-Pierre, 

Ann. Int. Soc. Dynamic Games 1999] 

ï Variation on homicidal chauffeur, where evader must reduce speed 

when near pursuer 
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Implemented in the Toolbox 

ÅPart of the standard toolbox distribution (version 1.0) 
ïExamples/ Reachability /  

ÅPDE terms utilized 
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The Toolbox: How to Use It 

Å Cut and paste from existing examples 

Å Most code is for initialization and visualization 

user supplied   Toolbox supplied   Matlab  supplied  

Cartesian grid 
boundary conditions 

(periodic, Dirichlet, Neumann, extrapolated ) 

initial conditions basic shapes 
(sphere, cylinder, hyperplane ) constructive solid geometry 

(union, intersection, complement ) 

integrators 
(explicit TVD RK order 1 ï3) 

term approximation(s) 
(convection, mean curvature, general HJ, forcing, sum, etc .) 

dimension, range, cell size  

term parameters 
(dissipation , speed, flow field, etc .) 

upwinded first 
(minmod / ENO / WENO order 1 ï5) 

centered second 
(curvature & Hessian order 2 ) 

spatial derivatives 

visualization 
(contour, isosurface, etc .) 

CFL number, post -timestep processing  (eg. masking ) 
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The Toolbox is not a Tutorial 

ÅUsers will need to read the literature 

ÅTwo textbooks are available 

ïOsher & Fedkiw (2002) 

ïSethian (1999) 
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Why Use It? 

ÅDoes not escape Bellmanôs curse of dimensionality 

ïDimensions 1ï3 interactively, 3ï5 slow but feasible 

ÅPedagogical tool 

ïExperiment with optimal control and differential game 

problems that have no analytic solution 

ïAccess to Matlabôs visualization & debugging 

ïSource code for all routines and examples 

ïReasonable speed with vectorized code 

ÅValidation of faster but more specialized algorithms 

ïFor example, reduced order TCP model assumed form of 

high order moments of the distribution [HSCC 2005] 

ÅStudy low dimensional systems 

ïMobile robots in 2ï3 spatial dimensions 

ÅFree (google ñtoolbox level set methodsò) 
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The Goal: Reproducible Research 

ÅReproducible research: scientific results should be 
independently replicable, given appropriate resources 

ÅKey challenges in computational science 
ïAppropriate licensing standards 

ïDisciplined software development processes 

ïSoftware infrastructure and tools 

ÅMore details 
ï[Stodden, IEEE Computing in Science & Engineering 2009] 

and [Stodden, Int. J. Communications Law & Policy, 2009] 

ïReproducible research workshop, July 13ï16, 2011 at UBC 
in Vancouver (just before ICIAM 2011) 

ñ[a]n article about computational science in a scientific publication is not 

the scholarship itself, it is merely advertising of the scholarship. The 

actual scholarship is the complete software development environment 

and the complete set of instructions which generated the figures.ò 

[Jon Claerbout, as quoted by Buckheit & Donoho, 1995] 
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Systems with Terminal Integrators 
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Mixed Implicit Explict Formulation 
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Terminal Integratorôs HJ PDEs 
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Double Integrator 
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Regular implicit surface formulation  

One HJ PDE in 2D 

Terminal integrator formulation 

Two HJ PDEs in 1D 



Finite Horizon Optimal Control 
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Rotating Double Integrator 
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Target Set MIE Implicit 


